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Abstract

Main objective of this paper is to study further properties of fuzzy pseudo near compactness via ps-ro closed fuzzy
sets, fuzzy nets and fuzzy filterbases. It is shown by an example that ps-ro fuzzy continuous and fuzzy continuous
functions do not imply each other. Several characterizations of ps-ro fuzzy continuous function are obtained in terms
of a newly introduced concept of ps-ro interior operator, ps-ro g-nbd and its graph.
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1. Introduction

In (Ray & Chettri, 2010), while finding interplay between a fuzzy topological space (fts, for
short) (X, 7) and its corresponding strong @-level topology(general) on X, the concept of pseudo
regular open(closed) fuzzy sets and ps-ro fuzzy topology on X was introduced, members of which
are called ps-ro open fuzzy sets and their complements are ps-ro closed fuzzy sets on (X, 7). In
(Ray & Chettri, 2011), in terms of above fuzzy sets, a fuzzy continuous type function called ps-ro
fuzzy continuous function and a compact type notion called fuzzy pseudo near compactness were
introduced and different properties were studied.

In this paper, fuzzy pseudo near compactness has been studied via ps-ro closed fuzzy sets,
fuzzy nets and fuzzy filterbases. Further, it is shown by an example that ps-ro fuzzy continuous
and fuzzy continuous functions are independent of each other. An interior-type operator called
ps-ro interior is introduced and several properties of such functions are studied interms of this
operator, ps-ro q-nbd and its graph.
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We state a few known definitions and results here that we require subsequently. A fuzzy point
X, 1s said to g-coincident with a fuzzy set A, denoted by x,gA if @ + A(x) > 1. If A and B are not
g-coincident, we write A §B. A fuzzy set A is said to be a g-neighbourhood (in short, g-nbd.) of a
fuzzy point x, if there is a fuzzy open set B such that x,gB < A (Pao-Ming & Ying-Ming, 1980).
Let f be a function from a set X into a set Y. Then the following holds:
G) f~'(1 — B) = 1 — f~1(B), for any fuzzy set Bon Y.
(i) A; < Ay = f(A)) < f(A,), for any fuzzy sets A; and A, on X. Also, By < B, = f}(B)) <
f~1(B,), for any fuzzy sets B and B, on Y.
(iii) ff~'(B) < B, for any fuzzy set B on Y and the equality holds if f is onto. Also, f~!f(A) = A,
for any fuzzy set A on X, equality holds if f is one-to-one (Chang, 1968). For a function f : X —
Y, the graph g : X — X x Y of f is defined by g(x) = (x, f(x)), for each x € X, where X and Y
are any sets. Let X, Y be ftsand g : X — X x Y be the graph of the function f : X — Y. Then
if A, B are fuzzy sets on X and Y respectively, g7'(A x B) = A A f~1(B)(Azad, 1981). Let Z, X,
Ybe ftsand f; : Z — X and f, : Z — Y be two functions. Let f : Z — X x Y be defined by
f(2) = (fi(2), f2(z)) for z € Z, where X x Y is provided with the product fuzzy topology. Then if
B, U, U, are fuzzy sets on Z, X, Y respectively such that f(B) < U; x U,, then fi(B) < U, and
f2(B) < U, (Bhattacharyya & Mukherjee, 2000). A function f from a frs (X, 7) to frs (Y,0) is
said to be fuzzy continuous, if f~!(u) is fuzzy open on X, for all fuzzy open set u on Y (Chang,
1968). For a fuzzy set u in X, the set u* = {x € X : u(x) > a} is called the strong a-level set of X.
In a fts (X, 1), the family i, (7) = {u* : € v} forall @ € I, = [0, 1) forms a topology on X called
strong a-level topology on X (Lowen, 1976), (Kohli & Prasannan, 2001). A fuzzy open(closed)
set w on a fts (X, 7) is said to be pseudo regular open(closed) fuzzy set if the strong a-level set
u® is regular open(closed) in (X, i, (7)), Ya € I,. The family of all pseudo regular open fuzzy sets
form a fuzzy topology on X called ps-ro fuzzy topology on X which is coarser than 7. Members of
ps-ro fuzzy topology are called ps-ro open fuzzy sets and their complements are known as ps-ro
closed fuzzy sets on (X, 7) (Ray & Chettri, 2010). A function f from a fts (X, 1) to another fts
(Y, ;) is pseudo fuzzy ro continuous (in short, ps-ro fuzzy continuous) if f~!(U) is ps-ro open
fuzzy set on X for each pseudo regular open fuzzy set U on Y. For a fuzzy set A, A{B: A < B, B
is ps-ro closed fuzzy set on X} is called fuzzy ps-closure of A. In a fts (X, 1), a fuzzy set A is said
to be a ps-ro nbd. of a fuzzy point x,, if there is a ps-ro open fuzzy set B such that x, € B < A.
In addition, if A is ps-ro open fuzzy set, the ps-ro nbd. is called ps-ro open nbd. A fuzzy set A
is called ps-ro quasi neighborhood or simply ps-ro g-nbd. of a fuzzy point x,, if there is a ps-ro
open fuzzy set B such that x,gB < A. In addition, if A is ps-ro open, the ps-ro g-nbd. is called
ps-roopen g-nbd. Let {S,, : n € D} be a fuzzy net on a fts X. i.e., for each member n of a directed
set (D, <), S, be a fuzzy set on X. A fuzzy point x, on X is said to be a fuzzy ps-cluster point
of the fuzzy net if for every n € D and every ps-ro open g-nbd. V of x,, there exists m € D, with
n < m such that S,,qV. A collection B of fuzzy sets on a fzs (X, 7) is said to form a fuzzy filter
base in X if for every finite subcollection {By, Bs, ..., B,} of B, /\7:1 B; # 0 (Ray & Chettri, 2011).

2. Fuzzy Pseudo Near Compactness

It is easy to observe, as pseudo regular open fuzzy sets form a base for ps-ro fuzzy topology,
replacing ps-ro open cover by pseudo regular open cover, we may obtain pseudo near compact-
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Definition 2.1. Let x, be a fuzzy point on a fts X. A fuzzy net {S, : n € (D,>)} on X is said to
ps-converge to x,, written as S, 5 x, if for each ps-ro open g-nbd. W of x,, there exists m € D
such that S ,,gW for alln > m ,(n € D).

Definition 2.2. Let x, be a fuzzy point on a fts X. A fuzzy filterbase 8 is said to

(i) ps-adhere at x, written as x, < ps-ad.8B if for each ps-ro open g-nbd. U of x, and each B € B,
BqU.

(i1) ps-converge to x,, written as 88 2 x, if for each ps-ro open g-nbd. U of x,, there coresponds
some B € B suchthat B < U.

Theorem 2.1. A fts (X, 1) is fuzzy pseudo nearly compact iff every {B,, : @ € A} of ps-ro closed
fuzzy sets on X with A__, B, = 0, there exist a finite subset Ay of A such that A weng B, =0.

Proof. Let {U, : @ € A} be a ps-ro open cover of X. Now, A _, (1 —=U,) = (1—v, U,) =0. As
{1 — U, : @ € A} is a collection of ps-ro closed fuzzy sets on X, by given condition, there exist a
finite subset Ay of A such that A 1-U,) =0=1-v JUo=0.1e,1=v_ U, So, X
is fuzzy pseudo nearly compact.

Conversely, let {B, : @ € A} be a family of ps-ro closed fuzzy sets on X with A _, B, = 0. Then
l=1—nA,B,=1=v,_, (1 —B,). By given condition there exist a finite subset A, of A such
that 1 = v, (1 —B,) = 1= (1 — A, Ba) Hence, A, Bo < (A, Ba) A (1= A,y Bo) = 0.
Consequently, A

aEN( a
B = 0.

agl ( a€A a€A

aEA
aEN(

a

Theorem 2.2. For a fuzzy set A on a fts, the following are equivalent:

(a) Every fuzzy net in A has fuzzy ps-cluster point in A.

(b) Every fuzzy net in A has a ps-convergent fuzzy subnet.

(c) Every fuzzy filterbase in A ps-adheres at some fuzzy point in A.

Proof. (a) = (b): Let {S, : n € (D,>)} be a fuzzy net in A having fuzzy ps-cluster point at
Xo < A. Let Q,, = {A : Ais ps-ro open g-nbd. of x,}. For any B € Q, , some n € D can
be chosen such that S,¢B. Let E denote the set of all ordered pairs (n, B) with the property that
neD, Be Q,, and S,¢B. Then (E, >) is a directed set where (m,C) > (n, B) iff m > nin D and
C <B.ThenT : (E >) — (X,7) given by T(n,B) = S, is a fuzzy subnet of {S, : n € (D, >)}.
Let V be any ps-ro open g-nbd. of x,. Then there exists n € D such that (n,V) € E and hence
S,.qV. Now, for any (m,U) > (n,V), T(m,U) = S,,qU <V = T(m,U)qV. Hence, T > x,.

(b) = (a) If a fuzzy net {S, : n € (D,>)} in A does not have any fuzzy ps-cluster point, then
there is a ps-ro open g-nbd. U of X, and n € D such that S, {U,V m > n. Then clearly no fuzzy
subnet of the fuzzy net can ps-converge to x,.

(¢) = (a) Let {S, : n€ (D, >)} be a fuzzy net in A. Consider the fuzzy filter base ¥ = {T,, : n €
D} in A, generated by the fuzzy net, where T,, = {S,, : m € (D, >) and m > n}. By (c), there exist
a fuzzy point a, < A A (ps-ad¥ ). Then for each ps-ro open g-nbd. U of a, and each F € F,
UqF,ie., UqT,,V n € D. Hence, the given fuzzy net has fuzzy ps-cluster point a,.

(a) = (c) Let F = {F, : @ € A} be a fuzzy filterbase in A. For each @ € A, choose a fuzzy point
x,, < F,, and construct the fuzzy net § = {x, :F, € ¥} in A with (¥,>>) as domain, where
for two members F,, Fg € ¥, F, >> Fgiff F, < Fg. By (a), the fuzzy net has a fuzzy ps-cluster
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point say x; < A, where 0 < ¢ < 1. Then for any ps-ro open g-nbd. U of x, and any F, € ¥, there
exists Fg € ¥ such that Fg >> F, and xp,qU. Then FgqU and hence F,qU. Thus ¥ adheres at
X;.

Theorem 2.3. If a fts is fuzzy pseudo nearly compact, then every fuzzy filterbase on X with at
most one ps-adherent point is ps-convergent.

Proof. Let ¥ be a fuzzy filterbase with at most one ps-adherent point in a fuzzy pseudo nearly
compact fts X. Then by Theorem ( 2.2), # has at least one ps-adherent point. Let x,, be the unique
ps-adherent point of 7. If ¥ does not ps-converge to x,, then there is some ps-ro open g-nbd. U
of x, such that foreach F € F with F < U, FA(1—=U) # 0. ThenG = {FA(1-U): Fe F}is
a fuzzy filterbase on X and hence has a ps-adherent point y,(say) in X. Now, U §G, forall G € G,
so that x, # y;. Again, for each ps-ro open g-nbd. V of y, and each F € F, Vg(F A (1 = U)) =
VqF =y, is a ps-adherent point of #, where x, # y;. This shows that y, is another ps-adherent
point of 7, which is not the case.

3. ps-ro Fuzzy Continuous Functions

We begin this section by introducing an interior-type operator, called ps-interior operator and
observe a few useful properties of that operator.

Definition 3.1. The union of all ps-ro open fuzzy sets, each contained in a fuzzy set A on a fts X
is called fuzzy ps-interior of A and is denoted by ps-int(A). So, ps-int(A) = v{B: B < A, Bis
ps-ro open fuzzy set on X}

Some properties of ps-int operator are furnished below. The proofs are straightforward and
hence omitted.

Theorem 3.1. For any fuzzy set A on a fts (X, 1), the following hold:
(a) ps-int(A) is the largest ps-ro open fuzzy set contained in A.
(b) ps-int(0) = 0, ps-int(1) = 1.

(c) ps-int(A) < A.

(d) A is ps-ro open fuzzy set iff A = ps-int(A).

(e) ps-int(ps-int(A)) = ps-int(A).

(f) ps-int(A) < ps-int(B),ifA < B.

(g) ps-int(A A B) = ps-int(A) A ps-int(B).

(h) ps-int(A v B) = ps-int(A) v ps-int(B).

(i) ps-int(ps-int(A)) = ps-int(A).

(G) 1 — ps-int(A) = ps-cl(1 — A).

(k) 1 — ps-cl(A) = ps-int(1 — A).

Now, we recapitulate the definition of ps-ro fuzzy continuous functions.

Definition 3.2. A function f from fts (X,7;) to fts (¥,7,) is pseudo fuzzy ro continuous (in
short, ps-ro fuzzy continuous) if f~'(U) is ps-ro open fuzzy set on X for each pseudo regular
open fuzzy set U on Y.
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The following Example shows that ps-ro fuzzy continuity and fuzzy continuity do not imply
each other.

Example 3.1. Let X = {a,b,c} and Y = {x,y,z}. Let A, B and C be fuzzy sets on X defined by
Aa) = 0.2,A(b) = 0.4,A(c) = 04, B(t) = 0.4,Vt € X and C(¢) = 0.2,Vt € X. Let D and E be
fuzzy sets on Y defined by D(¢) = 0.2,Vr € Y and E(x) = 0.6, E(y) = 0.7, E(z) = 0.7. Clearly,
71 = {0,1,A,B,C} and 7, = {0, 1, D, E} are fuzzy topologies on X and Y respectively. In the
corresponding topological space (X, i,(71)), Va € I} = [0, 1), the open sets are ¢, X, A%, B* and C*,

X, fora < 0.2
X, fora<04 X, fora <0.2
where A* = < {b,c}, for0.2<a<04,B"= and C* =
¢, fora>04 ¢, fora>0.2
o, fore > 04

For 0.2 < @ < 0.4, the closed sets are on (X, i,(7;)) are ¢, X and {a}. Therefore, int(cl(A%)) = X.
So, A” is not regular open on (X, i,(7;)) and hence, A is not pseudo regular open fuzzy sets on
(X,7;) for 0.2 < @ < 0.4. Similarly, it can be seen that 0, 1, B and C are pseudo regular open
fuzzy set on (X, 7). Therefore, ps-ro fuzzy topology on X is {0, 1, B, C}. Again, E is not pseudo
regular open fuzzy set for 0.6 < @ < 0.7 on Y. Therefore, ps-ro fuzzy topology on Y is {0, 1, D}.
Now, ps-cl(B) = 1 — B and ps-cI(C) = 1 — B where, (1 — B)(r) = 0.6, Vt € X. Define a function
f:X — Yby f(a) = x, f(b) = yand f(c) = z. Then, f~(D)(t) = 0.2 = C(t),Vt € X. Hence,
f~Y(U) is ps-ro open fuzzy set on X, for every ps-ro open fuzzy set U on Y. Therefore, f is
ps-ro fuzzy continuous function. But, f is not fuzzy continuous as f~!(E) is not fuzzy open on
X. Clearly, every ps-ro open fuzzy set is fuzzy open but not conversely, as for an example here A
is fuzzy open but not ps-ro open fuzzy on X. This implies that a fuzzy continuous function need
not be ps-ro fuzzy continuous. Hence, ps-ro fuzzy continuous and fuzzy continuous functions are
independent of each other.

The following couple of results give characterizations of ps-ro fuzzy continuous functions.

Theorem 3.2. Let (X,7) and (Y,0) be two fts. For a function f : X — Y, the following are
equivalent:

(a) f is ps-ro fuzzy continuous.

(b) Inverse image of each ps-ro open fuzzy set on Y under f is ps-ro open on X.

(¢) For each fuzzy point x, on X and each ps-ro open nbd. V of f(x,), there exists a ps-ro open
fuzzy set U on X, such that x, < U and f(U) < V.

(d) For each ps-ro closed fuzzy set F on Y, f~!(F) is ps-ro closed on X.

(e) For each fuzzy point x, on X, the inverse image under f of every ps-ro nbd. of f(x,) on Y is
a ps-ro nbd. of x, on X.

(f) For all fuzzy set A on X, f(ps-cl(A)) < ps-cl(f(A)).

(g) For all fuzzy set Bon Y, ps-cl(f~'(B)) < f~'(ps-cl(B)).

(h) For all fuzzy set Bon Y, f~!(ps-int(B)) < ps-int(f~'(B)).

Proof. (a) = (b) Let f be ps-ro fuzzy continuous and u be any ps-ro open fuzzy set on Y. Then
u = v, where y; is pseudo regular open fuzzy set on Y, for each i. Now, f~(u) = f~'(v.u) =
v f~Yu;). f being ps-ro fuzzy continuous, f~!(y;) is ps-ro open fuzzy set and consequently,
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f~Y(u) is ps-ro open fuzzy set on X.

(b) = (a) Let the inverse image of each ps-ro open fuzzy set on Y under f be ps-ro open fuzzy
set on X. Let U be a pseudo regular open fuzzy set on Y. Every pseudo regular open fuzzy set
being ps-ro open fuzzy set, the result follows.

(b) = (c) Let V be any ps-ro open nbd. of f(x,) on Y. Then there is a ps-ro open fuzzy set V;
on Y such that f(x,) < Vi < V. By hypothesis, f~!(V}) is ps-ro open fuzzy set on X. Again,
Xo < f7H(V)) < f7Y(V). So, f71(V) is a ps-ro nbd. of x,, such that f(f~!(V)) < V, as desired.
(c) = (b) Let V be any ps-ro open fuzzy set on Y and x, < f~'(V). Then f(x,) < V and so
by given condition, there exists ps-ro open fuzzy set U on X such that x, < U and f(U) < V.
Hence, x, < U < f~Y(V). i.e., f71(V) is a ps-ro nbd. of each of the fuzzy points contained in it.
Thus f~!(V) is ps-ro open fuzzy set on X.

(b) < (d) Obvious.

(b) = (e) Suppose, W is a ps-ro open nbd. of f(x,). Then there exists a ps-ro open fuzzy set U
on Y such that f(x,) < U < W. Then x, < f~'(U) < f~'(W). By hypothesis, f~'(U) is ps-ro
open fuzzy set on X and hence the result is obtained.

(e) = (b) Let V be any ps-ro open fuzzy seton Y. If x, < f~'(V) then f(x,) < Vandso f~'(V)
is a ps-ro nbd. of x,.

(d) = (f) ps-cl(f(A)) being a ps-ro closed fuzzy set on Y, f~!(ps-cl(f(A))) is ps-ro closed
fuzzy set on X. Again, f(A) < ps-cl(f(A)). So, A < f~'(ps-cl(f(A))). As ps-cl(A) is the
smallest ps-ro closed fuzzy set on X containing A, ps-cl(A) < f~'(ps-cl(f(A))). Hence, f(ps-
cl(A)) < ffH(ps-cl(f(A))) < ps-cl(f(A)).

(f) = (d) For any ps-ro closed fuzzy set Bon Y, f(ps-cl(f~'(B))) < ps-cl(f(f~'(B))) < ps-
cl(B) = B. Hence, ps-cl(f'(B)) < f~'(B) < ps-cl(f~'(B)). Thus, f~'(B) is ps-ro closed
fuzzy set on X.

(f) = (g) For any fuzzy set Bon Y, f(ps-cl(f~'(B))) < ps-cl(f(f~'(B))) < ps-cl(B). Hence,
ps-cl(f~'(B)) < f~'(ps-cl(B)).

(g) = (f) Let B = f(A) for some fuzzy set A on X. Then ps-cl(f~'(B)) < f~'(ps-cl(B)) = ps-
() < ps-cl(f~(B)) < f~(ps-cl(£(A))). So, f(ps-cl(A)) < ps-cl(f(A).

(b) = (h) For any fuzzy set Bon Y, f~!(ps-int(B)) is ps-ro open fuzzy set on X. Also, f~!(ps-
int(B)) < f~'(B). So, f~!(ps-int(B)) < ps-int(f~'(B)).

(h) = (b) Let B be any ps-ro open fuzzy seton Y. So, ps-int(B) = B.Now, f~(ps-int(B)) < ps-
int(f~Y(B)) = f~YB) < ps-int(f~'(B)) < f~'(B). Hence, f~!(B) is ps-ro open fuzzy set on
X.

Theorem 3.3. Let (X,7) and (Y,0) be two fts. A function f : X — Y is f is ps-ro fuzzy
continuous iff for every fuzzy point x, on X and every ps-ro open fuzzy set V on Y with f(x,)qV
there exists a ps-ro open fuzzy set U on X with x,qU and f(U) < V.

Proof. Let f be ps-ro fuzzy continuous and x, a fuzzy point on X, V a ps-ro open fuzzy set
Von Y with f(x,)qV. So, V(f(x)) + @ > 1 = f~1(V)(x) + @ > 1. So, x,q(f~'(V)). Now,
ff~1(V) < Vis always true. Choosing U = f~!(V) we have, f(U) < V with x,qU.

Conversely, let the condition hold. Let V be any ps-ro open fuzzy set on Y. To prove f~!(V) is
ps-ro open fuzzy set on X, we shall prove 1 — f~!(V) is ps-ro closed fuzzy set on X. Let x, be any
fuzzy point on X such that x, > 1x — f~1(V). So, (1 — f~1(V))(x) < @ = V(f(x)) + @ > 1. So,
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f(x4)qV. By given condition, there exists a ps-ro open fuzzy set on U such that x,qU and f(U) <
V. Now, U(t) + (1 — f~1(V))(¢) < V(f(t)) + 1 — V(f(¢)) = 1,V t. Hence, U k(1 — f~1(V)).
Consequently, x, is not a fuzzy ps-cluster point of 1 — f~!(V). This proves 1 — f~!(V)is a ps-ro
closed fuzzy set on X

Theorem 3.4. Let X, Y, Z be fts. For any functions f; : Z — X and f, : Z — Y, a function
f:Z — X xYisdefined as f(x) = (fi(x), fo(x)) for x € Z, where X x Y is endowded with
the product fuzzy topology. If f is ps-ro fuzzy continuous then f; and f, are both ps-ro fuzzy
continuous.

Proof. Let U, be a ps-ro g-nbd. of fi(x,) on X, for any fuzzy point x, on Z. Then U; x ly is a
ps-ro g-nbd. of f(x,) = (fi(xs), f2(xs)) on X x Y. By ps-ro continuity of f, there exists ps-ro
g-nbd. V of x, on Z such that (V) < U; x ly. Then f(V)(r) < (U; x 1y)(t) = Uy (1) A 1y(2) =
U,(t),Y t € Z. So, f1(V) < U,. Hence, f is ps-ro fuzzy continuous. Similarly, it can be shown
that f; is also ps-ro fuzzy continuous.

Theorem 3.5. Let f : X — Y be a function from a f7s X to another frs Y and g : X — X x Y be
the graph of the function f. Then f is ps-ro fuzzy continuous if g is so.

Proof. Let g be ps-ro fuzzy continuous and B be ps-ro open fuzzy set on Y. By Lemma 2.4 of
(Azad, 1981), f~'(B) = 1x A f~1(B) = g7 !(1x x B). Now, as lx x B is ps-ro open fuzzy set on
X x Y, f~1(B) becomes ps-ro open fuzzy set on X. Hence, f is ps-ro fuzzy continuous.
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Abstract

In this paper, we introduce and investigate two subclasses Ay, (4; @) and As, (1;8) of X, consisting of ana-

lytic and m-fold symmetric bi-univalent functions in the open unit disc U . For functions in each of the subclasses
introduced in this paper, we obtain the coefficient bounds for |a,,+1| and |az,+1]-

Keywords: Univalent functions, Bi-univalent functions, Coefficient estimates, m-fold symmetric bi-univalent
functions.
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1. Introduction
Let A denote the class of functions f(z) which are analytic in the open unit disk
U={z: zeCand|z] < 1}

and normalized by the conditions f(0) = 0, f'(0) = 1 and having the following form:

f@) =2+ ad (1.1)
k=2

Also let S denote the subclass of functions in A which are univalent in U (for details, see
Duren (1983)).

The Koebe One Quarter Theorem (e.g.,see (Duren, 1983)) ensures that the image of U under
every univalent function f(z) € A contains the disk of radius 1/4. Thus every univalent function
f has an inverse f~! satisfying

7 (fz) =z (ze )

*Corresponding author
Email address: sevtaps35@gmail.com (S. Siimer Eker)



104 S. Siimer Eker/ Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 103—109

and

f(f_l(W)) =w <|w| < ro(f), ro(f) = %) .

In fact, the inverse function f~! is given by
gw) = f 1 w) =w—aw’ + (2a5 — a3)w’ — (5a3 — Sazaz + ag)w* + - - - .

A function f € A is said to be bi-univalent in U if both f(z) and f~'(z) are univalent in U.
We denote by X the class of all bi-univalent functions in U given by the Taylor-Maclaurin series
expansion (1.1).

For a brief history and examples of functions in the class X, see (Srivastava et al., 2010) (see
also (Brannan & Taha, 1988), (Lewin, 1967), (Taha, 1981)).

In fact, the aforecited work of Srivastava et al. (Srivastava et al., 2010) essentially revived
the investigation of various subclasses of the bi-univalent function class X in recent years; it was
followed by such works as those by Ali et al. (Ali et al., 2012), Srivastava et al. (Srivastava et al.,
2015b)(see also (Akin & Siimer-Eker, 2014), (Deniz, 2013), (Frasin & Aouf, 2011), (Srivastava,
2012), Xu et al (Xu et al., 2012a), (Xu et al., 2012b) and the references cited in each of them).

Letm e N = {1,2,...}. A domain E is said to be m-fold symmetric if a rotation of E about
the origin through an angle 27r/m carries E on itself (e.g.,see (Goodman, 1983)). It follows that, a
function f(z) analytic in U is said to be m-fold symmetric in U if for every z in U

f(eZHi/mZ) _ eZm’/mf(Z).
We denote by S,, the class of m-fold symmetric univalent functions in U.
A simple argument shows that f € S, is characterized by having a power series of the form

©0]
f@) =2+ apmpid™ (ze U, me N). (1.2)
k=1
Each bi-univalent function generates an m-fold symmetric bi-univalent function for each inte-
ger m € N. The normalized form of f is given as in (1.2) and the series expansion for f~!, which
has been recently proven by Srivastava et al.(Srivastava et al., 2014), is given as follows

gW) =w— a4 [(m + l)a,zn+l — a2m+1] w2t (1.3)

1
— E(m +1)(3m + 2)61,3,1Jrl — (3m + 2)ay s 1Gomit + Aapyr | W4

where f~! = g. We denote by ¥, the class of m-fold symmetric bi-univalent functions in U.
Recently, certain subclasses of m-fold bi-univalent functions class X, similar to subclasses
of Z introduced and investigated by Stimer Eker (Siimer-Eker, 2016), Altinkaya and Yal¢in (Altinkaya
& Yalgin, 2015), Srivastava et al (Srivastava et al., 2015a).
The aim of this paper is to introduce new subclasses of the function class bi-univalent func-
tions in which both f and f~! are m-fold symmetric analytic functions and derive estimates on
initial coefficients |a,,; | and |ay,, | for functions in each of these new subclasses.



S. Siimer Eker/ Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 103—109 105

2. Coefficient Estimates for the function class Ay (1; @)

Definition 2.1. A function f(z) € X, given by (1.2) is said to be in the class A, (1; @) (0 < @ <
I, 0 < A < 1) if the following conditions are satisfied:

2f'(z)  AZ2f"(z) an
s (g G| < T eew @D
and
wg'(w) | Aw?g"(w) an e
arg( sw) | g(w) ) N web) 22

where the function g is given by (1.3).

Theorem 2.1. Let f € As, (L) (0 <a <1, 0< A< 1) be given by (1.2). Then

2a
] < m/2a[l +24(m + D] + (1 — @)[1 + Am + )2 @3

and

am+ 1)1+ |a—1]]

il < = A+ 1] @4
Proof. From (2.1) and (2.2) we have
af'(z) | AZf"(2) o
= 2.5
and for its inverse map, g = f~!, we have
/ 2,
wg ) | W) 06

g(w) g(w)
where p(z) and g(w) are in familiar Caratheodory Class P (see for details (Duren, 1983)) and have
the following series representations:

p(Z) =1+ pmzm + p2mZ2m + P3mZ3m + - (27)

and

aw) = 14 guW" + @™ + @auw™ + - - - . 2.8)

Comparing the corresponding coefficients of (2.5) and (2.6) yields

m[l + A(m + 1)]ans1 = ap,, (2.9)
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ala—1)

2m[1 + A2m + D]azu1 —m[l + Am + 1)]as,; = apo, + 5 2 (2.10)
—m[l + A(m + 1)]|ani1 = agn (2.11)

and

2 ala—1) ,
m[2m+1)+A(m+1)(4m+1)]a,., —2m[1 +A2m+ 1)|azus1 = aqom + — 5 (2.12)
From (2.9) and (2.11), we get

Pm = —qm (213)

and
2m*[1 + Am + ))a,,,, = *(ph + q5,)- (2.14)

Also from (2.10), (2.12) and (2.14), we get

207 (1 +24(m + D]y = @(pan + qan) + ——— (3 + ,)-

Therefore, we have

: @ (P2m + Gom)

" m2 [2af1 + 24(m + D]+ (1 —a)[1 + A(m + 1D)]?]
Note that, according to the Caratheodory Lemma (see (Duren, 1983)), |p,,| < 2 and |g,| < 2

for m € N. Now taking the absolute value of (2.15) and applying the Caratheodory Lemma for

coefficients p,,, and g,,, we obtain

a (2.15)

2a
mA/2a[1+24(m + )]+ (1 —a)[1 + A(m+ D]*
This gives the desired estimate for |a,, | as asserted (2.3).

|am+l| <

To find bounds on |ay, 1|, we multiply (2m + 1) + A(m + 1)(4m+ 1) and 1 + A(m + 1) to the
relations (2.10) and (2.12) respectively and on adding them we obtain:

4m*[1 + A2m + D][1 + 22(m + 1)]azms

=af{[Cm+1)+Am+ 1)(4m+ 1)] pa + [1 + A(m + 1)] qom}
a(a

2O @m 1)+ A+ ) 1] [0+ A+ D]

Now using p2, = ¢2, and the Caratheodory Lemma again for coefficients p,,, p2,, and ¢, we obtain

a(m+ 1)1+ |a— 1]
m?[1 +2A(m + 1)]
This completes the proof of the Theorem 2.1.

|aomi1| <
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3. Coefficient Estimates for the function class Ay (1; B)

Definition 3.1. A function f(z) € X, given by (1.2) is said to be in the class As, (4;8) (0 < A <
1,0 < B < 1) if the following conditions are satisfied:

2f'(z) | A2f"(2)
Re{ @ + Q) } > B (zeU) (3.1)
and
wg () g’ (w) i
Re{ ) + 2(w) } > f3 (wel) (3.2)

where the function g(w) is given by (1.3).

Theorem 3.1. Let f € Az, (4;8) (0<A<1, 0<B < 1) be given by (1.2). Then

2(1-p)
fams] < \/m2[1 oA m 1 1] (3-3)

and
(1-p)m+1)
o] < m?[1 +24(m + 1)] 34
Proof. It follows from (3.1) and (3.2) that
') | A2f"(2)
— 1 — 3.5
and
wg'(w) | Aw’g"(w)
= 1 — 3.6

where p(z) and g(w) have the forms (2.7) and (2.8), respectively. Equating coefficients (3.5) and
(3.6) yields

m[l + A(m + 1)]|an1 = (1 —B)Pms (3.7)
2m[1 + A2m + Daguer — m[1 + Am + D]az, = (1 = B)pam, (3.8)

—m[1+ A(m + Dldmsr = (1 = B)gm (3.9)
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and

m[(2m+ 1) + Am + 1)(dm + )]s, — 2m[1 + 2A2m + )]azmss = (1 —B)gom-  (3.10)

From (3.7) and (3.9) we get

Pm = —4nm (311)
and
2m*[1+ A(m + 1))a5, = (1= B)*(pp + d3)- (3.12)
Also from (3.8) and (3.10), we obtain
2m?[1+ 2A(m + 1)]as,, = (1 = B)(pam + Gam)- (3.13)
Thus we have
1-p)
) (
am+1‘ = 2m2[1 4 2/1(171 + 1)] (‘p2m| + ’q2m|)
2(1-p)

m?[1 +2A(m + 1)]’

which is the bound on |a,,, | as given in the Theorem 3.1.
In order to find the bound on |ay,,+1|, we multiply (2m+1)+A(m+1)(4m+1) and 1 +A(m+1)
to the relations (3.8) and (3.10) respectively and on adding them we obtain:
4m*[1 + A2m + D][1 4 24(m + 1)]azms
= (1= {[@Cm+ 1)+ A(m + 1)(4m + 1) pom + [1 + A(m + 1)]qom}

or equivalently

(1=P)[2m+ 1)+ A(m+ 1)(4m + 1)|pam + [1 + A(m + 1)]qom
4m?[1 + A2m + 1)][1 +2A(m + 1)]
Applying the Caratheodory Lemma for the coefficients p,,, and ¢,,,, we find

(1-B)m+1)
m?[1 +2A(m + 1)]’

Dm+1 =

|a2m+l | <

which is the bound on |a,,, 1] as asserted in Theorem 3.1.

Remark. For 1-fold symmetric bi-univalent functions, if we put 4 = 0 in our Theorems, we obtain
the Theorem 2.1 and the Theorem 3.1 which were given by Brannan and Taha (Brannan & Taha,
1988).
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Abstract

Some subordination properties are investigated for functions belonging to each of the subclasses V(4, A, B) and
‘W(A, A, B) of analytic p- valent functions involving the Srivastava-Wright operator in the open unit disk, U with
suitable restrictions on the parameters A, A and B. The authors also derive certain subordination results involving the
Hadamard product (or convolution) of the associated functions. Relevant connections of the main results to various
known results are established.
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1. Introduction

Let A (p) be the class of functions of the form
fQ=2+) a (p<kpkeN:={1,23.)), (1.1)
n=k

which are analytic and p—valent in the unit disc, U := U(1), where U(r) = {z € C : |z] < r}. Also,
let A(p) = Aps1 (p) and A = A(1). For the functions f € Ay (p) of the form (1.1) and g € Ay (p)

given by g(z) = 2 + 2 b,7", the Hadamard product (or convolution) of f and g is defined by
n=k
(f*8)@) =2+ ) ab2", ze U,
n=k

*Corresponding author
Email addresses: bafrasin@yahoo.com (B. A. Frasin ), h.aaisha@gmail.com (H. Aaisha Farzana),
adolfmcc2003@yahoo.co.in (B. Adolf Stephen)
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If f and g are two analytic functions in U, we say that fis subordinate to g, written symbolically
as f(z) < g(z), if there exists a Schwarz function w, which (by definition) is analytic in U, with
w(0) = 0, and [w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z € U.

If the function g is univalent in U, then we have the following equivalence, (c.f (Miller &
Mocanu, 1981, 2000)):

f(2) < gz) & f(0) =g(0) and f(U) c g(U).

Letai, Ay, ..., A and By, By, ..., Bs, By(q, s € N) be positive and real parameters such that

The Wright generalized hypergeometric function

F(Cl’,' + I’lAl) n

N Z
M@ Ay B B2l = ) S ————= (€ 1),
n=0 F(,B, + I’ZBZ) n

“ l:Q

IftA,=1(=1,..,g9) and B; = 1(i = 1, ..., s), we have the following relationship:
quPs[(a'i’ Ai)l,q; (ﬁi, Bi)l,s;z] =q Fs(al’ SRR aq;ﬁl, v ,ﬁs; Z)a

where (Fy(ai,...,a,p1,...,Bs; 2) 1s the generalized hypergeometric function and

(1.2)

Now we define a function WH ,[(a;, A1 4; (Bi, B s; 2] by
(Wwp[(a/i’Ai)l,q; (Bi» B2l =Q2F q\I"x[(a'iaAi)l,q; Bi, Bi)1.s; 2]
and also consider the following linear operator

00 [(@is Ad1.g5 Bis Bs; 2l - A (p) = Ar (p)

defined using the convolution

00 (@i, A1 Bir B1.s1f(2) = WH ,[(i, Args (Bir B.ss 2] * f(2).

We note that, for a function f of the form (1.1), we have

01 (@i AD1g; (B BI1LIFR) = 2+ ) Qo pl@n)an?, (1.3)
n=k
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where Q is given by (1.2) and o, ,(a) is defined by
I'(a; +Ai(n—p))...I'(a, + A,(n — p))

T ) = B i— p). T+ By — p)n— )l 19
If for convenience, we write
645 (@) (@) = 0% [(@1, AD) ... (@ A: (Br. BY) ... (B, BYIS(2)
then we can easily verify from (1.3) that
A (05 (@) f@) = (1.5)

@107 (a1 + 1) f(2) = (a1 — pADE; (@) f(2) (A > 0).

For A; = 1(i = 1,..,¢9) and B; = 1(i = 1,..., 5), we obtain 67’ [a1f(z) = H,,f(z), which is
known as the Dziok-Srivastava operator; it was introduced and studied by Dziok and Srivastava
(Dziok & Srivastava, 1999, 2003). Also, for f(z) € A, the linear operator 6]"[a]f(z) = 0[a]
is popularly known in the current literature as the Srivastava-Wright operator; it was systemati-
cally and firmly investigated by Srivastava (Srivastava, 2007).(see also (Kiryakova, 2011; Dziok
& Raina, 2004) and (Aouf et al., 2010)).

Remark. For f € A(p),A;, = 1(1 = 1,2,...,9),B; = 1(i = 1,2,...,5),q = 2and s = 1
by specializing the parameters @, @, and B, the operator 67"(a,) gets reduced to the following
familiar operators:

6)) Hf;l[a, L;clf(z) = Ly(a, c)f(z)[see Saitoh (Saitoh, 1996)];

(i) 6'[u + p, ;11f(z) = D**P7'f(z) (u > —p), where D**P~! is the u + p — 1- the order
Ruscheweyh derivative of a function f € A(p). [see Kumar and Shukla (Kumar & Shukla,
1984a,b)]

(iii) 9?,’1[1 + p,1;1 + p — ulf(2), where the operator 4" is defined by [see Srivastava and Aouf
(Srivastava & Aouf, 1992)];

r(l+p-—
QP f(z) = (F(T—:ﬂ

#DEf() O<u<l;peN),
where D is the fractional derivative operator.

@iv) 012,’1[1/ +p, Liv+p+11f() = J,,(f)(z), where J,, is the generalized Bernadi-Libera-
Livingston-integral operator (see (Bernardi, 1996; Libera, 1969; Livingston, 1966) );

V) 65' [+ p,a;clf(z) = I}(a,0)f(2) (a,c € R\Zy; A > —p), where I}(a, ) is the Cho-Kwon-
Srivastava operator (Cho et al., 2004);

Definition 1.1. For the fixed parameters A and B, with0 < B<1,-1<A<Band0<A<p,pe€
N and for a analytic p— valent function of the form (1.1) we define the following subclasses:

Jo @nr@] A) 1+ Az} w6

1
(V(/l,A,B) = {f € ﬂk(p) . p— /l( gg,s(a])f(z) 1+ Bz
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and

1

W(,A,B) = {f € Ap) : —(1 +
p—A4

2[0%° (1) f(2)]” ) 1+ Az}
- —a)<—==b
[0 (@) f ()] 1+Bz

The subclass V(A, A, B) was discussed by Aouf et al., (Aouf et al., 2010) for multivalent ana-

lytic functions with negative coeflicients, also coefficients estimates, distortion theorem, the radii
of p—valent starlikeness and p—valent convexity and modified Hadamard products were inves-
tigated. In (Murugusundaramoorthy & Aouf, 2013) Murugusundaramoorthy and Aouf obtained
similar results for the meromorphic equivalent of the class W(4, A, B). Sarkar et al., (Sarkar et
al., 2013) presented certain inclusion and convolution results involving the operator 6%°(e;) for
functions belonging to certain favoured classes of analytic p-valent functions.
Motivated by the aforementioned works, in the present study we obtain certain strict subordination
relationship involving the subclasses V(4, A, B) and W(A, A, B). Some subordination properties
involving the linear operator defined in (1.3) are also considered. An argument estimate result is
also obtained.

(1.7)

2. Preliminaries

Let #,, denote the class of function of the form
f@=1+a,2" +ana2"" +... 2.1)

that are analytic in the unit disc,U. In proving our main results, we need each of the following
definitions and lemmas.

Definition 2.1. (Wilf, 1961)
A sequence {b,},cn of complex numbers is said to be a subordination factor sequence if for
each function f(z) = Y a;2*, z € U, from the class of convex (univalent) functions in U, denoted

k=0
by S¢, we have

> bua < fz) (where a; = 1).
n=1

Lemma 2.1. (Wilf, 1961) A sequence {b,} is a subordinating factor sequence if and only if

Re[l +2 Z b,,z") >0, zeU. 2.2)

n=1

Lemma 2.2. (Miller & Mocanu, 1981, 2000) Let the function h be analytic and convex (univalent)
in U with h(0) = 1. Suppose also that the function ¢ given by (2.1). If

29’ (2)
Y

o(2) + <h(z) (Rey=0, yeC, 2.3)
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then
Z

ﬂ@<M@:%{$fﬁﬂmmm<m@
0

and { is the best dominant.

Lemma 2.3. (Nunokawa, 1993)
Let the function p be analytic in U, such that p(0) = 1 and p(z) # 0 for all z € U. If there exists
a point zy € U such that

o
|arg p(z)| < > Jor 2| <zl

and s
bis
|arg p(zo)| = > (6 >0),

then we have

20P"(20) — ik,
P(20)
where
1 1 0
k>—|c+ -], when argp(z) = i
2 c 2
and | .
o)
k<—-=|c+—-]|, when argp(z) = —ﬂ—,
2 c 2
where

p(z)'° = +ic, and c¢>0.

Lemma 2.4. (Whittaker & Watson, 1927)
For the complex numbers a,b and c, with ¢ ¢ Z; = {0,-1,-2,...}, the following identities
hold:

! T(b)(c—b
‘f‘ﬁ_%l—tf4kkl——gyﬂdt:-l—lii——leﬂaJucuﬂ,zeEL (2.4)
0 I'(c)
for Rec > Reb > 0, (2.5)
2Fi(a,b;e;2) = (1 —2)™F,; (a, c—b;c; Ll) ze U, (2.6)
Z —_—

and
b+ 1),Fi(1,b;b+1;2)=(b+ 1)+ bz, Fi(1,b+1;b+2;2), z€ U. 2.7
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3. Coeflicient estimates and subordination results for the function classes ‘W (A, A, B) and
YV, A, B)

Unless otherwise mentioned, we shall assume throughout the sequel that 0 < 1 < p,p €

N and 0 < B < 1. First, we will give sufficient conditions for a function to be in the classes
WA, A, B).

Lemma 3.1. A sufficient condition for an analytic p-valent function f of the form (1.1), to be in
the class W(A,A, B) is

D Yaplanl < p(B=A)(p - A) (3.1)
n=k
where
Yap = Qo p(@)nl(n = p)(1 + B) = (A= B)(p = D], (n 2 ). (3.2)

Proof. An analytic p—valent function f of the form (1.1) belongs to the class W(A, A, B), if and
only if there exists a Schwarz function w, such that

1 ( 265 (1) f(2)]” ) 1+ Aw(z)
1+ 2 _| = A,
[65° (@) f(2)) 1 + Bw(z)

Since [w(z)| < |z] for all z € U, the above relation is equivalent to

165" (@) f()) + 206, (@) f ()] = pl6;" (@) f @)V <1
(165" (@) f @V + 265" (@) f(]” = pl6y" (@) f(D])B = (p = V(A = B[, (@) f ()

Thus it is sufficient to show that

e U.

p—A4

|[9;1,’S(011 V@1 + 2007 (@) f(2]” = plo)*(a: )f(z)]’|
— (8% (@) fY + 205 (@) f(@)]” - plo% (@) f(D])B = (p — (A - B)E* (1) f ()]

<0, zeU.

Indeed, letting |z| = r (0 < r < 1) and using (3.1), we have

(64 (@) f @) + 264 (@) f )] = plo%’ (@) f ()Y
165 (@) f@ +2[6%° (@) f@)]” = pl6%* (@) f (@) = (p = DA = B0 (@) f@T

< )" nn = Qo y(anlalr” - (B - Ap(p - ) r*!
n=k

(o)

+ Y (= p)B = (A = B)(p = DIQo, y@lanlr” = 7 3 yupla "™ = (B = A)p(p - 1) < 0.
n=k n=k

Hence f € ‘W(A, A, B). O
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Similarly, we have the following Lemma which gives sufficient condition for a function to be
in the class V(4, A, B).

Lemma 3.2. A sufficient condition for an analytic p-valent function f of the form (1.1), to be in
the class V(A,A, B) is

D Gigland < (B=A)(p - 1) (3.3)
n=k
where
61,5 = Q@)1 = p)(1 + B) = (A = BYp = D], (n> k. (3:4)

Our next result provides a sharp subordination result involving the functions of the class
W(A, A, B).

Theorem 3.1. Let the sequence {y, p}.en defined in (3.2) be a nondecreasing sequence. If a func-
tion f of the form (1.1) belong to the class W(A,A, B). and g € §°, then

(e(z"7) * 8) @ < 8. (3.5)
and
Re(z'7f(z)) > —i, ze U, (3.6)
Yi.p

whenever € = .
2[(B=A)p(p = D]+ yip
Moreover, if (k — p) is even, then the number € cannot be replaced by a larger number.

Proof. Supposing that the function g € 8¢ is of the form

g(z) = anz”, z€U (where b =1),

n=1
then -
> dub,t = ((c"7f) % 8) @) < 80,
n=1
where
€, if n=1,
d, =10, if 2<n<k-p,

€dpip-1, If n>k—p.
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Now, using the Definition 2.1, the subordination result in (3.5) holds if {d,} is a subordinating
factor sequence. Since {y,,,}.en 18 @ nondecreasing sequence we have,

= yk,p
Re|l+2 ) d,7"'|= Re(l + + (3.7)
[ Z ] p(p— DB =A)+Yip

Il

n=1

i yk,p n—p
apz >
i p(p = DB —A) +Vip
yk,p

1- r—
p(p = )(B=A) +¥ip

r [s]
Onplanl, Izl =1 <1.
p(p = V(B —A) + Y, Z:,; ’

Thus, by using Lemma 3.1 in (3.7) we obtain

(o] yk’p
Re[1+2 ) ¢,7'"|>1- r—
( Z‘ ) pP(B—=A)p -+ vy

p
pPB—=A)p -+,

B-A)p(p-1)>0,zel,

which proves the inequality (2.2), hence also the subordination result asserted by (3.5). The in-
equality (3.6) asserted by Theorem 3.1 would follow from (3.5) upon setting

Z (o9
= L -V zeu
8@ =7 ;z z€

We also observe that whenever the functions of the form

L B-Ap(p-1),

Yn.p

fop@) =27 ,z2€U(n>k),

belongs the class ‘W(A, A, B) and if (k — p) is a even number, then

1

1-p - __
z fk’p(Z) 7=—1 2¢’

and the constant € is the best estimate. O
Using the same techniques as in the proof of Theorem 3.1, we have the following result.

Theorem 3.2. Let the sequence {6, ,}nen defined by (3.4) be a nondecreasing sequence. If the
function g of the form (1.1) belongs to the class V(A, A, B) and h € §¢, then

(1 (2") % 1) @) < h(2), (3.8)
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and

Re (zl_pf(z)) > —i, ze U, 3.9

where i}
p= i
2[(B-A(p-D]+0,,

Moreover; if (k — p) is even, then the number u cannot be replaced by a larger number.

4. Subordination Properties of the operator HZ’s(aq)
In this section we obtain certain subordination properties involving the operator 67°(a1).

Theorem 4.1. For f € Ai(p) let the operator Q be defined by

( ) S )
Qf@)=|1-7- TlA—’“eq @)f@ |+ [0 + DFE), (.1)
for Ay #0and 1> 0.
(i) If
QY f(z ! 1+ Az _
JOP I (v 0<j<p), (42)
P~ p! + Bz
, then
q,S NI (])
[ @f@- 0" _ 144 i
. < < —, .
7 p! 8(z) 1+ Bz (4.3)
where for m positive, g is given by
i‘+( ——)(1+Bz) 2F1( LTy B ) B0
) = Y 1B . ™ 1+B
1+ Z( T+1Tp) , if B=0,
l-7+7(m+ p)
and g is the best dominant of (4.3).
(ii)
QY f(2) p!
Re( = )>(p_j)!0',zeU 4.4)
where
A l-7v+71p B )
E+@——y1—m ﬂﬁ(l = +LB_J,U‘B¢Q

7= Al =T +1p)

- , f B=0.
l-7+7(p+m) 4

The inequality (4.4) is the best possible.
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Proof. From (1.5) and (4.1) we easily obtain

Q1@ = (1 =+ e @nf@]” + o @nro] " zeu.

Letting

5 ) .
|68 @) f @] (- )
ZP—jp! ’
with f € Ai(p), then g is analytic in U and has the form (2.1). Also, note that
N R ()]
8 (@) = .

zP=ip!

8(z) =

(I-7+7p) g(z)+1

Then, by (4.2) we have
1+ Az

1+Bz

T ’
g(z)+—1_T+szg(z)<

-7+
Now, by using Lemma 2.2 for y = L

-
followed by the use of the identities (2.5), (2.6) and (2.7), we deduce that

s ()] .
[9?;’ (a/l)f(z)] p-nN' _ (1-7+ Tp) EL) ( Uiy 1+ At
<3 = ) t

. dt
P~ p! ™ 1+ Bt
0
A A l-7+71p Bz )
—+(1-=)+B) ', F|1,1; 1; , if B#0,
_ B+( B)(+Z) “( E— 1+Bz) e
N A(l -1+
d=r+7p) if B=0,
l-7+71(p+m)
which proves the assertion (4.3) of our Theorem.
Next, in order to prove the assertion (4.4), it sufficies to show that
inf {Reg(z) : z € U} =g(-1).
Indeed, for |z] < r < 1 we have
1+Az 1-Ar
€ > ,
1+Bz  1-Br
and setting
1+A -7+ —T+7,
¥(5,2) = —=2 and  du(s) = —— L=y 0<s<1)
1+ Bsz

which is a positive measure on the closed interval [0, 1] whenever 7 > 0, we get

1
7@ = fo (5,2 du(s),

119

4.5)

(4.6)

and whenever y > 0, by a changing of variables

4.7)
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and |
— 1—-Asr —
ReZG)> [ du(s) = =), < 7 < 1.
o 1—Bsr
Letting r — 17 in the above inequality we obtain the assertion (4.7) of our Theorem. The estimate
in (4.4) is the best possible since the function g is the best dominant of (4.3). ]
2a(p — ))!
Taking g = 2and s = 1,for A; = B; = l,a; = l,ap = f1and A = 1 — U—Cy(:;-i-rg)p! and
B = —1 in Theorem 4.1 we get the following result:
Corollary 4.1. Let Qf(z) = (1 — 1) f(z) + 12f'(2), where f € A(p). Fort >0
) - ! -7+ !
ReQ f(z)(p /) >a,z€U (0§a< w, OSjSp),
?p! (p =)
implies that
@)
RIE @
P l-7v+71p
! 1- 1
p. - @ o F 1,1;ﬂ+1;——1,z€U
p-nN! l—-71+71p ™ 2
The above inequality is the best possible.
Theorem 4.2. For f € Ai(p) let the operator Q be given by (4.1), and let T > 0.
M 1If "
Ky J
o0 @)f @) U<t
e . >p, Z€ < )
i p ==
then Qv
j
Re f(;) >p(l —1+71p), |zl <R,
zP=J
where
1
™m ? ™m '
R = 1+ - . 4.8
(1—T+Tp) I-7+71p (4.8)
(i) If
|68 @n )] |
Re ! - - <p,Z€U (p>La)7
(=1)z7p7/ (p - N
then Qv
J
Re p{fZ) <p(l=7+1p), [Z <R.
Z

The bound R is the best possible.
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Proof. (i) Defining the function ® by

|

|6 @ f2)]”

Zp_j

then @ is an analytic function of the form (2.1) with positive real part in U. Differentiating (4.9)
with respect to z and using (4.5) we have

Q(j) f(Z)

Zp_j

p!
——p
(p—N!

Now, by applying in (4.10) the following well-known estimate (MacGregor, 1963)

—p(l-1+71p) = [ ] [1 =7+ 1p)D(2) + 720 (2)] . (4.10)

Q@) 2mr”

Red() = T—pm A=r<l @11
we have
()
Re[Q f@—p(l—pr)]z 4.12)
ZP—]
‘ m
Red(z)| —2— —p (1—T+Tp)—m ll=r<l1.
»-)! =

Now, it is easy to see that the right hand side of (4.12) is positive whenever r < R, where R is
given by (4.8). In order to show that the bound R is the best possible, we consider the function
f € Ai(p) defined by

[0 @ )]

oy p! 1+27"
P Pro= P T=
Then,
[0)]
Q f(Z)—p(l—T+Tp):
zP=J
p!
— =P
(p_.])' 1 1 2m 2 m _0
W[( —T+Tp)( -2z )+ T™mz ]— ,

forz=R exp%r , and the first part of the Theorem is proved.
Similarly, we can prove part (ii) of the Theorem.

5. An argument estimate

In this section we obtain an argument estimate involving the operator 65°(e;) and connected
with the linear operator Q.
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1
Theorem 5.1. For f € A(p), let the operator Q be defined by (4.1), and let 0 < 7 < 7 Af
QVf(z)| =#6 ]
‘arg pray 502 eU (5 >0,0<j< p), (5.1

then 0
s J

0@ f@]"|  7s

arg , <—,z€el.
b4 2

Proof. For f € Ai(p), if we let

6@ f@]” (- iy

ZP_j p'

q(z) =

then ¢ is of the form (2.1) and it is analytic in U. If there exists a point zy € U such that

o o
larg g(2)| < > |zl <lzol and |argq(zo)| = > 0 >0)),

then, accorollaryding to Lemma 2.3 we have

209 (20) =ik and q(z0)"° =+ic (c>0).
q(zo)

Also, from the equality (4.5) we get

QY f(z0) _ p!
& (p—n!

) - 209’ (20)
(1 T+TP)Q(Z°)[1+ I-7+1p 4(20) ]

0
If arg g(z9) = %, then

arg Q) f(z0) _ 76

) 0
. — +arg 1+;ik(5 :7T—+tan_1 ;kd Zﬂ—,
P 2 l-7+71p 2 l-7+71p 2
0

1 1 1
whenever k > 3 (c + —) and 0 < 7 < 1 , and this last inequality contradicts the assumption

c -p
(5.1).

0
Similarly, if arg g(zo) = —%, then we obtain

QY f(z0) 7o

ag—, 5 ="
)

which also contradicts the assumption (5.1).

0
Consequently, the function g need to satisfy the inequality |arg g(z)| < % z € U, ie. the

conclusion of our theorem. OJ
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1. Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also play
important roles in a variety of problems in applied mathematics (e.g. see Choquet (Choquet,
1945), Dorff (Dorff, 2003), Duren (Duren, 2004)). A continuous function f = u + iv is a complex
valued harmonic function in a complex domain C if both « and v are real harmonic in C. In any
simply connected domain D c C we can write f = h + g, where h and g are analytic in D. We
call & the analytic part and g the co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and sense- preserving in D is that |h' (z)| > |g' (z)| in D; see (Clunie &
Sheil-Small, 1984).

Denote by S H the class of functions f = h+g that are harmonic univalent and sense-preserving
in the unit disk

U={z:z€eCand |7 < 1}

for which f(0) = f;(0) — 1 = 0. Then for f = h + g € S H, we may express the analytic functions
h and g as

hz) =z + Zakzk, g(2) = Zbkz"- (1.1)
k=2 k=1

*Corresponding author
Email addresses: sahsene@uludag.edu.tr (Sahsene Altinkaya), syalcin@uludag.edu.tr (Sibel Yalgin)
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Therefore

f@=z+ ) ad+ ) b bl <1
k=2 k=1

Note that S H reduces to the class S of normalized analytic univalent functions in U if the
co-analytic part of f is identically zero.

In 1984 Clunie and Sheil-Small (Clunie & Sheil-Small, 1984) investigated the class S H as
well as its geometric subclasses and obtained some coefficient bounds. Since then, there has been
several related papers on S H and its subclasses such as Avci and Zlotkiewicz (Avci& Zlotkiewicz,
1990), Silverman (Silverman, 1998), Silverman and Silvia (Silverman, 1999), Jahangiri (Jahangiri,
1999) studied the harmonic univalent functions.

The differential operator Dg,ﬂ(/l, w) (n € Ny) was introduced by Bucur et al. (Bucur et al.,
2015). For f = h + g given by (1.1), we define the following differential operator:

D! (AW f@) = Dl (A wh) + (=)D (L, w)g(@),

where

Dl A wh@) =z+ ) [k = Dw' - a) + k| ad
k=2

and

(o)

DL (A w)g@) = > [tk + D(w' - ) + k| by,

k=1

where p, A, w > 0,0 < a < uw?, with D2 (A, w)f(0) = 0.
Motivated by the differential operator Dg,ﬂ(/l, w), we define generalization of the differential
operator for a function f = h + g given by (1.1).

DY) (A w)f(2) = D’ f(2) = h(z) + g(2),

D}, (A4, w)f(2) = (@ = pwh)(h(z) + 8(2)) + (uw' — @ + 1)(zh () - 2¢' (2),

Dl (A w)f(2) = D (D, (A w)f (). (1.2)
If f is given by (1.1), then from (1.2), we see that

D! (A w)f() = z+z |k = D(w* = ) + k| akzk+(—l)”2 |k + D@w' — ) + k] B (13)
k=2 k=1

When , w = @ = 0, we get modified Salagean differential operator (Salagean, 1983).
Denote by S H(4, w, n, @, 8) the subclass of S H consisting of functions f of the form (1.1) that
satisfy the condition
% [DZT,} (A, w)f(2)

Dz,ﬂu,wmz)) 2B O=p<D), (1.4)
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where D’ (A, w)f(z) is defined by (1.3).

a,u o
We let the subclass S H(A, w, n, @, 5) consisting of harmonic functions f, = h+ g, in SH so
that 4 and g, are of the form

[ee)

W@ =z- ), 8@ = (1)) b @ b= 0. (15)

k=2 k=1

By suitably specializing the parameters, the classes S H(A, w, n, , 8) reduces to the various
subclasses of harmonic univalent functions. Such as,
1) SH(0,0,0,0,0) = S H*(0) (Avct (Avai& Zlotkiewicz, 1990), Silverman (Silverman, 1998),
Silverman and Silvia (Silverman, 1999)),
(1) SH(0,0,0,0,8) = S H*(B) (Jahangiri (Jahangiri, 1999)),
S H(0,0,0,0,8) = S y(1,0,8) (Yalgin (Yalgin, 2005)),
(i11) SH(0,0,1,0,0) = KH(0) (Avcl (Avcai& Zlotkiewicz, 1990), Silverman (Silverman, 1998),
Silverman and Silvia (Silverman, 1999)),
(iv) SH(0,0,1,0,8) = KH(B) (Jahangiri (Jahangiri, 1999)),
SH(0,0,1,0,8) = S 5(2,1,8) (Yalgin (Yalcin, 2005)),
(v) SH(0,0,n,0,B8) = H(n,B) (Jahangiri et al. (Jahangiri et al., 2002)),
SHO,0,n,0,8) = §H(n + 1, n,8) (Yal¢in (Yal¢in, 2005)),
The object of the present paper is to give sufficient condition for functions f = h+g where /h and
g are given by (1.1) to be in the class S H(4, w, n, @); and it is shown that this coefficient condition is
also necessary for functions belonging to the subclass S_H(/l, w,n,a,8). Also, we obtain coeflicient
bounds, distortion inequalities, extreme points and inclusion results for this class.

2. Coefficient Bounds

Theorem 2.1. Let f = h + g be so that h and g are given by (1.1). Furthermore, let
D =By [t = D@w' = @) + k| lail + Yk + B[tk + D' —a) + k| il < 1=, @2.1)
=2 k=1

where u,A,w > 0,0 < @ < uw', n € Ny, 0 < B < 1. Then f is sense-preserving, harmonic
univalent in U and f € SH(A,w,n,a,p).

Proof. 1f 21 # 2o,

- k _ k
@) - f@) PEACEES

h(z1) = h(z2)

8@ - 8(z2)
h(z1) — h(z2)

(o8]
@ -2)+ La (25 - 25)

2k |byl
k=1
> 1-—
1= Y kla
=
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o kB e+ D(uw-a)+k]"
2 -
k=1 B

s (k= B[k = Dw' —a) + k|
— Z -
k=2 B

|Di]

\%
—
|

|a|

%

0,

which proves univalence. Note that f is sense preserving in U. This is because

o © (k- B) [tk = D(uw' — ) + k|’
W@l = 1- kau > 1) | 5 | o
= k=2

k + ) (k+1)(,uw —a)+k]

2 ), — IV

=1
> |g'@l.
Using the fact that R(w) > Bif and only if |1 — 8+ w| > |1 + 8 — w|, it suffices to show that
|1 - B)DL (A, w) + DN (A, w) )| = |1+ B)DL (A4, w) = DiL (A, w)| = 0. (2.2)
Substituting for DZ“(A, w)f(z) and Dy, (4, w)f(2) in (2.2), we obtain

(1= BD% (A, w) + DIt (A w) f@)| = (1 +B)D, (A, w)f(2) = Dl (A, w)f ()|

(o)

20-p) = Y [tk +1=p)+ (k= D(w' - )| [k = Dew' = @) + k] laud |21

k=2

W%

(k= 148) + (k= Diaw' = @] [k + DGow' — @) + k] 1bi] It

= 1=p)+ (= D' = )] [k = D@w' = @) + k] sl 2

DM 1M T

[+ 14 8) + (k= D(w' — )] [k + D(uw - @) + k] [l Iz

>~
1l
—_

\%

|cty ]

= (k= B) |tk = D' = a) + k|
20-p)ld|1- > | 5 ]
k=2

(k +P) (k+1)(yw —a)+k]

—Z = bl |.

This last expression is non-negative by (2.1), and so the proof is completed. O]
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Theorem 2.2. Let f, = h+3, be given by (1.5). Then f, € S H(A, n, ) if and only if
Z(k —B) |tk = D(uw' - @) + k| ay + Z(k +B) |k + D' - )+ k| B < 1-8,. (23)
k=2 k=1

where u,A,w>0,0<a <uw',ne Ny, 0<p<1.

Proof. The ”if” part follows from Theorem 2.1 upon noting that S_H(/l, w,n,a,) C SH(A,w,n,a,).
For the “only if” part, we show that f ¢ S_H(/l, w, n, a, ) if the condition (2.3) does not hold. Note
that a necessary and sufficient condition for f,, = h + g, given by (1.5), to be in S_H(/l, w,n,a,f) is
that the condition (1.4) to be satisfied. This is equivalent to

(1 =B = Lk =Pk = D' - ) + k] a2

R

(o)

2= 3 [tk = D(uwt — ) + K" a2k + X [k + 1w — ) + k" b
k=1

k=2

~S k4B [k + D' - @) + K] b
= > 0.

[Se]

72— 2 [tk = D(uwt — @) + k]" axz* + i (k+ 1D [(k+ Duw! —a) +k]" bz
k=1

k=2
The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values of z
on the positive real axis where 0 < z = r < 1 we must have

(=P = Sk=B)|tk= D'~ ) + k[ @t

1= 3 [k = D(awt — @)+ kI a1 + 3 [k + 1wt — @) + k] bk
k=2 k=1

—i(k +5) [(k + D(uw* — ) + k]” b
k=1

o~ = > 0. 2.4)
1= X [(k=1D(uwt—a) + k]" ar*=" + 3 [(k + D)(uw? — @) + k" byrk!
k=2 k=1

If the condition (2.3) does not hold, then the numerator in (2.4) is negative for r sufficiently
close to 1. Hence there exist zo = rg in (E) for which the quotient in (2.4) is negative. This
contradicts the required condition for f, € S H(4, w, n, @, 8) and so the proof is complete. ]

3. Distortion Inequalities and Extreme Points

Theorem 3.1. Let f, € S_H(/l, w,n,a,8). Then for|z] = r < 1 we have

(1-p) L) 2(pwt-a)+1]" ) 2
@1 < (14 b+ (gt - by ) 2,

and

|fn<z>|z<1—b1>r—( -5 —“*’3’[2(“W”‘“>+1]"b1)r2.

Q-B)[puw! —(Y+2]n Q-B)[uw? —(y+2]n
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Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted. Let f, € S H(4, w, n, @, 8). Taking the absolute value of f,, we have

A@I < A+b)r+ Y (a+b)rt
k=2

IA

(L+b)r+ > (a+b)r

= (I+by)r+

[ax + byl

(-pr__$@=P o'~ + 2|
Q-plww'-a+2'y (A-p

(1-pr

< (1 +b1)r+ (Z—ﬁ)[ﬂwﬁ—a-i-Z]n
(k=pB) (k— Duw' —a) + k
XZ[ 1 —ﬁ ] ayg
(k+B) |k = D(uw' — ) + k| }
+ bk
-5
(1-p) A+p 2w —a)+1]" ]
< (1+b1)r+(2—ﬁ)[/uwﬂ—a+2]"[l =3 b |r
(1-p) A+p2(wt-a)+1] |,
= d +b‘)r+((2—ﬁ)[pwﬂ—a+2]" TG A+ |
The following covering result follows from the left hand inequality in Theorem 3.1. [

Corollary 3.1. Let f, of the form (1.5) be so that f, € SH(A,w,n,a,p). Then

. Q-p)[pw'-a+2]"-1+p
{W Hwl < Q-p)|pwi-a+2]"

Q-p)[pwt-a+2]"-(1+B)[ 2w -a)+1]"
B Q-p)|uwi-a+2]" = f”(U)

Theorem 3.2. Let f, be given by (1.5). Then f, € S H(A, w,n, a, B) if and only if

7@ = ) (Xihul2) + Yign (),
k=1
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where

— - _ 1-B k.
h](Z) - Z’ hk(Z) =z (k_ﬁ)[(k_l)(’uwﬁ_a)_'_k]nz l (k Z 2)a

n 1- =k
gnk(z) =z+ (=D (k+,3)[(k+1)(;f}v\//l—(t)+l’<]nZ > kz2),

> X+ Y =1X2>0,Y,>0.
k=1

In particular, the extreme points of SH(A,w,n, a,B) are {h} and {g,,,).

Proof. For functions f, of the form (1.5) we may write

A = (K@) + Yign, ()
k=1
_ N N 1-8
_ ;(Xk+Yk)Z ;(k BT Do~ T & X2
n N 1 _'/3 —k
1) ;(k B[k + D —a) A
Then
i(k—ﬁ)[(k—l)(,uw”—aﬂk]"( -5 )
= 1-5 (k—pB) [(k— D(uw! —a) +k]" k
(k+p) (k+1)(/lw —a)+ k[ 1-p
+Z -B ((k +B) [k + D)(uw! — @) + k]" Y")

= ZXk+ZYk =1-X; <1, andso f, ES_H(/l,w,n,a/,ﬁ).

k=2 k=1

Conversely, if f, € S_H(/l, w,n,a,3), then

< 1-5
“7 k=P [k - Dw! —a) + k"
and
< 1-5
2k +B) [k + D(uwt — ) + k"
Setting

k=) |tk = Duw' — @) + k]
1-p

X = ai; (k= 2),
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(k+B) [k + Duw' — a) + k|
1-p

Xi=1- [ZXk + ZYk)

= bis (k> 1),

and

where X; > 0. Then
F@) = Xiz+ ) XihilD) + D Yig (2)
k=2 k=1

as required.

4. Inclusion Results
Theorem 4.1. The class S_H(/l, w,n,a, ) is closed under convex combinations.

Proof. Let f,, € S_H(/l, w,n,a,p) fori=1,2,..., where f, is given by

(o)

f@=2- ) @ + (- 1)"Zbk

k=2
Then by (2.3),

(k- ) (k—l)(,uw ~ )+’ (k + B) (k+1)(pw ~ )+
Z -B “k*Z -8
;)

For Zti = 1,0 <t; <1, the convex combination of f,, may be written as

i=1
itifn,-(z) == i (itiak,)zk + (_l)ni (itibki]zk
i=1 k=2 \i=1 k=1 \i=1

i(k B) (k—l)(,uw —a)+k [itak)

k=2

Then by (4.1),

0 (k+,8)[(k+1)(pw —a)+k| (&
+k:1 1-v [thkl)
= (& k=)= Diw' —a) + k|
X [Z [y o
(k + B) (k+l)(/Jw —a)+k 0
+Z - ] S

This is the condition required by (2.3) and so Y%, (z) € S H(A, w,n, a, B).
i=1

bkiﬁl.

4.1)
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Abstract

In this paper we introduce the notions approximation properties (APs) and bounded approximation properties
(BAPs) in the setting of intuitionistic fuzzy normed linear spaces (IFNLSs). Further, we define strong intuitionistic
fuzzy continuous and strong intuitionistic fuzzy bounded operators and using them we prove the existence of an
IFNLS which does not have the approximation property. In addition, we give example of an IFNLS with the AP
which fails to have the BAP.

Keywords: Intuitionistic fuzzy normed linear space, approximation property, bounded approximation property.
2010 MSC: 55M20, 54H25, 47H09.

1. Introduction

In analysis many problems we study are concerned with large classes of objects most of which
turn out to be vector spaces or linear spaces. Since limit process is indispensable in such problems,
a metric or topology may be induced in those classes. If the induced metric satisfies the translation
invariance property, a norm can be defined in that linear space and we get a structure of the space
which is compatible with that metric or topology. The resulting structure is a normed linear space.
There are situations where crisp norm can not measure the length of a vector accurately and in such
cases the notion of fuzzy norm happens to be useful. There has been a systematic development
of fuzzy normed linear spaces (FNLSs) and one of the important development over FNLS is the
notion of intuitionistic fuzzy normed linear space (IFNLS). The study of analytic propertis of
IFNLSs, their topological structure and generalizations, therefore, remain well motivated areas of
research.

*Corresponding author
Email addresses: debnath.pradip@yahoo.com (Pradip Debnath ), nabnitakonwar@gmail.com (Nabanita
Konwar)
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The idea of a fuzzy norm on a linear space was introduced by Katsaras (Katsaras, 1984).
Felbin (Felbin, 1992) introduced the idea of a fuzzy norm whose associated metric is of Kaleva
and Seikkala (Kaleva & Seikkala, 1984) type. Cheng and Mordeson (Cheng & Mordeson, 1994)
introduced another notion of fuzzy norm on a linear space whose associated metric is Kramosil and
Michalek (Kramosil & Michalek, 1975) type. Again, following Cheng and Mordeson, one more
notion of fuzzy normed linear space was given by Bag and Samanta (Bag & Samanta, 2003a).

The notion of intuitionistic fuzzy set (IFS) introduced by Atanassov (Atanassov, 1986) has trig-
gered some debate (for details, see (Cattaneo & Ciucci, 2006; Dubois et al., 2005; Grzegorzewski
& Mrowka, 2005)) regarding the use of the terminology “intuitionistic” and the term is considered
to be a misnomer on the following account:

e The algebraic structure of IFSs in not intuitionistic, since negation is involutive in IFS theory.
¢ Intuitionistic logic obeys the law of contradiction, IFSs do not.

Also IFSs are considered to be equivalent to interval-valued fuzzy sets and they are particular cases
of L-fuzzy sets. In response to this debate, Atanassov justified the terminology in (Atanassov,
2005). Apart from the terminological issues, research in intuitionistic fuzzy setting remains well
motivated as IFSs give us a very natural tool for modeling imprecision in real life situations which
can not be handled with fuzzy set theory alone and also IFS found its application in various areas
of science and engineering.

With the help of arbitrary continuous -norm and continuous #-conorm, Saadati and Park (Saa-
dati & Park, 2006) introduced the concept of IFNLS. There has been further development over
IFNLS, e.g., the topological structure of an intuitionistic fuzzy 2-normed space has been stud-
ied by Mursaleen and Lohani in (Mursaleen & Lohani, 2009). Recently, a number of interesting
properties of IFNLS have been studied by Mursaleen and Mohiuddine (Mursaleen & Mohiuddine,
2009a,b,c,d). Further, generalizing the idea of Saadati and Park, an intuitionistic fuzzy n-normed
linear space (IFnNLS) has been defined by Vijayabalaji et al. (Vijayabalaji et al., 2007b). More
properties of IFnNLS have been studied by N. Thillaigovindan, S. Anita Shanti and Y. B. Jun
in (Vijayabalaji et al., 2007a). Some more recent work in similar context can be found in (Deb-
nath, 2015; Debnath & Sen, 2014a,b; Esi & Hazarika, 2012; Mursaleen et al., 2010a; Sen &
Debnath, 2011).

In classical Banach space theory, some most important properties are “Approximation proper-
ties” which were investigated by Grothendick (Grothendiek, 1955). We say that a Banach space X
has the approximation property (AP) if, for every compact K and € > 0, there is a bounded finite
rank operator 7 : X — X such that ||T(x) — x|| < ¢, for all x € K, i.e. I(x)-the identity operator
on X- can be approximated by finite rank operators uniformly on compact sets. Also X has the
bounded approximation property (BAP) if for every compact K and € > 0, there is a bounded
finite rank operator 7 : X — X with ||T'|| < A such that ||T(x) — x|| < € for all x € K for some
A > 0. The APs play very crucial role in the study of infinite dimensional Banach space theory
and also in the investigation of Schauder bases. Some of the important references from related
works being (Choi et al., 2009; Enflo, 1973; Kim, 2008; Mursaleen et al., 2010b; Szarek, 1987).

Yilmaz (Yilmaz, 2010a) introduced the notion of the AP in fuzzy normed spaces and estab-
lished some interesting results on it. Very recently Keun Young Lee (Lee, 2015) identified some
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limitations in Yilmaz’s definitions regarding the continuity of fuzzy operators. He modified Yil-
maz’s definitions and studied approximation property (AP) and bounded approximation property
(BAP) on fuzzy normed spaces.

In this article we address the questions raised by Keun Young Lee (Lee, 2015) and also gener-
alize the work of Figel and Johnson (Figel & Johnson, 1973) in the context of AP and BAP in the
new setting of IFNLS.

First we recall some basic definitions and results which will be used subsequently.

Definition 1.1. (Saadati & Park, 2006) The 5-tuple (X, u, v, *,0) is said to be an IFNLS if X is a
linear space, = is a continuous #-norm, o is a continuous z-conorm, and y, v fuzzy sets on X x (0, c0)
satisfying the following conditions for every x,y € X and s, > O:

(@) p(x, 1)+ v(x 1 <1,
(b) p(x,1) >
©) p(x,t) = 1 1f and only if x = 0,
d) plax,t) = pu(x X1 |)f0reachcy7é0
() p(x1) = p(y, s) < p(x+y,t+5),

(f) p(x,1):(0,00) — [0, 1] is continuous in ¢,
(2) lim, o u(x,t) = 1 and lim,_,o u(x,1) = 0,
(h) v(x, 1) <1,

(i) v(x,7) = O0if and only if x = 0,

(G) v(ax,t) = v(x, r ‘) for each a # 0,

k) v(x,1) ov(y,s) = v(x+y,t+s),

(1) v(x,1):(0,00) — [0, 1] is continuous in ¢,
(m) lim, o v(x,1) = 0 and lim,_,q v(x, 1) = 1.

In this case (u, v) is called an intuitionistic fuzzy norm. When no confusion arises, an IFNLS will
be denoted simply by X.

Definition 1.2. (Debnath, 2012) Let X be an IFNLS. A sequence x = {x;} in X is said to be
convergent to & € X with respect to the intuitionistic fuzzy norm (y, v) if, for every € € (0, 1) and
t > 0, there exists kg € N such that u(x, — &,1) > 1 —eand v(x; — &,1) < eforall k > k. It is
denoted by (1, v) — lim x; = &.

Definition 1.3. (Saadati & Park, 2006) Let X be an IFNLS. A sequence x = {x;} in X is said to be
a Cauchy sequence with respect to the intuitionistic fuzzy norm (u, v) if, for every a € (0, 1) and
t > 0, there exists kg € N such that u(x; — x,,,1) > 1 — @ and v(x; — x,, 1) < a for all k,m > k.

Definition 1.4. (Debnath & Sen, 2014a) Let X be an IFNLS. Then X is said to be complete if and
only if every Cauchy sequence of X is convergent.

Definition 1.5. (Lael & Nourouzi, 2007) Let (X, i, v, *,0) be an IFNLS. A subset S in X is said to
be compact if each sequence of elements of S has a convergent subsequence.
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Definition 1.6. (Debnath, 2012) Let (X, u, v, *, 0) be an IFNLS. For ¢ > 0, we define an open ball
B(x,r,t) with center at x € X and radius 0 < r < 1, as

B(x,r,t) ={ye X :u(x—y,t) > 1 —rv(x—y, 1) <r}

Proof of the following lemma is similar to its analogue in case of fuzzy normed spaces (Bag &
Samanta, 2003b).

Lemma 1.1. Let (X, u, v, *,0) be an IFNLS with the condition
u(x,t) > 0and v(x,t) < 1 implies x = 0, forallt € R". (1.1)

Let |x|, = inf{t € R : u(x,t) > a and v(x,t) < 1 — a} for each @ € (0,1). Then {|| - || : @ €
(0,1)} is an ascending class of norms on X. These norms are called a- norms on the intuitionistic
fuzzy norm (u,v).

Definition 1.7. (Mursaleen et al., 2010a) Let (x,) be a sequence in an IFNLS (X, u, v, *,0). It is
said to be basis of X if for every x € X there exists a unique sequence (a,) of scalars such that

(1, v) —lim >} apxe = x.
that is, for each a € (0, 1) and € > 0, there exists nyp = no(a, €) € N such that n > n, implies,

pulx =0 arxi, €) > 1 —aand v(x — Yp_ axxi, €) < a, where x = D7 | aix;.

2. Main Results

Now we are ready to discuss our main results. First we define some important notions in
connection with approximation property in IFNLS.

Definition 2.1. Let (X, u, v, *,0) be an IFNLS. A complete IFNLS is said to have the approxima-
tion property, briefly AP, if for every compact set K in X and for each @ > (0, 1) and € > 0, there
exists an operator 7 of finite rank such that

w(Ty(x)—x,€)>1—aand v (T, (x) — x,€) < @
for every x € K.

Definition 2.2. Let A be a real number. An IFNLS (X, u, v, =, 0) is said to have the A-bounded
approximation property, briefly 1-BAP, if for every compact set K in X and for each @ € (0, 1) and
€ > 0, there exists an operator T € F (X, X, 1) such that

u(T (x) —x,e) >1—aand v (T (x) — x,€) < a
for every x € K.

Definition 2.3. Suppose that an IFNLS (X, u, v, », o) has a basis (x,). For each positive integer m,
the m™ natural projection P,, for x,, is the map
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S AnXy — Yo GnX, from (X, 1, v, %,0) to (X, i1, v, %, 0).

Definition 2.4. Let (X, u, v, *,0) and (Y, wv o) be two IFNLS and T : X — Y be a linear
operator where (u,v) and (i, V') are intuitionistic fuzzy normed. Then

1. The operator T is called strongly intuitionistic fuzzy (shortly sif) continuous at a € X if, for
given € > 0, there exists 6 > 0 such that, for all x € X,

W (T(x) —T(a),€) = u(x —a,6) and v (T (x) — T(a),€) < v(x — a,d).

If T is sif-continuous at each point of X, then T is said to be sif-continuous on X.

2. The operator T is called strongly intuitionistic fuzzy bounded on X if there exists a positive
real number M such that g (T(x),1) > p(x, %) and v (T(x),1) < v(x,%) for all x € X
and r € R. We will denote the set of all strongly intuitionistic fuzzy (shortly sif) bounded
operators form X to Y by F(X, Y). Then F(X, Y) is a vector space. Forall M > 0, F(X, Y, M)
is denoted by

{Te FX,Y): 1 (T(x),1) = pu(x, L),v(T(x),1) < v(x, L), Vx e X,Vt € R},
where M is a positive real number.
For some M > 0if S = F(X,Y, M) then S is called a bounded subset of F(X,Y). Again
the set of all finite rank sif-bounded operators from X to Y is denoted by F (X, Y). Then
F(X,Y) is subspace of F(X,Y). Similarly, we can say that F(X, Y, M) is also a subspace of
F(X,Y,M) for some M > 0.

Proof of the following is similar to its fuzzy analogue in (Bag & Samanta, 2005).

Lemma 2.1. Let (X, u,v,*,0) and (Y,,ul, v, o) be two IFNLSs satisfying condition 1.1 and T :
X — Y be a linear operator. Then T is sif-bounded if and only if it is uniformly bounded with
respect to a- norms of (u,v) and (i1 ,v'). That is, there exists some M > 0, independent of a, such
that ||T (x)||e < M||x||e forall @ € (0,1).

Remark. If (X, u, v, =,0) and (¥, WV o) be two IFNLSs satisfying the conditions:

u(x,t) > 0and v(x,f) < 1 implies x = O for all r € R" and

for x # 0, u(x, 1) is continuous and strictly increasing on {f : 0 < u(x,1) < 1}, while v(x, ) is
continuous and strictly decreasing on {z: 0 < u(x,7) < 1} and M > 0. Then we obtain

FX,,M)={T e F(X,Y) : ||T(x)||le < M]||x||e,Vx€ X,V e (0,1)}.
Hence F(X, Y, M) and F(X, Y, M) are bounded convex subsets of F(X,Y).

Theorem 2.1. Let X be a Banach space and (x,,) be a Schauder basis in X. Then (x,) is a basis
for an IFNLS (X, u, v, =, 0) where

i 155 N
R bl

0, ifr<|l,
v(x, 1) = = :HiH’ ift> |||
’ L if e <],

and every natural projection is sif-continuous.
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Proof. Given that (x,) is a basis for an IFNLS (X, u, v, =, 0).
It is enough to show that -
natural projection P, : (X, u, v, *,0) — (X, u, v, »,0) is sif-bounded for each x € N.
Letne N,te R, xe X.
Consider M = ||P,]|.
If t+ < 0, the result is trivial.
Assume that 7 > 0. Then it is enough to show that

p(Py(x),t) = p(x, %) and v (P, (x),1) < v (x,%).

The proof of y (P, (x),7) > p (x, %) can be established in a similar manner as in Proposition

3.4 of (Lee, 2015).
Now considering for v, we have

t> Mi|x[],

then

1
' 3 =1l
v(x —) =1- .
* M 7 x|

By the assumption,

t> Ml|x|| = [[Palll[x]| = [[Pn () ]

and

=PI 3=
[P = g7+l

Therefore, we have

—||Pa(x a7 — 1]l
v(Py(x),1) = 1 = 2 < 1= 25—y (x, 1),

] w112

Hence
v (Py(x),1) <v(x5)
Secondly,
t< [[Mx]],

then

v(Mx,t) = 1.
Thus,

]

So, we have the existence of an IFNLS having a basis such that every natural projection is
sif-continuous. Now provide modified definitions of APs and BAPs in IFNLSs by incorporating
the continuity of approximating operators.
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Definition 2.5. Let (X, u, v, *,0) be an IFNLS. Then X is said to be have the approximation prop-
erty, briefly AP, if for every compact set K in X and for each a € (0, 1) and € > 0, there exists an
operator T € F (X, X) such that

u(T (x) —x,e) >1—aand v (T (x) — x,€) < a
for every x € K.

Definition 2.6. Let (X, u, v, =,0) be an IFNLS and A be a positive real number. Then X is said to
be have the A- bounded approximation property, briefly A - BAP, if for every compact set K in X
and for each a € (0, 1) and € > 0, there exists an operator T € F (X, X, A) such that

u(T (x) —x,€) >1 —aand v(T (x) — x,€) < a
for every x € K. We can also say that X has the BAP if X has the A-BAP for some 4 > 0.

Theorem 2.2. Let (X, u, v, *,0) be an IFNLS. Then the following are equivalent.

1. (X,u,v,*,0) has the AP,
2. If (Y., ,*,0) is an IFNLS, then for every T € F(X,Y), every compact set K in (X, i1, v, #,0)
and for each a € (0,1) and t > 0, there exists an operator S € F(X,Y) such that

W (S(x) =T(x),t)>1—aandv (S(x) - T(x),1) < a

foreach x € K.
3. If(Y,,u/, v, o) is an IFNLS, then for every T € F(Y, X), every compact set K in (Y,/,t/, v, o)
and for each a € (0,1) and t > 0, there exists an operator S € F (Y, X) such that

pS ) =TW),0) > 1 —aandv(S(y) —TV).1) <«
foreachy e K.
Proof. (i) = (ii)

Let T € F (X,Y) and K be a compact set in (X, i, v,*,0) and @ € (0,1) and# > O and ¢ € R.
Then there exists a positive real number M such that

p (T (x),8) = p(x %) and v (T (x),1) < v (x, L)
for all x € X.
Since (X, u, v, *, 0) has the AP, there exists an operator R € F (X, X) such that

p(R(x)—x,L)>1—aandv(R(x) —x, %) <a

for every x € K.
Now we put § = TR. Since T and R both are sif-bounded operators, therefore S is also a
sif-bounded operator.
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K (S (x) =T (x),1) = u (TR (x) = T (x) ,1)
t

>,u<R(x)—x,M)

and

for every x € K.
(i) = (iii)
Let T € F (¥, X) and K be a compact setin (¥,u',v, ,0) and@ e (0,1) and# > Oand ¢ € R.
Since (X, u, v, , 0) has the AP and T (K) is compact set in (X, u, v, *, o), there exists an operator
R € F (X, X) such that
UR(x)—x,t)>1—aandv(R(x) — x,t) < @

for every x € T (K).
Now we put, S = RT € F (Y, X). Then we have,

u(S (y) =T (y).t) =u(RT (y) =T (y).1)
>1—a.

and

v(S () =T (),1) =v(RT (y) =T (y),?)

foreachy € K.
Since (i) implies both (ii) and (iii), hence (i), (ii) and (iii) are equivalent.
Hence proposition is proved.

Proof of the following Lemma is similar to Lemma 4.2 of (Lee, 2015).

Lemma 2.2. Let (X,u,v,*,0) be an IFNLS and K be a subset in X. If K is a compact set in
(X, 4, v, =, 0), then for every a € (0, 1) and t > 0, there exists a finite set {x,xa,...,X,} in K such
that for every x € K we have x € B (x;, a,t) for some x;.

Theorem 2.3. Let (X, u,v,*,0) be an IFNLS with intuitionistic fuzzy norm (u,v) and M > 0.
Suppose that there exists a sequence (T,) € F (X, X, M) such that T, (x) —> x for every x € X,
then (X, u, v, =,0) has the AP.
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Proof. Let (T,) be a sequence in F (X, X, M) such that
T, (x) — x for every x € X.

Leta € (0,1) and ¢ > 0, and K be a compact set in (X, u, v, *,0).

By the above Lemma, there exists a finite set {xi, X2, ..., x,} < K such that for x € K we have
x € B(x;, , t) for some x;.

Then there exists N;, N, € N such that if n > N;, N, we have,

w(T, (x;) — xi,t) > 1 —aand v (T, (x;) — x;,1) < «

for each i.
Let x € K and choose i such that x € B (x;, a, ), that is,

u(xi—x,t)>1—aandv(x; — x,1) < a.

Then for n = Ny, N,,

p (T (x) = x,8) = p (T (x) + (=T (%)) + (T (1)) + (=) + X3 + (=) ,7)
S AR I R DY)
i (i) (10 2 )
>1-—a.
And
V(T (x) = x,1) = v (T, (x) + (=T, (%)) + (To (1)) + (=x3) + X + (=), 1)

t
< max {u (T,, (x —xi),

() e <)
t

< max {,u (x — X, 3_M> » M (Tn (xi> - Xis %) M (xi - %>}

< Q.

Therefore, u (T, (x) — x,1) > 1 —aand v (T, (x) — x,1) < a.
Hence (X, u, v, *, 0) has the AP. O

By using the above result we derive the following.
Theorem 2.4. Suppose (X, u, v, =, 0) has a basis {x,} and every natural projection
Py (X, (1,v) — (X, (7))
is sif-continuous. Then (X, u, v, *,0) has the AP but the converse is not necessarily true.

Theorem 2.5. An IFNLS (X, 1, v, =, 0) satisfying condition 1.1 has the AP if and only if for every
compact set K in (X, u,v,,0) and for each a € (0,1) and € > 0, there exists an operator T €
F (X, X) such that
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1T (x) = x[[e <€
for every x € K.

Theorem 2.6. Let (X, u, v, *,0) be an IFNLS satisfying condition 1.1 and A > 0. Then (X, u, v, *,0)
has A-BAP if and only if for every compact set K in (X, u, v, =, 0) and for each a € (0, 1) and € > 0,
there exists an operator T € F (X, X, A) such that

1T (x) — x[l < €
for every x € K.

Proof of the above two results follow from (Yilmaz, 20105b).

3. Examples

In this section, we give answers to the following interesting questions with proper examples:

1. Does every IFNLS have the AP?
2. Does in an IFNLSs the AP imply the BAP?

Now we are going to solve (in negative sense) the problem (i) and (ii) with the help of follow-
ing two examples.

Example 3.1. As we know that there exists a Banach space (X, || -||) which fails to have the
approximation property, similarly there exists an IFNLS (X, u, v, *, o) which fails to have the AP.
Let us define a function,

u,v:X xR —10,1] by

(1) = 1, ifr> ||«
KD =0, ifr < ||x.
and
(x,1) 0, ifr>||x||
VWWEUZA00, it < )y,
where (u, v) is the intuitionistic fuzzy norm and ||x||, = ||x||, for every @ € (0, 1).

Now suppose that (X, u, v, =, o) has the AP.

Let @ € (0,1) and € > 0 and K be a compact set in X. Since ||x||, = ||x|| for each @ € (0, 1),
K is compact in (X, y, v, ,0). Then by Theorem 2.5, there exists an operator T, € F (X, X) such
that

1T (x) = xllo < €

for every x € K.
Hence we have,
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1T (x) = x|[ = [|T (x) — x|l < €

for every x € K, which is a contradiction as (X, || - ||) fails to have the approximation property.
(X, u, v, =, 0) has fails to have the AP.

As in Example 4.9 of (Lee, 2015), we give below an example of the existence of an IFNLS
which has the AP but fails to have BAP.

Example 3.2. Enflo and Lidenstrauss (Enflo, 1973; Lindenstrauss, 1971) has proved the existence
of a Banach Space X, which has the metric approximation property but its dual space X fails to
have the approximation property. There is a sequence (|| - ||,) of equivalent norms on X, so that
(Xo, || - |[) fails to have the n- BAP. Consider X, = (Xo,|| - |[»). Thus (3, ®X,),, fails to have the
BAP where (3 @X,), is a Banach space whose elements are sequence of the form (x;, x,...),
where > | ||x,||> < o and x, € X,.

1
Now we consider, X = (},@X,),, and define ||x|| = (3,7, ||x,|[2)* and ||x[[; = sup,]|x]]
for all x = (x1, x2,...) € X.
Let us defined a function,

u,v:X xR —[0,1] by

1, ifr> [|x]
plx,t) =< 5, i [lx|[ < <|[|x]]
O, iftéHle,
and
0, ifr> ||
v(x,t) = < 5, if[x[ <7< |]x|
1, ifzr<||x||s,

where (u, v) is the intuitionistic fuzzy norm.
Consider the a-norms as-

] = x|, ifl>a>
“ l|lx][1, if0<a<

B =0 | —

Suppose that (X, u, v, =, 0) has the BAP. Let us assume that K be a compact set in (X, || - ||).
Then we have to show that K is a compact set in (X, , v, *, o).

Let € > 0 and (x,) be a sequence in K. As K is compact subset in (X, || - ||), there exists
subsequence (x,, ) in (X, || - ||). Therefore there exists an x € X and integers u, v > 0 such that for
k> pu,v

|, — x|| < €.
Since ||x||; < ||x|| for all x € X, therefore for k > pu,v

X, — x[|lo < €
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forall @ € (0,1).

Hence K is a compact set in (X, u, v, #,0).

Next consider @ € (1,1) and € > 0. As K is a compact set in (X, 4, v, *,0) and using @ € (1, 1)
and € > 0 we have 1 > 0 and T, € F (X, X, 1) such that

|To.e (x) — x[|o < € forevery x € K.

Then we have ||T, (x) — x|| < € and ||T,. (x) || < A||x||, which is a contradiction as (X, || - ||)
fails to have the BAP.

Hence (X, u, v, #, o) has fails to have the BAP.

Finally, we have to show that (X, i, v, =, o) has the AP. Let € > 0 and K be a compact subset in

(X,pt,v,%,0). Againlet P; : X —> <Z£=1 (—BX,,)I2 be the projection given by
P((x)) = (x1,x2, .0, X;).

Since K is a compact set in X, therefore by Theorem 2.4 of (Choi et al., 2009) there exists a natural
number m € N and a finite rank operator 7' : (3", ®X,), — (O, ®X,) , such that

b
|[KT'P,, (x) — x|| < €
for every x € K, where k is the map defined as k : (3;_, ®X,), — X such that
k (X1, %05 ey X)) = (X175 X2, ey X, 0, ...).

Now we put T = kT'P,,. As T is a finite rank operator defined as 7 : X — X and ||x||;, < ||x]|
for all x € X, we have

T (x) —x[i <€
that is, for every a € (0, 1), we have
1T (x) — x|, <€

Next we have to show that T is sif-bounded on X. Since (3},_, ®X,), and (3},_, ®X,), are
equivalent, there exists M’ > 1 such that

(=t [l )

D=

< M/S’/‘pl<n<m||xn||n-
Then,
IT)[1 < T (X)]] = |KT Ppu(x)|

/ “ 1
< (KT Ixal2)?
n=1

KT [[M5up, <, <y 6]

< |
< (KT [ | M[[x] s

Taking M = max {||T||,||kT"||, M'}, we have to show that



146 Pradip D. et al. /| Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 134-149
p(T (x),1) = p(x, %) and v (T (x),1) < v(x, %)

forall xe X and r € R.
If t < 0, the result is trivial.
Assume that ¢ > 0. Then it is enough to show that

w(T (x),t) = p(Mx,t)and v (T (x),t) < v(Mx,t), forall xe X and r € R.

Now first consider for u:
For the first condition:

t> M||x||
then
u(Mx,t) =1
By the assumption,
t> M||x|| = [[T|[[[x]| = |IT (x) ]
we have
w(T (x),t) = 1.
Hence
u(T (x).1) = p(Mx, 1).
For the second condition:
[[Mx| <1< [[Mx]]
then
p(Mx,t) = 1.
By the assumption
t> M||x|ly = [IKT||M||x][ = [T () []s

we have

T[N

p(T (x),1) =
Hence
p(T (x),1) = p(Mx,t).

For the third condition :
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t< Ml|x||
we have
u(Mx,t) =0.
Then by the assumption trivially we obtain,
u(T (x),1) = pu(Mx, ).

Next considering for v :
For the first condition :

t> M||x||
then
v(Mx,t) = 0.
By the assumption,
t> M||x|| = [|T[|x[| = ||IT (x) ]|

we have
Hence

For the second condition:
| Mxl|y <1< ||Mx]]
then
v(Mx,t) =1
By the assumption
t > Mllx|ly = [|kT']|M]|x][ = [IT (x) |1,
thus
v(T (x),1) <

=

Hence

v(T (x),t) < v(Mx,t)
For the third condition :

t < M||x|;.
Then
v(Mx,t) = 1.

By the assumption trivially we have,

v(T (x),1) <v(Mx,1).

Hence (X, u, v, *,0) has the AP.

147
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4. Conclusion

In this paper we introduced and investigated the concepts of AP and BAP in the context of an
IFNLS. We have shown that there are IFNLSs which fail to have the AP and also there are IFNLSs
with AP but not the BAP. The current results give us a better understanding of the analytical struc-
ture of an IFNLS.
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Abstract

In the research of underlying algebraic structures of real world phenomena, we can find some behavior anomalies
that depend on external parameters that are not ruled by their axiom systems. These are not visible straightaway
and we have to deduce their existence from the effects they cause. To add them in mathematical constructions, we
introduce co-universal extensions of algebras and co-algebras based upon the dual construction of the Kleisli category
associated to a monad.

To illustrate this topic we introduce two applications. The first one is an artificial example. In the second applica-
tion we analyze language algebraic structures with a method that states a bridge between language and logic blindly,
that is to say, handling statements through their expressions in those languages satisfying some adequate conditions,
and disregarding their meanings.

Keywords: Algebraic extensions, hidden parameters, algebraic language structures, co-monad, Kleisli categories,
blind logic.
2010 MSC: 18C99, 18C20, 68T50, 03B65.

1. Introduction

When we investigate the mathematical structures of real world phenomena, we can observe
some anomalies that depend on parameters that are not ruled by those axioms that define their
algebraic structures. For instance, the states of a Turing machine, contexts when we interpret
sentences in any language, environments, positions, etc. Recall that only tape symbols are the
visible part of Turing machines. By contrast, moves and states are not displayed in their tapes.
They work in the background as hidden parameters, but we can deduce their existence from the
behavior changes they cause.

In positional notations, the meaning of each word or symbol depends on their position. For
instance, consider the following sentences: 1) “Programmers know how to write code fast;” and 2)
“Programmers know how to write fast code.” Both consist of the same words, but their meanings
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are order-dependent. We can consider both orders as hidden parameters, and the meanings of the
former sentences depend on them. Accordingly, to define a map u sending each sentence in the
English language FE into its meaning in M, we have to add a parameter set H the members of
which are associated to orders, contexts and styles. Thus, the domain of u must be the Cartesian
product E x H; where E denotes the set of all English sentences.

We can also find hidden parameters in psychology, physics, and random phenomena. For
instance, the probability of remembering a name increases with the occurrence frequency, or when
some noticeable fact is associated to it. Thus, frequency and remarkable facts can work as hidden
parameters that can modify probabilities. In section 4, we analyze an artificial example of this
kind.

To learn and interpret any language, we have to handle abstractions and inferences between the
definitions of sentence meanings (Tudor-Razvan & Manolescu, 2011). The topic goes as follows.
If two words, say W, and W,, have the same meaning, when we swap them in any sentence, we
obtain an equivalent one. We introduce language structure conditions to build the inverse method.
Thus, we can find logical relations and abstractions between the meanings of W; and W, when
we observe that some set of proper sentences 7, becomes T, when we swap W; and W, and each
member of T, is a proper sentence too. To know that 7, consists of right sentences, we need not
know their meanings. It is sufficient to find them in any scholar paper. The method works as a blind
logic and can give rise to many ambiguities, that we can avoid deducing the existence of hidden
parameters. This topic is an enlargement of what Newell stated in (Newell & Simon, 1976). We
do not dive in this topic deeply, because we only expose these ideas to illustrate applications of
co-universal algebraic extensions that we introduce.

The main aim of this article consists of introducing an algebraic device to enrich categories
with sets of external (hidden) parameters that are not ruled by the axioms defining them. We term
these constructions co-universal because are based upon co-monads together with the associated
dual constructions of Kleisli categories. Well-known universal extensions of Set, associated to
monads, are categories of sets with fuzzy subsets (Mawanda, 1988). These extensions of Set arise
from an endofunctor that sends each ordinary set X into X X M, where M is a monoid of truth-
values. We introduce co-universal extensions by a similar endofunctor X — X X M such that M is
the set of hidden parameters.

2. Preliminaries

To simplify expressions, we state some auxiliary definitions and notations. We write in bold
face font those symbols denoting categories. In particular, Set denotes the category of ordinary
sets and maps. We use the symbol < as an end-of-definition marker.

Notation. For each couple of sets X and Y, we denote by XY, the subset of X” defined as follows.

XL, ={f e X" | #(img(f)) > n}.

For instance, X!, consists of every non-constant map in X”.

For each subcategory C of Set and every non-empty set H, we denote the members of the set
(Home(X, Y ))W by symbols with the accent”to indicate that are maps from an arbitrary set H into
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a homset. For each member f* of (Homc¢(X, Y ))(H we write the values of the independent variable
H as subscripts. Thus, the expression f, € Homc(X, Y) denotes the image of €  under f.

Definition 2.1. Let C be a subcategory of Set. For every set H with cardinality greater than 1, we
term H-extension of C the category C[H], with the same object class as C, such that, for every
couple of sets X and ¥,

Homeya(X, ¥) = Home(X, Y)|_| { | Jtha)

h € (Home(X, Y))‘;;}. 2.1)
aceH

Since C is a subcategory of C[H], we only have to define those compositions involving mor-

h € Homc(X, Y ))Z{z} We denote this composition by the infix symbol ¢. For

v

phisins in {1,cplh)
every couple of morphisms f : X — Y € Hom¢(X, Y) and [],ex (8.} € Homeg (Y, Z) we define

their composition as follows.
([ ]tza))or=]Jtzaon (2.2)

acH acH

Likewise, the composition of f and [[,c4{8,} € Homce (T, X) 1s
fo(] @)= oz (2.3)
aeH acH
Finally, we define the composition of two morphisms [ [,cx{fs) € Homc4(X, Y) and [[,cq {80} €

Homcy4(Y, Z) by
(1 1) e (] Jtir) = | Juze o 2.4)
aeH

aeH aeH

Since C is a subcategory of C[H] with the same object class, identities are the same in both
categories. <

Theorem 2.1. Let C, and C, be two subcategories of Set. For every set H with cardinality greater
than 1, and each functor T : C; — C,, the following statements hold.

1) There is an extension T* : C{[H] — C,[H] of T with the same object-map.
2) If X, N T(X») is a T-universal arrow, then X, N T*(X,) is a T*-universal one.

3) Ifforevery a € H, X, SN T(Xy) is a T-universal arrow, then

]_[ae’l-{{d—n}

X, ———— T°(X»)
is a T*-universal one.

Proof.
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1) We define the extension 7 of T in the following terms. The object-maps of both 7" and 7~ are
the same. Recall that, by definition, Obj(C;) = Obj(C,[H]). The images T'(f) and T*(f)
of every morphism f € Mor(C,) are the same. The image of each morphism [ [,cx{fs} €
Mor(C,[H]) \ Mor(C,) is given by

(| ) = | Jerdn (2.5)

aeH aeH

The former definition is possible because, by equation (2.1), f, belongs to Mor(C,), for
every a € H.

It remains to be shown that 7" preserves morphism composition and identities. Since the
restriction of 7" to Mor(C,) coincides with T, the extension 7™ preserves identities and
compositions between members of C;. We only have to show that 7 preserves morphism
compositions involving some members of Mor(C,[H]) \ Mor(C;). For compositions like
(2.2), taking into account (2.5),

(] Ji@o ) = | [T o =] [r@) o T =

aeH aceH aeH
(Lr@n)orn=1(] ) T) 6
aeH aeH
The proofs for compositions of the form (2.3) and (2.4) go as in the preceding case.

2) We have to show that, for every object Y and every morphism f : X; — T7(Y) there is a unique
f*: X5 — Y such that the following triangle commutes.

X T > TX,) (2.7)
7 lT*(f*)
T*(Y)

If f € Mor(C,), by hypothesis, this condition must be satisfied. Now, suppose that f =
[Haexlfo). Since for every @, the morphism f, : X — T7(Y) belongs to Mor(C,), there is a
unique f; : X, = T*(Y) = T(Y) such that the following diagram commutes.

X < T (X)) = T(X2) (2.3)
> LT*(fﬂ:T(ﬁ,)
ﬁlf
T*(Y) = T(Y)

By virtue of (2.2) the following triangle is also commutative

X = T*(X3) 29

b T*( Uaert /")
L[(ye’l-{{fa} (U Hf )

(V)
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Uoaenl o) ) . )
3) Let X; LN T*(Y) be a C;-morphism. By assumption, for every @ € H, there is a
C,-morphism f; such that the following diagram commutes.

o

X

T(X,) (2.10)
jT(ﬁ,)
T(Y)

Ja

hence, the following triangle is also commutative.

To

Xi T(X>) (2.11)

o T € { :1}
Uae‘H{fzr} (H Hf )

()

The uniqueness of [[,exuf f;} is a consequence of being unique each f; that satisfies the
commutativity of (2.10), for every a € H.

]

3. Co-universal algebraic extensions with hidden parameters

For every subcategory C of Set, being stable under Cartesian products, and each non-empty
set H in Obj(C), we denote by H' : C — C the functor sending each set X € Obj(C) into X x H,
and every map f : X — Y into

HI(f) = fxidy : X xH - Y xH. (3.1

Notation. For every endofunctor H' : C — C, we denote by r the natural transformation
H' —— 1Id such that, for each set X, the map 7y : X X H — X is the canonical projection;

where Idc : C — C denotes the identity endofunctor. Likewise, H X HToHT is the natural
transformation
Uy = XXH - XX HxH (3.2)

that sends each (x,v) € X x H into (x,v,v) € X X H X H.
Proposition 3.1. Let C be a subcategory of Set being stable under Cartesian products. For every

nonempty set H € Obj(C), the endofunctor H' : C — C together with both natural transforma-
tions m and u form a comonad (H', r, ).
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Proof. We show that the following diagrams commute.

H Mgt o i T gy (3.3)
. M
id id
7.{1‘
HE o HT o HE <L gt ot (3.4)
uH? u
HT o HT H

u

Let X be a set and (x, v) any member of H'(X) = X x H. By straightforward computations we
obtain
s (x (X, V) = Toex (X, v, v) = (X, v);

accordingly, 7" o u = id. The proofs for the right triangle and quadrangle (3.4) are similar. [
Definition 3.1. Let C be a subcategory of Set being stable under Cartesian products. For each

set H € Obj(C) with cardinality greater than 1, a co-universal H-extension of C with hidden
parameters is the category Cqy defined as follows.

1. The object-classes of both Cg; and C are the same.
2. For each couple of objects X and ¥, the set Homc,, (X, Y) consists of all maps from H (X) =
X X H into Y such that there is f € (Hom¢(X, Y ))(H that satisfies the relation

Vo e H: f(x, @) = fo(x).

3. The composition f * g of two Cy;-morphisms g€ Homc,, (X, Y) and f € Homc,, (Y, Z) is given
by
frg=foH (g opux (3.5)
4. The identity associated to each Cq-object X is the projection
ax cH X)) =XxH - X.

<

Notation. As in the preceding definition, for every co-universal H-extension Cy, of a subcategory
C of Set, we denote the morphism composition by the infix symbol *.

Definition 3.2. Let C be a subcategory of Set such that there is the co-universal H-extension Cgy.
We say a Cy-morphism f : X X H — Y to be n-factorizable whenever there is f* € Hom¢(X, Y)
that satisfies the equation f = f* o my. <
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Lemma 3.1. Let C be a subcategory of Set, being stable under Cartesian products. For every set
H € Obj(C) and each Cy-object X, the associated Cy-identity nty is n-factorizable. In addition,
JT;} = ldx

Proof. Setting ry, = idy, the relation 7y = idy o 7y leads to mx = 7y o 7y . ]

Lemma 3.2. A Cy-morphism f(x,@) = fo(x) is n-factorizable if and only if f € Home(X, Y)* is
constant.

Proof. Assume f to be a constant map, therefore the value of f(x, @) depends only on x. Thus,

[

setting f*(x) = fy(x), for every (x,@) € X X H, the relation f = f* o mx holds. The proof for the
converse implication is similar. [

Lemma 3.3. The composition of n-factorizable morphisms is again n-factorizable.

Proof. Let fonmy : XX H — Yand gony : Y X H — Z be two n-factorizable morphisms.
According to (3.5)

(gomy) * (fomy) =(gomy) o H'(fomy)oux =
(gomy)o((fomy)Xidy)opux =go fony (3.6)
therefore (g o y) % (f o myx) = (g o f) o ;yx is m-factorizable. O]

Definition 3.3. Let C be any subcategory of Set, being stable under Cartesian products. For each
set H with cardinality greater than 1, and each @ € H, we define the map I', 4 : Mor(Cy) —
Mor(C) as follows. For every couple Cy-objects X and Y, and each f € Homc,, (X, Y):

frif f = f* o nx 1s m-factorizable
oa(f) =1, ; ) | (3.7)
fo where f € (Homc(X, Y))S, otherwise.
being f the map such that Y(x, @) € X x H: f,(x) = f(x, ). <

To agree with Lemma 3.2, in the former definition, when f = f* o my is m-factorizable, its
image I', 4(f) does not depend on the parameter a.

Proposition 3.2. Let Cy be a co-universal H-extension of a subcategory C of Set with hidden
parameters. For every a € H, the map Ty 4 : Mor(Cy) — Mor(C) preserves identities and
morphism compositions.

Proof. We have to show that, for every couple of morphisms f : X xH —» Yandg: Y XH — Z,
and each @ € H, the map I', 4 satisfies the following relation.

Loa(g * ) =Toa(g) o Laalf) (3.8)
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If both f = f* oy and g = g* o my are n-factorizable, then

Loa(g * ) =Toa((g" omy) * (f* omx)) =
Toa((g" o mty) o HI(f* o mx) o ux) =
Loa((g" o my) o ((f o mx) X idyy) o pux) =
Loa(g o ffomx))=g"of =Taa(g)oTaalf) (3.9)

Thus, I', 4 preserves the composition of w-factorizable morphisms.
For non-rn-factorizable morphisms, the expression (g * f)(x, @) can be written explicitly as
follows.

Yix,0) e XXH: (gxfx,a)=
(g o H'(f) o ux)(x, @) = (g o (f X idy) 0 py)(x, @) =
@(f(x, @), @) = Za(fa(X)) = (Za © fo)(0); (3.10)
and by definition, I', o(f) = ﬁ, and I', 4(g) = 8,; therefore
Loa(@* )= (8% Vo =& © fo = Tan(@ o Taalf); (3.11)

hence I', 4 also preserves the composition of non-r-factorizable morphisms.
If g = g" o my is m-factorizable and f is not, the same procedure yields

Va) e XXH: (g% )xa)=(@(flx,a),a) = g (fa(x); (3.12)

and this equation leads to (3.11). The proof when f is n-factorizable and g is not, is similar.
It remains to be shown that I, 4 preserves identities. According to Lemma 3.1 and equation
(3.7), Lo a(my) = idy. O

Corollary 3.1. With the same assumptions as in Proposition 3.2, for every fixed a € H, the identity
Id : Obj(Cyg) — Obj(C) and the map I, 4 : Mor(Cyg) — Mor(C) form a functor T'y, = (1d, 'y 4).

Proof. By definition, the object classes of C4, and C are the same; hence the identity can be the
object map of I',. By Proposition 3.2 the map I',, A preserves identities and morphism composi-
tion. ]

Notation. For every subcategory C of Set being stable under Cartesian products, and each set
‘H e Obj(C) with cardinality greater than 1, the expression

Fy14 : Mor(Cgy) — Mor(C[H])
denotes the map such that, for each pair X and Y in Obj(Cy) and every f € Homc, (X, Y):

I',(f) if f is n-factorizable
HaerdTo(P)} = Laend fo} otherwise.

where I',, is the functor defined in Corollary 3.1.

Foa(f) = { (3.13)
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Theorem 3.1 (Main). For every subcategory C of Set being stable under Cartesian products, and
each set H € Obj(C) with cardinality greater than 1, the following statements hold.

1) The identity 1d : Obj(Cy) — Obj(C[H]) together with the arrow map
Fy1.4 : Mor(Cg) — Mor(C[H])
Sform an isomorphism Fg; = (1d, Fgy o) between both categories Cy and C[H].

2) If D is a subcategory of Set, being stable under Cartesian products such that H belongs to
Obj(D), then every functor T : C — D gives rise to another one TL : Cy = Dyy, having
the same object map as T, which satisfies the following relation.

VfeMor(Cy): T,oTi(f)=Tol,(f) (3.14)

3) With the same conditions as in the preceding statement, if for every a € H, the C-morphism
X AN T(X,) is a T-universal arrow, then X SN T;{(Xz) is a T;{—universal one; where o
denotes the Cyi-morphism o : X{ X H — T;{(Xz) such that, Y(x,a) € X, X H: o(x,a) =

Fo(X).

4) With the same assumptions as in Statement 2), every T®-algebra (co-algebra) is the extension
with hidden parameters of an ordinary Tg{—algebm (co-algebra).

Proof.

1) We have to show that Fy, is a functor. For every object X, the Cy-identity is 7y : X X H — X.
According to Proposition 3.2, its image under Fy, is [',(nx) = idx. Thus, Fg; preserves
identities.

To show that F¢; preserves morphism composition, let f = ffony : X X H — Y and
g =g ony:YXH — Zbe two n-factorizable morphisms. By equation (3.13) and taking
into account Lemma 3.3,

Fu(gx ) =Talg* f) =
To(g" omy o HI(f* omx) o pux) = To(g" 0 f* o my) =
g of =Tu(g) ol (f)=Tu(g) o Tu(f); (3.15)

therefore
Fp(gx f) =Ta(g *x ) =To(g) ¢ To(f) = Fpu(g) © F(f). (3.16)

If f and g are two non-r-factorizable morphisms, by definition,

(g * /)x,@) = (g o H(f) o ) (x, @) =
(g0 (f xidy) o ux)(x, @) = g(f(x,@),@) (3.17)
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Let f € (Home(X, Y))(H and g € (Homc(Y, Z))(H be the maps such that

Vi, @) e XX H:  fo(x) = f(x,a) (3.18)
VO,a) €Y X H 1 gu(x) = gy, ). '
These relations together with (3.17) lead to
Vx e X : (g X)) = g((f(x,@), @) = Zo(fo(x) = (Ba © o)), (3.19)

for every fixed @ € H. Consequently, by virtue of (2.4) and (3.13),

Futg» 1) = | [t fid = (| [tza)o ([ [Ui)) =

aeH aeH aeH

(] ]m@t)e (] [ran) = Fut@ o Fur). 320y

aeH aeH

If g = g o my is m-factorizable and f is not, the same procedure yields,

Fugx = [tg"o fir =g o (] [Ui)) =

aeH aeH

ru@ e (| [ = Fu@ o Fuh. G21)
aeH
By the same method, we can build the proof when f is w-factorizable and g is not.

Since Fy¢, preserves identities and morphism composition, it is a functor.

To be an isomorphism, Fg : Cg — C[H] must be full, faithful, and bijective on objects.
By definition, the object-classes of C, Cy, and C[H] are the same. Because the object map
Id of Fy, is the identity, F¢, is bijective on objects.

It remains to be shown that Fg is full and faithful. The class Mor(C[7]) consists of the
ordinary maps in Mor(C) together with the coproduct class

Cprd(C, H) = { U{ila}

acH

i € (Home(X, Y))’4) A (X, ) € Obj(C) x Obj(C)}

For every map f : X — Y in Mor(C) there is the preimage F,‘Hl( f) = f o my, because
Fu(f onx) = To(f om,) = f. Likewise, for each C[H]-morphism [[,c (/) lying in
Cprd(C, H) € Homgy (X, Y), the preimage is the morphism f : X X H — Y that satisfies

(9

the relation f(x, @) = f,(x), for each fixed @ € H and every x € X; hence Fy, is full.

To see that Fy, is faithful, we split the class Mor(Cg) into the subclass Cy , of m-factorizable
morphisms and its complement EMor(CH)CHﬂ. If the images of two n-factorizable morphisms
f:XXH — Yand f : XXH — Y are the same, then I',(f) = I',(g); sothen f = I',(f)ony =
ra(g) omx = §&.
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Since the image of every n-factorizable morphisms belongs to C, we only have to show that,
the restriction of F¢ to each homset in CMor(CmC(H,ﬂ is also injective. Let f : X X H — Y
and g : X x H — Y be two morphisms with the same image [ [,cs{%}. By definition, for
every (x,a) € X X H: f(x,a) = T,(f)(x) = Ea(x) = I(g)(x) = g(x,@); therefore f = g.
Finally, the image under Fy; of each m-factorizable morphism f belongs to Mor(C), while
the image of every non-n-factorizable one g lies in Cprd(C, H). Since both sets are disjoint,

Fyu(f) # Fr(g).

2) According to the preceding statement, there is the isomorphism Fg, : C¢4 — C[H]; hence we
can define Tg{ by

T =F;l oT o Fy (3.22)

where T* : C[H] — D[H] is the extension of T defined in Theorem 2.1. Taking into
account (3.13), every mr-factorizable morphism f € Mor(Cy) satisfies the equation,

oo Ty (f) =Tyo Fyl oT" o Fy(f) = T* o To(f) (3.23)

because I', = Fg. Since f is m-factorizable, I',(f) € Mor(C), hence T o I',(f) = T o T, (f).
Thus, the former equation leads to

L0 T3 (f) = T o Tu(f) (3.24)
For each non-z-factorizable morphism f : X X H — Y,

Ty o Ti(f) =Ty o Fyl oT" o Fy(f) =

I,oF;l o T*(U{f;}) =

BeH

T, o F;;( | i fﬁ)}) =T,(h) (3.25)

BeH
where h : T(X) X H — T(Y) is the map defined by
Vx,a) e TX)XH :  hix,a) = T(f,)(x).

Thus, To(h) = hy, = T(f,) = T(Lo(f)). This relation and equation (3.25) lead to equation
(3.14).

3) The image of o under Fy/ is [[,ex{o}. Since Ti[ = F;{‘ oT" o Fgy and Fyg, is a category
isomorphism, statement 3) is a consequence of Theorem 2.1.

4) If (X,0x) is a Ti[-algebra, for every @ € H, its image [',(X,0x) = (['o(X),[,(0x)) under
I, is a T-algebra. By definition, every set X € Obj(C) remains unaltered under I',. Ac-
cordingly, (I'y(X),['(0x)) = (X,T4(0x)). In addition, although oy : T;{(X) XH — Xis
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a Cg/-morphism, its image under I, is an ordinary map. According to statement 2), and
taking into account (3.7),

u ox u To(ox)
F(I T«}.((X) — X|= r(y © T«H(X) E— F(I(X) =

Lo(ox) La(ox)

Tol,(X) —>TI,(X)=T(X) — X (3.26)

therefore, (X,T,(0x)) is a T-algebra, where I',(0y) is either the image of @ under the
map 0y € (HomC(T(X),X))(H whenever oy is not nr-factorizable, or the map o such that
ox = 0y o rx otherwise. Likewise, if f: (X,0x) — (¥,0y) is a morphism between two
T;{—algebras, the following quadrangle commutes.

ax

b
i (X) X (3.27)
Tﬂ,(f)l ‘f
:
T3(Y) — Y

Consequently, taking into account Statement 2), its image under I,

Fo(0x)

T(X) X (3.28)
(o f))l lra(ﬂ
T(Y) Feloy) Y

is also commutative, and both (X,T,(0yx)) and (Y,I',(0y)) are ordinary T-algebras. The
proof for co-algebras is the dual one.

O

Remark. The main application of the former result consists of considering most 7-algebras (co-
algebras) as restrictions or particular cases of Ti{—algebras (co-algebras) when we observe behavior
changes. The members of /H that work as parameters need not be ruled by the axioms of the
extended constructs, and remain hidden until we observe either any anomalous event, or some
behavior changes. In the following sections we expose two illustrative applications.

4. Bernoulli distribution with hidden parameters.

Probability spaces can be formalized as co-algebras. For instance, let (€2, &, P) be a probability

space; where Q is the set of outcomes, & the set of events, and P : & — [0, 1] the probability
assignation. If 7 : Set — Set is the endofunctor sending each set into [0, 1], and every map
f + X — Y into the identity id : [0,1] — [0,1], then P : & — T(E) = [0, 1] gives rise to a
co-algebra. A map f : & — &, is a morphism whenever the following quadrangle commutes.

& —>T(E)

fl lT(f)=id

& —-T(&)
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We can interpret these co-algebras as restrictions of those with hidden parameters, such that the
probability assignations P; and P, depend on some parameter set /. The following paragraphs
illustrate these ideas.

Let X be a random variable, with Bernoulli distribution, like tossing a coin n-times. Let (7', P)
be the associated co-algebra, where P denotes the probability assignation. Let S = fi, f5, f5... f»
be the observed relative frequency sequence of the event X = 1 (success) in some experiment.
Suppose that the sequence S converges in probability to %, and the relative frequencies satisfy the
relation Yn € N : f, < 1. By the weak law of large numbers we know that p = ¢ = 1 and both
events (success and failure) are equiprobable. Nevertheless, the relation Vn € N : f, < % leads
to P(f, < %) = 1. This relation is not a consequence of probability laws. By contrast, it does not
satisfy the expected symmetry in equiprobable situations. We can interpret this fact introducing
hidden parameters as follows.

We can consider (7, P) as a particular case of an extension (Th , P) with a hidden parameter
set H = {t, w}, where the probability assignation is a Set-morphism P : X x H — T(X) = [0, 1]
defined as follows.

Lif (X, @) = (0,7)

Tif(X,@) = (1,7)

PED =i X ) = 0,0 @D
0if (X,a) =(1,w)
Now, suppose that
wifn=1
VaeN: a=4tifn>1land f,_ <3 4.2)

2

With these conditions the relative frequency sequence of the event X = 1 converges in proba-
bility to % and keeps always less than or equal to % Notice that the parameter « takes the value w
whenever the event f, = % occurs; otherwise keeps equal to 7.

In the former example, we can see that hidden parameters correspond to “events” or ‘“situa-
tions” that can occur in real world phenomena. This example is artificial, but there are natural
random phenomena whose probability assignation can be modified by hidden parameters. For
instance, the frequency under which a word “w” occurs increases its probability occurrence. How-
ever, in smart text, under excessive repetition the probability occurrence of "w” can vanish. Aca-
demic style, smartness, and word repetition can be regarded as hidden parameters that modify the
occurrence probability of any word.

wifn>1land f, | =

5. Structured Languages

As in (Palomar Tarancén, 2011), for each nonempty object-class C, we denote by C" the
generic object of C. For instance, if C is the set {n € N | n = 1 (mod 2)}, then C" denotes the
concept of odd positive integer. To avoid any exception, we apply the same operator to singletons
or one-member classes. The generic object of any singleton {O} coincides with its unique member;
hence

{0} = 0. 5.1
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Definition 5.1. A predicate P(X) € Pr is self-contradictory provided that =P(X) is a tautology. <

It is straightforward consequence of the preceding definition that if P(X) is a tautology, its
negation —P(X) is self-contradictory. If P(X) is not self-contradictory there is at least one object
O such that P(O) is true; otherwise —P(X) would be true for every value of X, hence a tautological
predicate.

In this section, Pr denotes a predicate class of higher-order logic, being stable under con-
junctions, disjunctions and negations. Likewise, Mc(Pr) denotes an object class satisfying the
following axioms.

Axiom S5.1. If a predicate P(X) € Pr is neither self-contradictory nor tautological, the class
Mc(Pr) contains the generic object {O | P(O)}".

Axiom 5.2. For every O € Mc(Pr) there is P(X) € Pr such that

{Q € Mc(Pr) | P(Q)} = {O}.

Definition 5.2. An attributive definition for a member O of Mc(Pr) is any predicate P(X) € Pr
such that O = {Q € Mc(Pr) | P(Q)}". If the class {Q € Mc(Pr) | P(Q)} is a singleton, we say P(X)
to be a strictly attributive definition of O. <

Remark. In natural languages, most words denote generic objects of equivalence classes. For
instance, the word “polygon” denotes a class that contains “triangles” and “quadrangles among
others. Each of these words again denotes some object class. Attributive definitions consist of an
attribute or property that is stated by a predicate P(X). The defined object O is the generic one of
the class that satisfies P(X). Thus, if O, is a concretion of O obtained by adding another property
Q(X), that is, if O, is the generic object of the class {R | P(R) A Q(R)}, then P(X) A Q(X) = P(X).

Lemma 5.1. Each predicate P(X) € Pr that is neither tautological nor self-contradictory, gives
rise to a strictly attributive definition for some object O € Mc(Pr).

Proof. Let P*(Y, P(X)) denote the predicate
“Y is the generic object of the class C = {0 € Mc(Pr) | P(0)}.”

The class C is nonempty because, by hypothesis, P(X) is not self-contradictory (see Defini-
tion 5.1). According to Axiom 5.1 there is the generic object C" in Mc(Pr), besides, taking
into account (5.1),

{0 € Mc(Pr) | P*(O,P(X)}" ={C"}" =C".

Consequently, it is a strictly definition. ]

Definition 5.3. The class Mc(Pr) can be enriched with an order relation < such that, between
every couple of objects O, and O,, the relation O; < O, holds whenever there are two attributive
definitions Py, (X) and Py, (X) for O, and O,, respectively, such that Py, (X) = Po,(X). <
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Enriched with the relation <, the class Mc(Pr) satisfies the structure of a category Mc(Pr, <)
such that, for every couple of objects O; and O,, the set Hompgepr <) (01, O2) either is empty or
it is the singleton {O; < O,}. From now on, we assume that the category Mc(Pr, <) satisfies the
following axiom.

Axiom 5.3. The object-class of Mc(Pr, <) contains with each subset {O; | i € I} its coproduct
Lic; Ois where I is any nonempty index set.

Notation. For each phrase W in any meaningful language, we denote by ||W|| the meaning associ-
ated to W.

Remark. Let P(X), P,(X), and P(X) be attributive definitions for Oy, O,, and O, [ [ O,, respec-
tively. According to the definition of <, the following relations are true: P{(X) = P(X) and
P,(X) = P(X). Thus, P(X) is the more restrictive definition that both objects O; and O, satisfy.
In other words, O; [ O, is the more concrete abstraction of both objects O; and O,. For instance,

||Large positive integerl| U |[small positive integer|| = ||positive integer||.

Notation. For every object O in Mc(Pr) the expression |O| denotes the predicate class {P(X) € Pr |
P(0)}.

Lemma 5.2. For every object O € Ob (Mc(Pr, <)) and each predicate Q(X) € |O)|, the statement
YP(X)€|0|: QX)) = P(X) (5.2)
is true if and only if Q(X) is a strictly attributive definition for O.

Proof. First assume Q(X) to be a strictly attributive definition for O, and let P(X) be a member
of |O|. Suppose that (5.2) is false; hence there is O; such that the conjunction Q(O;) A (=P(O))
is true. Since Q(X) is a strictly attributive definition for O, this relation leads to O = O; because,
by Definition 5.2, the set {X | Q(X)} must be a singleton. Consequently, these relations lead to
—P(0), which contradicts the initial assumption P(X) € |O].

Now suppose that (5.2) holds, and let Q;(X) be a strictly attributive definition for O. As we
have just seen, Q;(X) = Q(X). Since O must satisfy its own definition Q;(X) € |0]. As a
consequence of (5.2) this membership relation leads to Q(X) = Q,(X); consequently Q;(X) &
Q(X), and Q(X) is also an attributive definition for O. O

Definition 5.4. From now on, we term structured language on a category Mc(Pr, <) each 4—tuple
£=(A,A*,A™, M) such that,

1. The set A is a finite collection of symbols (alphabet).

2. The set A is a partial (syntactic) free-monoid generated by A. We term “word” each member
of A™.

3. The set A™ is a partial free-monoid generated by A*. We say each member of A** to be a
phrase.
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4. The symbol M denotes a nonempty subset of A** each of its members has a meaning lying
in Mc(Pr). The set A* contains words denoting the concepts of conjunction, disjunction,
and negation. In addition, M is stable under conjunctions, disjunctions and negations.

5. The set M contains with each subset {W; | i € I} a phrase the meaning of which is the
coproduct [ [;;/IIWill, (see Axiom 5.3). <

The members of M can be also single words because each meaningful word can be regarded
as a one-word phrase. As usual, we term sentence each meaningful phrase. Likewise, statements
are truth-valued sentences.

Notation. For each structured language £ = (A,A*,A™, M), we denote by 1" a variable ranging
over all phrases in A**. This notation allows us to write patterns obtained from any phrase. For in-
stance, consider a phrase W = wywy ... wiwiy ... Wiy ... w,, Where the w; are the involved words.
Substituting the sub-phrase V = w;w;;...w;; by L, we obtain the pattern Wy(L") that sends
each phrase U = uy,uy ... u, € A™ into

Wy(U) = wiwy .. ujlly . . W gy ... Wy
For instance, let W be the phrase
We can evaluate the area of every polygon.
If we substitute the one-word phrase “polygon” by 1", we obtain the pattern
Wy (L") = We can evaluate the area of every 1.

The subscript V in the expression Wy denotes V to be the sub-phrase that we substitute by the
variable 1. If U = “regular triangle,” then

Wy (regular triangle) = We can evaluate the area of every regular triangle.

Definition 5.5. Let £ = (4, A*, A**, M) be a structured language. A pattern Wy (L") is continuous
provided that for every couple U, and U, of phrases in M the following conditions hold.

1. If both relations Wy(U;) € M and ||U,|| < ||U,|| are true, then Wy (U,) € M.
2. Let D = {U; | i € I} € M be a subset with cardinality greater than 1. If a phrase R € M
denotes the object [ [,;||U;ll, and for every i € I: Wy (U;) € M, then Wy(R) € M. <

Example 5.1. Let Wy (L") be the English pattern “The area of every L' is finite.” Let U; denote
the word “triangle” and U, the phrase “regular triangle.”” If M denotes the class of meaningful
English sentences, then the phrase Wy (U,)= “The area of every triangle is finite” belongs to M.
Likewise, the relation ||U,|| < ||U;|| holds because if ||U;|| is a regular triangle, it is also a triangle.
Indeed, Wy(U>) € M. Finally, ||U,|| LT [|U2|l = [|U1]], and by assumption, Wy(U;) € M.

Since the conjunction of a set of phrases is again a phrase, it is a straightforward consequence
that the conjunction of a set of patterns is again a pattern. By definition, there is some symbol
or word in each structured language that denotes conjunction. From now on, we denote by the
symbol A the conjunction in any structured language. Thus, if the considered language is the
English one, A stands for the word “and”.
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Proposition 5.1. The conjunction of a set of continuous patterns is again continuous.

Proof. Let £ = (A, A*,A*, M) be a structured language. Let P = {Wy.(L") | i € I} a set of patterns
in £ and P(L") = A,;Wy,(L") the conjunction of all members of P. Let Uy € M and U, € M be
two phrases such that ||U,|| < ||Uy|| and

Yiel: Wy (Uyp)eM (5.3)
By continuity,

VYiel: Wy(U)eM 5.4)
hence, taking into account Definition 5.4, P(Uy) € M and P(U,) € M. O

Theorem 5.1. For every continuous pattern Wy(L") the following statements are true.

1. There is a <-maximum element in the class
W =A{lIUll| Wy(U) € M)}
2. If |U|| is the <-maximum element of W, the predicate
P(X) = X is the maximum element of W

is a strictly attributive definition of ||U||, whenever P(X) € Pr.

Proof.

1. Ifevery element in a chain ||U|| < ||U|| < - -+ < ||U, || lies in W, by Definition 5.5, so does its

upper bound [ [,.;,||Uill. Thus, W satisfies the conditions of Zorn’s Lemma. Accordingly,
there is, at least, one <-maximal element ||U/|| in W.
To see that ||U,]| is the maximum element of W, let ||U|| € W be any member. By virtue of
both Definition 5.4 and Definition 5.5, there is a phrase R in M such that ||R|| = ||U|| L] ||U1ll;
hence there are the Mc(Pr)-morphisms ||U;|| < [|R|| and ||U]| < ||R||. Since ||U;|| is maximal
these relations lead to ||R|| = ||U,|| and ||U|| < ||R|| = ||U4||. Accordingly, ||U,|| is comparable
with every member of W.

2. Itis a straightforward consequence of the maximum-element uniqueness.

]

Definition 5.6. Let £ = (A, A*, A**, M) be a structured language. A pattern class Pt = {W;y.(L") |
i € I} is compatible provided that there is at least one phrase U in M such that, for every i € [ :
Wi,Vi(U) eEM. <

Recall that, by virtue of statement 4) in Definition 5.4, the conjunction of all phrases in Pt
again belongs to M.
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Notation. By €° we denote the “sub-phrase/phrase” relationship. For instance, if
W= WiWp .o . WiWigp oo o Wigjo oo Wy
is a phrase, the following expression denotes the word sequence w;w, ... w;,; to be a sub-phrase.
b
WiWitl .o Wit € WiWo .. . WiWiip .o . Wigj... Wy

From now on, for each phrase set A and every V € A™, the expression A}’ denotes the subset
Ay ={W € A | V €9 W}. Likewise, [A*, M] denotes the phrase-set collection

(A, Ml = | (X Ay IVeX) (5.5)

VeM

Finally, for every couple of phrases V; and V,, the expression (V; <= V,) : M — M denotes
the result of substituting each occurrence of the sub-phrase V; in W by one of V,. If W does not
contain any occurrence of Vy, then (V| < V,)W = W. Likewise, the infix operator <= can be used
to obtain patterns; for instance (V, = L)W = Wy, ().

Notation. From now on, for each V € M and every X C A}/, the expression Pat(X) denotes the
pattern class defined as follows.

Pat(V,X) = (VS LYW | W € X}
Proposition 5.2. If £ = (A, A", A", M) is a structured language, for every V € M, each subset E
of A} satisfies the following statements.

1. The pattern class Pat(V,E) = {{V = 1'YW | W € E} is compatible.

2. Let Ey a nonempty subset of E. Let Uy(L") and Vy(L") be the conjunctions of the pattern
classes Pat(V, E) and Pat(V, Ey), respectively. If both patterns Uy (L") and Vy(L") are con-
tinuous, the maximum elements ||U|| and ||Uy|| of the classes W = {||X|| | Uy(X) € M} and
Wy = {|IX|| | Vv(X) € M} respectively, satisfy the relation ||U|| < ||Uy||.

Proof. 1. By definition, for each W € E: Wy (V) = W; hence
YWy € Pat(V,E) : Wy (V) e M.

2. Since Pat(V, E) is a subset of Pat(V, E), for each phrase P the relation Uy (P) € M leads to
Vy(P) € M; therefore ||U|| belongs to W. By assumption, ||Uy|| is the maximum element of
the class Wy, then ||U|| < [|Uo||.

[
Lemma 5.3. For every E € [A™, M], there is a unique V € M such that E C A} and V € E.

Proof. 1t is a straightforward consequence of (5.5). O]



168 J.-E. Palomar/ Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 150-169

Definition 5.7. For each structured language £ = (A,A", A", M), the expression Ph(£) denotes
the small category the object class of which is

Ob (Ph(£)) = [A™, M]

For every pair of objects E; and E,, the homset Hompy¢)(E), E») consists of eachmap f : E; — E;
that satisfies the following condition.

YWeE, : (VIS VW= f(W) (5.6)
where V; and V, are members of M such that E; C Ay and E, C Ay, <

Recall that, by virtue of Lemma 5.3, for every Ph(£)-object E, there is V € M such that
ECAandV € E.

The map %, : Ob (Ph(£)) — Ob (Ph(£)) sending each set E' € A} into the singleton To(E) =
{V} is the object-map for an endofunctor ¥ : Ph(£) — Ph(£) that sends each morphism f €
Hom(E, E») into the map T(f) : {V;} — {V>} such that V| + V,. Indeed, this map definition
satisfies the condition (V, <= V,)V; = V,. We denote this endofunctor by %.

Proposition 5.3. Let £ = (A, A*,A™, M) a structured language. Let V| and V, two members of M.
If two T-algebras (Ey, 01) and (E,, 0,) satisfy the following hypotheses

1. There is a morphism f : (Ey,01) — (E;, 07).

2. The sets Ey and E, are subsets of A}, and Ay, respectively. In addition, all members of both

pattern classes 1
Pat(Vy,o1(V1)) = (Vi S LYW | W € o (V)

and
Pat(Vz, 0'2(V2)) = {<V2 = J-Y>W | W e O-Z(VZ)}

are continuous.
3. The objects ||V1|| and ||V,|| are the <-maximum elements of the object classes Wi = {||X]| |
P(X) € M} and W, = {||X|| | Po(X) € M}, respectively; where

Yy — A !
Pi(L)= /\W(ﬂ)ePat(Vl,O'l(Vl))W(J_ -

and

o

. Y
Py(L) = /\W(ﬂ)ePat(Vz,(fz(Vz))W(J_ :

respectively.
then the phrases V\ and V, satisfy the relation ||V,|| < ||V}

Proof. By the definition of T, and taking into account hypothesis 2), the following relations are
true.

T(E) ={Vi}
UE) = {V2}

5.7
O'](V]) - E] ( )

o2 (Va) CE,
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The existence of the morphism f leads to the relation

YWeoai (V) : (Vi S VW= f(W)eoy(V,) (5.8)
therefore Pat(Vy,01(Vy)) € Pat(V,,0,(V,)). By virtue of Proposition 5.2, this relation leads to
IVall < [IVAll. O

Remark. By the former proposition we know that ||U;|| < ||U,||; accordingly if P(X) and P,(X)
are attributive definitions of ||U|| and ||U,||, respectively, the relation P,(X) = P;(X) holds (see
Definition 5.3). We can deduce this relation, simply, by knowing that substituting V; by V, in every
member of the phrase set (V) we obtain a subset of o7;(V>). This property is a straightforward
consequence of the Ph(£)-morphism definition. Thus, observing occurrences of some sub-phrases
in two phrase sets we can find logical implications between attributive definitions of their meanings
blindly, that is, without knowing what they mean. Nevertheless, several meanings can be assigned
to the same phrase in natural languages or artificial ones, depending on the context, state, style,
among other circumstances. Accordingly, contexts, states, styles work as hidden parameters in
a set H. Consequently, to apply the method arising from the preceding result, and to interpret
sentences in a language properly, we must consider that each T-algebra (E, o) is a particular case
of a ‘I;{—algebra; where the members of H denote states, contexts, styles, frequencies and any
other event modifying the meaning of any phrase.

6. Conclusion

Hidden parameters are handled implicitly in Computer Science and Linguistics. We can find
noticeable instances almost in each subject. This is a very exciting research field. Theorem 3.1 is
the bridge between structured sets, namely, algebras (co-algebras), and any set of hidden param-
eters that modify their behavior. For instance, the research of those relative frequency anomalies
that can be interpreted as the action of hidden parameters is an open problem.
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Abstract

The main goal of this paper is the further development of the foundations of evolutionary computations, con-
necting classical ideas in the theory of algorithms and the contemporary state of art in evolutionary computations.
To achieve this goal, we develop a general approach to evolutionary processes in the computational context, build-
ing mathematical models of computational systems, called evolutionary machines or automata. We introduce two
classes of evolutionary automata: basic evolutionary automata and general evolutionary automata. Relations between
computing power of these classes are explored. Additionally, several other classes of evolutionary machines are in-
vestigated, such as bounded, periodic and recursively generated evolutionary machines. Different properties of these
evolutionary machines are obtained.
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1. Introduction

The classical theory of algorithms has been developed under the influence of Alan Turing, who
was one of the founders of theoretical computer science and whose model of computation, which
is now called Turing machine, is the most popular in computer science. He also had many other
ideas. In this report the National Physical Laboratory in 1948 (Turing, 1992), Turing proposed a
new model of computation, which he called unorganized machines (u-machines). There were two
types of u-machines: based on Boolean networks and based on finite state machines.

e A-type and B-type u-machines were Boolean networks made up of a fixed number of two-
input NAND gates (neurons) and synchronized by a global clock. While in A-type u-
machines the connections between neurons were fixed, B-type u-machines had modifiable
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switch type interconnections. Starting from the initial random configuration and applying
a kind of genetic algorithm, B-type u-machines were supposed to learn which of their con-
nections should be on and which off.

e P-type u-machines were tapeless Turing machines reduced to their finite state machine con-
trol, with an incomplete transition table, and two input lines for interaction: the pleasure and
the pain signals.

Although Turing never formally defined a genetic algorithm or evolutionary computation, in
his B-type u-machines, he predicted two areas at the same time: neural networks and evolutionary
computation (more precisely, evolutionary artificial neural networks), while his P-type u-machines
represent reinforcement learning. However, this work had no impact on these fields (Eberbach et
al.,2004), although these ideas are one of the (almost forgotten) roots of evolutionary computation.

Evolutionary computation theory is still very young and incomplete. Until recently, evolution-
ary computation did not have a theoretical model that represented practice in this domain. Even
though there are many results on the theory of evolutionary algorithms (see, e.g., (Michalewicz &
Fogel, 2004), (He & Yao, 2004), (Holland, 1975), (Rudolph, 1994), (Wolpert & Macready, 1997),
(Koza, 1992, 1994; Koza et al., 1999), (Michalewicz, 1996), very little has been known about
expressiveness, or computational power, of evolutionary computation (EC) and its scalability. Of
course, there are many results on the theory of evolutionary algorithms (again see, for instance,
(Michalewicz & Fogel, 2004), (He & Yao, 2004), (Holland, 1975), (Rudolph, 1994), (Wolpert
& Macready, 1997), (Koza, 1992, 1994; Koza et al., 1999), (Michalewicz, 1996)). Studied in
EC theoretical topics include convergence in the limit (elitist selection, Michalewiczs contractive
mapping GAs, (1+1)-ES), convergence rate (Rechenbergs 1/5 rule), the Building Block analysis
(Schema Theorems for GA and GP), best variation operators (No Free Lunch Theorem). However,
these authors do not introduce automata models - rather they apply a high-quality mathematical
apparatus to existing process models, such as Markov chains, etc. They also cover only some
aspects of evolutionary computation like convergence or convergence rate, neglecting for example
EC expressiveness, self-adaptation, or scalability. In other words, EC is not treated as a distinct
and complete area with its own distinct model situated in the context of general computational
models. This means that in spite of intensive usage of mathematical techniques, EC lacks more
complete theoretical foundations. As a result, many properties of evolutionary processes could
not be precisely studied or even found by researchers. Our research is aimed at filling this gap
to define more precisely conditions under which evolutionary algorithms will work and will be
superior compared to other optimization methods.

In 2005, the evolutionary Turing machine model was proposed to provide more rigorous foun-
dations for EC (Eberbach, 2005). An evolutionary Turing machine is an extension of the con-
ventional Turing machine, which goes beyond the Turing machine and belongs to the class of
super-recursive algorithms (Burgin, 2005). In several papers, the authors studied and extended
the ETM (evolutionary Turing machine) model to reflect cooperation and competition (Burgin &
Eberbach, 2008), universality (Burgin & Eberbach, 2009b), self-evolution (Eberbach & Burgin,
2007), and expressiveness of evolutionary finite automata (Burgin & Eberbach, 2009a), (Burgin
& Eberbach, 2012).
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In this paper, we continue developing a general approach to evolutionary processes in the
computational context constructing mathematical models of the systems, functioning of which
is based on evolutionary processes, and study properties of such systems with the emphasis on
their generative power. Two classes are introduced in Section 2: basic evolutionary automata and
general evolutionary automata. Relations between computing power of these classes are explored
in Section 3. Additionally, several other classes of evolutionary machines are investigated, such as
bounded, periodic and recursively generated evolutionary machines. Different properties of these
evolutionary machines are obtained. Section 4 contains conclusions and some open problems.

2. Modeling Evolution by Evolutionary Machines

Evolutionary algorithms describe artificial intelligence processes based on the theory of natu-
ral selection and evolution. Evolutionary computation is directed by evolutionary algorithms. In
technical terms, an evolutionary algorithm is a probabilistic beam hill climbing search algorithm
directed by the chosen fitness function. It means that the beam (population size) maintains mul-
tiple search points, hill climbing implies that only a current search point from the search tree is
remembered and used for optimization (going to the top of the hill), and the termination condition
very often is set to the optimum of the fitness function.

Let X be the representation space, also called the optimization space, for species (systems)
used in the process of optimization and a fitness function f : X — R™ is chosen, where R* is the
set of nonnegative real numbers.

Definition 2.1. A generic evolutionary algorithm EA can be represented as the collection EA =
(X, s,v, f,R, X[0], F) and described in the form of the functional equation (recurrence relation) R
working in a simple iterative loop in discrete time #, defining generations X|¢], ( = 0,1,2,3,...)
with X[r + 1] = s(v(X[t])), where

e X[t] < X is a population under a representation consisting of one or more individuals from
the set X (e.g., fixed binary strings for genetic algorithms (GAs), finite state machines for
evolutionary programming (EP), parse trees for genetic programming (GP), vectors of reals
for evolution strategies (ES)),

e s is a selection operator (e.g., truncation, proportional, tournament),
e Vv is a variation operator (e.g., variants and compositions of mutation and crossover),
e X|[0] is an initial population,

e I < X s the set of final populations satisfying the termination condition (goal of evolution).
The desirable termination condition is the optimum in X of the fitness function f(x), which
is extended to the fitness function f(X[t]) of the best individual in the population X|7] < F,
where f(x) typically takes values in the domain of nonnegative real numbers. In many
cases, it is impossible to achieve or verify this optimum. Thus, another stopping criterion
is used (e.g., the maximum number of generations, the lack of progress through several
generations.).
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The above definition is applicable to all typical EAs, including GA, EP, ES, GP. It is possible
to use it to describe other emerging subareas like ant colony optimization, or particle swarm opti-
mization. Of course, it is possible to think and implement more complex variants of evolutionary
algorithms.

Evolutionary algorithms evolve population of solutions x, but they may be the subject of self-
adaptation (like in ES) as well. For sure, evolution in nature is not static, the rate of evolution
fluctuates, their variation operators are subject to slow or fast changes, and its goal (if it exists at
all) can be a subject of modifications as well.

Formally, an evolutionary algorithm looking for the optimum of the fitness function violates
some classical requirements of recursive algorithms. If its termination condition is set to the op-
timum of the fitness function, it may not terminate after a finite number of steps. To fit it to the
conventional algorithmic approach, an artificial (or somebody can call it pragmatic) stop criterion
has had to be added (see e.g., (Michalewicz, 1996), (Michalewicz & Fogel, 2004), (Koza, 1992,
1994; Koza et al., 1999)). To remain recursive, i.e., to give some result after a finite number of
steps, the evolutionary algorithm has to reach the set F of final populations satisfying the termina-
tion condition after a finite number of generations or to halt when no visible progress is observable.
Usually this is a too restrictive condition, and naturally, in a general case, evolutionary algorithms
form a special class of super-recursive algorithms.

To formalize the concept of an evolutionary algorithm in mathematically rigorous terms, we
define a formal algorithmic model of evolutionary computation - an evolutionary automaton also
called an evolutionary machine.

Let K be a class of automata working with words in an alphabet E. It means that the represen-
tation or optimization space X is the set E* of all words in an alphabet E.

Definition 2.2. A basic evolutionary K-machine (BEM), also called basic evolutionary K-automaton,
is a (possibly infinite) sequence E = {A[f];t = 0, 1,2, 3, ...} of automata A[¢] from K each working
on the population X[¢] < X(r = 0, 1,2,3,...) where:

e the automaton A|¢] called a component, or more exactly, a level automaton, of E represents
(encodes) a one-level evolutionary algorithm that works with the generation X[z] of the
population by applying the variation operators v and selection operator s;

e the zero generation X[0] is given as input to E and is processed by the automaton A[0],
so that either X|[0] is the result of the whole computation by E when it satisfies the search
condition or A[0] generates/produces the first generation X|[1] as its output, which goes to
the automaton A[1];

e forall r = 1,2,3,..., the generation X[z + 1] is obtained by applying the variation operator
v and selection operator s to the generation X[z| and these operations are performed by the
automaton A[z], which receives X|[¢] as its input; the generation X[z + 1] either is the result of
the whole computation by E when it satisfies the search condition or it goes to the automaton
Alt + 1];

e the goal of the BEM E is to build a population Z satisfying the search condition.
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The desirable search condition is the optimum of the fitness performance measure f(x[z]) of
the best individual from the population X[¢]. There are different modes of the EM functioning
and different termination strategies. When the search condition is satisfied, then working in the
recursive mode, the EM E halts (¢ stops to be incremented), otherwise a new input population
X[t + 1] is generated by A[¢]. In the inductive mode, it is not necessary to halt to give the result
(cf. (Burgin, 2005)). When the search condition is satisfied and E is working in the inductive
mode, the EM F stabilizes (the population X[7] stops changing), otherwise a new input population
X[t + 1] is generated by A[t].

We denote the class of all basic evolutionary machines with level automata from K by BEAK.

Definition 2.3. A general evolutionary K-machine (GEM), also called general evolutionary K-
automaton, is a (possibly infinite) sequence E = {A[f];r = 0,1,2,3, ...} of automata A[¢] from K
each working on generations X[i] € X where:

e the automaton A[z] called a component, or more exactly, a level automaton, of E repre-
sents (encodes) a one-level evolutionary algorithm that works with generations X|i] of the
population by applying the variation operators v and selection operator s;

e the zero generation X[0] C X is given as input to E and is processed by the automaton A|[0],
which generates/produces the first generation X[ 1] as its output, which either is the result of
the whole computation by E when it satisfies the search condition or it goes to the automaton
A[l];

e forall7 = 1,2,3,..., the automaton A[¢], which receives X|[i] as its input either from A[7 + 1]
or from A[t — 1], then A[¢] applies the variation operator v and selection operator s to the
generation X|[¢], producing the generation X[z 4+ 1] as its output, which either is the result
of the whole computation by E when it satisfies the search condition or it goes either to
A[t + 1] or to A[t — 1]. To perform such a transmission, the automaton A[t] uses one of the
two techniques: transmission by the output and transmission by the state. In transmission
by the output, the automaton A[f] uses two more symbols u,,, and u4, in its output alphabet,
giving one of these symbols as a part of its output in addition to the regular output X[z + 1].
If this part of the output is u,,, then A[7] sends the output generation X[t + 1] to Az + 1].
If the additional part of the output is ug,, then A[f] sends the output generation X[7 + 1] to
A[t — 1]. In transmission by the state, the automaton A[f] uses two more symbols u,, and
Uy, as its final-transmission states. In these states the automaton A[¢] stops computing and
performs the necessary transmission of the output - to the automaton A[z + 1] when the state
is u,, and to the automaton A[¢ — 1] when the state is uy,.

e the goal of the GEM E is to build a population Z satisfying the search condition.

We denote the class of all general evolutionary K-machines GEAK. As any basic evolutionary
K-machine is also a general evolutionary K-machine, we have inclusion of classes BEAK <
GEAK.

Let us consider some examples of evolutionary K-machines. An important class of evolution-
ary machines are evolutionary finite automata (Burgin & Eberbach, 20094), (Burgin & Eberbach,
2012). Here K consists of finite automata.
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Definition 2.4. A basic (general) evolutionary finite automaton (EFA) is a basic (general) evo-
lutionary machine E in which all automata A[¢] are finite automata G[¢] each working on the
population X|[¢] in generations t = 0, 1,2, 3, ...

We denote the class of all general evolutionary finite automata by GEFA. It is possible to take
as K deterministic finite automata, which form the class DFA, or nondeterministic finite automata,
which form the class NFA. This gives us four classes of evolutionary finite automata: BEDFA
(GEDFA) of all deterministic basic (general) evolutionary finite automata and BENFA (GENFA)
of all nondeterministic basic (general) evolutionary finite automata.

Evolutionary Turing machines (Burgin & Eberbach, 2008), (Eberbach, 2005) are form another
important class of evolutionary machines.

Definition 2.5. A basic (general) evolutionary Turing machine (ETM) E = {T|t];t = 0,1,2,3,...}
is a basic (general) evolutionary machine E in which all automata A[¢] are Turing machines 7'[¢]
each working on population X[¢] in generations t = 0, 1,2, 3, ....

Turing machines T'[t] as components of E perform multiple computations (Burgin, 1983).
Variation and selection operators are recursive to allow performing level computation on Turing
machines.

Definition 2.6. A basic (general) evolutionary inductive Turing machine (EITM) EI = {M[t];t =
0,1,2,...} is a basic (general) evolutionary machine E in which all automata A[¢] are inductive
Turing machines M|¢] (Burgin, 2005) each working on the population X[z] in generations ¢t =
0,1,2,...

Simple inductive Turing machines are abstract automata (models of algorithms) closest to
Turing machines. The difference between them is that a Turing machine always gives the final
result after a finite number of steps and after this it stops or, at least, informs when the result
is obtained. Inductive Turing machines also give the final result after a finite number of steps,
but in contrast to Turing machines, inductive Turing machines do not always stop the process of
computation or inform when the final result is obtained. In some cases, they do this, while in other
cases they continue their computation and give the final result. Namely, when the content of the
output tape of a simple inductive Turing machine forever stops changing, it is the final result.

Definition 2.7. A basic (general) evolutionary inductive Turing machine (EITM) EI = {M|t];t =
0,1,2,...} has order n if all inductive Turing machines M|¢] have order less than or equal to n and
at least, one inductive Turing machine M|t| has order n.

We remind that inductive Turing machines with recursive memory are called inductive Turing
machines of the first order (Burgin, 2005). The memory E is called n-inductive if its structure
is constructed by an inductive Turing machine of the order n. Inductive Turing machines with n-
inductive memory are called inductive Turing machines of the order n + 1. We denote the class of
all evolutionary inductive Turing machines of the order n by EITM,,.

Definition 2.8. A basic (general) evolutionary limit Turing machine (ELTM) EI = {LTM|t];t =
0,1,2,...} is a basic (general) evolutionary machine E in which all automata A[z] are limit Turing

machines LT M(t] (cf. (Burgin, 2005)) each working on the population X[¢] in generations ¢ =
0,1,2,...
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When the search condition is satisfied, then the ELTM EI stabilizes (the population X[z] stops
changing), otherwise a new input population X |7+ 1] is generated by LT M[¢]. We denote the class
of all evolutionary limit Turing machines of the first order by ELTM.

Basic and general evolutionary K-machines from BEAK and GEAK are called unrestricted
because sequences of the level automata A[f] and the mode of the evolutionary machines func-
tioning are arbitrary. For instance, there are unrestricted evolutionary Turing machines when K
is equal to 7 and unrestricted evolutionary finite automata when K is equal to FA. However it
is possible to consider only basic (general) evolutionary K-machines from BEAK (GEAK) in
which sequences of the level automata have some definite type Q. Such machines are called Q-
formed basic (general) evolutionary K-machines and their class is denoted by BEAK? for basic
machines and GEAKQ for general machines. When the type Q contains all finite sequences, we
have bounded basic (general) evolutionary K-machines. Some classes of bounded basic evolution-
ary K-machines are studied in (Burgin & Eberbach, 2010) for such classes K as finite automata,
pushdown automata, Turing machines, or inductive Turing machines, i.e., such classes as bounded
basic evolutionary Turing machines or bounded basic evolutionary finite automata. When the type
Q contains all periodic sequences, we have periodic basic (general) evolutionary K-machines.
Some classes of periodic basic evolutionary K-machines are studied in (Burgin & Eberbach, 2010)
for such classes K as finite automata, push down automata, Turing machines, inductive Turing ma-
chines and limit Turing machines. Note that while in a general case, evolutionary automata cannot
be codified by finite words, periodic evolutionary automata can be codified by finite words.

Another condition on evolutionary machines determines their mode of functioning or compu-
tation. Here we consider the following modes of functioning/computation.

1. The finite-state mode: any computation is going by state transition where states belong to a
fixed finite set.

2. The bounded mode: the number of generations produced in all computations is bounded by
the same number.

3. The terminal or finite mode: the number of generations produced in any computation is
finite.

4. The recursive mode: in the process of computation, it is possible to reverse the direction of
computation, i.e., it is possible to go from higher levels to lower levels of the automaton,
and the result is defined after finite number of steps.

5. The inductive mode: the computation goes in one direction, i.e., without reversions, and if
for some 7, the generation X|[¢] stops changing, i.e., X[t] = X|q] for all ¢ > ¢, then X[¢] is
the result of computation.

6. The inductive mode with recursion: recursion (reversion) is permissible and if for some ¢,
the generation X|¢] stops changing, i.e., X[t] = X|[q] for all ¢ > ¢, then X[¢] is the result of
computation.

7. The limit mode: the computation goes in one direction and the result of computation is the
limit of the generations X|z].

8. The limit mode with recursion: recursion (reversion) is permissible and the result of com-
putation is the limit of the generations X|¢].
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These modes are complementary to the three traditional modes of computing automata: computa-
tion, acceptation and decision/selection (Burgin, 2010). Existence of different modes of computa-
tion shows that the same algorithmic structure of an evolutionary automaton/machine E provides
for different types of evolutionary computations. We see that only general evolutionary machines
allow recursion. In basic evolutionary machines, the process of evolution (computation) goes
strictly in one direction. Thus, general evolutionary machines have more possibilities than basic
evolutionary machines and it is interesting to relations between these types of evolutionary ma-
chines. This is done in the next section. Note that utilization of recursive steps in evolutionary
machines provides means for modeling reversible evolution, as well as evolution that includes
periods of decline and regression.

3. Computing and Accepting Power of Evolutionary Machines

As we know from the theory of automata and computation, it is proved that different automata
or different classes of automata are equivalent. However there are different kinds of equivalence.
Here we consider two of them: functional equivalence and linguistic equivalence.

Definition 3.1. (Burgin, 2010)

a. Two automata A and B are functionally equivalent if given the same input, they give the
same output.

b. Two classes of automata A and B are functionally equivalent if for any automaton from A,
there is a functionally equivalent automaton from B and vice versa.

For instance, it is proved that deterministic and nondeterministic Turing machines are function-
ally equivalent (cf., for example, (Hopcroft et al., 2001)). Similar results are true for evolutionary
automata.

Theorem 3.1. (Burgin & Eberbach, 2010) For any basic n-level evolutionary finite automaton E,
there is a finite automaton AE functionally equivalent to E.

Here we study relations between basic and general evolutionary machines, assuming that all
these machines work in the terminal mode.
Let P: X x U — N be a function such that

U= {ul,up’ UL dws U2ups U2 dws +++s Ukups Uk dws }a

P(x,upyp) = k+1

and
P(X, uk,dw) =k—1

for any x from optimization space X = E*.
Definition 3.2. (Burgin, 2010) The P-conjunctive parallel composition A p A; of the algorithms/automata

A; (i = 1,2,3,...,n) is an algorithm/automaton D such that the result of application of D to any
input u is equal to A;(u) when P(u) = i.
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This concept allows us to show in a general case of the terminal mode that basic and general
evolutionary machines are equivalent.

Theorem 3.2. If a class K is closed with respect to P-conjunctive parallel composition, then
for any general evolutionary K-machine, there is a functionally equivalent basic evolutionary K-
machine.

Proof. Let us consider an arbitrary general evolutionary K-machine E = {A[t];r = 0,1,2,3,...}.
We correspond the evolutionary system H = {C|[t];t = 0,1,2,3,...} to the K-machine E. Each
component C|[7] in H is a system that consists of the automata Cy|t], C,[t], C1[t], C5]t], ..., C,[t]
such that for all k = 0, 1,2, 3, ..., #, the automaton C;[7] is a copy of the automaton A k| and it uses
the elements uy ,,, and uy 4, instead of the elements u,, and u,, employed by Alk].

The system H has the same search condition as the evolutionary K-machine E and functions in
the following way. The zero generation X[0] < X is given as input to the automaton Cy[0], which is
a copy of the automaton A[0] and is processed by the automaton Cy[0], which generates/produces
the first generation X|[1] as its output. Then X[1] either is the result of the whole computation by H
when it satisfies the search condition or it goes to the automaton C,[1] as its input. In the general
case, forallt = 1,2,3,...and k = 1,2,3, ..., 1, the automaton Cy[t] receives X|¢] as its input either
from C;, [t — 1] when the automaton A[k]| receives its input from A[k + 1] or from C;_;[t — 1]
when the automaton A k| receives its input from A[k — 1]. Then C;[¢] applies the variation operator
v and selection operator s to the generation X[¢| and producing the generation X[z + 1]. Then either
this generation is the result of the whole computation by H when it satisfies the search condition
or Ci[t] sends this generation either to Cy.[f + 1] when the automaton A[k] sends its output to
Alk + 1] or to Cy_;[t + 1] when the automaton A[k] sends its output to A[k — 1].

In such a way, the system H simulates functioning of the general evolutionary K-machine
E = {A[t];t = 0,1,2,3,...}. Let us prove this by induction on the number of steps that the K-
machine E is making.

The base of induction:

Making the first step, the K-machine E receives is the zero generation X[0] < X as its in-
put, processes it by the first automaton A[0] producing the first generation X[1], which either is
the result of the whole computation by £ when it satisfies the search condition or it goes to the
automaton A[1].

Making the first step, the system H receives the zero generation X[0] < X as its input, processes
it by the first automaton Cy[0] producing the first generation Z[1], which either is the result of the
whole computation by H when it satisfies the search condition or it goes to the automaton C;[1].
Because the system H has the same search condition as the evolutionary K-machine E, C[0] is
a copy of the automaton A[0], while C;[1] is a copy of the automaton A[1], we have the equality
Z[1] = X[1] and the first step of the system H exactly simulates the first step of the K-machine E.

The general step of induction:

We suppose that making n—1 steps the system H exactly simulates n—1 steps of the K-machine
E. It means that making n — 1 steps, both systems E and H produce the same n-th generation X|n|
using automata A[r| (r < n—1) and C,[n — 1], correspondingly, and this output either is the result
of the whole computation by E and by H when it satisfies the search condition or it goes either to
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the automaton A[r + 1] or to the automaton A[r — 1] in E and either to the automaton C,[n] or
to the automaton C,_[n] in H.

Then the automaton A[r+ 1] (or A[r—1]) in E produces the next generation X[n + 1], applying
the variation operator v and selection operator s to the generation X[n] and producing the next
generation X[n + 1]. When the automaton A[r + 1] in E produces the next generation X[n + 1],
then either this generation is the result of the whole computation by E when it satisfies the search
condition or A[r + 1] sends this generation either to A[r + 2] or to A[r]. When the automaton
A[r — 1] in E produces the next generation X|[n + 1], then either this generation is the result of the
whole computation by E when it satisfies the search condition or A[r — 1] sends this generation
either to A[r — 2] or to A[r|.

At the same time, the automaton C,.[n] (or C,_[n]) applies the variation operator v and
selection operator s to the generation X[n] and producing the generation Z[n + 1]. When the
automaton C,[n] in H produces the next generation Z[n + 1], then either this generation is the
result of the whole computation by H when it satisfies the search condition or C,[n] sends this
generation either to C,,,[n + 1] or to C,[n + 1]. When the automaton C,_[n] in H produces the
next generation Z[n + 1], then either this generation is the result of the whole computation by H
when it satisfies the search condition or C,_;[n] sends this generation either to C,_,[n] or to C,[n].

Because system H has the same search condition as the evolutionary K-machine E, C,[n] is
a copy of the automaton A[r + 1], while C,_;[n] is a copy of the automaton A[r — 1], we have the
equality Z[n + 1] = X[n + 1] and the n-th step of the system H exactly simulates the n-th step of
the K-machine E.

Now it is possible to conclude that the system H exactly simulates functioning of the K-
machine E. However, the system H is not an evolutionary K-machine. So we need to build
a basic evolutionary K-machine B equivalent to H. We can do this using P -conjunctive paral-
lel composition. This composition allows us for all + = 0, 1,2, 3, ..., to substitute each system
{Colt], C1[t], Ca[t], C5]t], ..., C;[]} by an automaton B[z] from K, which by the definition of func-
tion P and P-conjunctive parallel composition, works exactly as this system. Then by construction
of the system H, B = {B[t];t = 0,1,2,3,...} is a basic evolutionary K-machine B equivalent to H.
Theorem is proved. O

Corollary 3.1. If a class K is closed with respect to P-conjunctive parallel composition, then
classes GEAK and BEAK are functionally equivalent.

The class T of all Turing machines is closed with respect to P-conjunctive parallel composition
(Burgin, 2010). Thus, Theorem 3.2 implies the following result.

Corollary 3.2. Classes GEAT of all general evolutionary Turing machines and BEAT of all basic
evolutionary Turing machines are functionally equivalent.

The class IT of all inductive Turing machines is closed with respect to P-conjunctive parallel
composition (Burgin, 2010). Thus, Theorem 3.2 implies the following result.

Corollary 3.3. Classes GEAIT of all general evolutionary inductive Turing machines and BEAIT
of all basic evolutionary inductive Turing machines are functionally equivalent.
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Corollary 3.4. Classes GEAIT, of all general evolutionary inductive Turing machines of order
n and BEAIT, of all basic evolutionary inductive Turing machines of order n are functionally
equivalent.

The same is true for evolutionary limit Turing machines.

Corollary 3.5. Classes GEALT of all general evolutionary limit Turing machines and BEALT of
all basic evolutionary limit Turing machines are functionally equivalent.

Definition 3.3. (Burgin, 2010)

a. Two automata A and B are linguistically equivalent if they accept (generate) the same lan-
guage.

b. Two classes of automata A and B are linguistically equivalent if they accept (generate) the
same class of languages.

For instance, it is proved that deterministic and nondeterministic finite automata are linguisti-
cally equivalent (cf,. for example (Hopcroft ez al., 2001)). It is proved that functional equivalence
is stronger than linguistic equivalence (Burgin, 2010).

Because P-conjunctive parallel composition of the level automata in an evolutionary automa-
ton allows the basic evolutionary K-machine to choose automata for data transmission, it is possi-
ble to prove the following results.

Theorem 3.3. If a class K is closed with respect to P-conjunctive parallel composition, then for
any general evolutionary K-machine, there is a linguistically equivalent basic evolutionary K-
machine.

Proof. Let us consider an arbitrary general evolutionary K-machine E = {A[t];r = 0,1,2,3,...}.
Then by Theorem 3.2, there is a basic evolutionary K-machine L that is functionally equivalent to
E. As it is proved in (Burgin, 2010), functional equivalence implies linguistic equivalence. So, the
K-machine L is linguistically equivalent to the K-machine E. Theorem is proved. [

Corollary 3.6. If a class K is closed with respect to P-conjunctive parallel composition, then
classes GEAK and BEAK are linguistically equivalent.

The class T of all Turing machines is closed with respect to P-conjunctive parallel composition
(Burgin, 2010). Thus, Theorem 3.3 implies the following result.

Corollary 3.7. Classes GEAT of all general evolutionary Turing machines and BEAT of all basic
evolutionary Turing machines are linguistically equivalent.

The class IT of all inductive Turing machines is closed with respect to P-conjunctive parallel
composition (Burgin, 2010). Thus, Theorem 3.3 implies the following results.

Corollary 3.8. Classes GEAIT of all general evolutionary inductive Turing machines and BEAIT
of all basic evolutionary inductive Turing machines are linguistically equivalent.
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Corollary 3.9. Classes GEAIT, of all general evolutionary inductive Turing machines of order
n and BEAIT, of all basic evolutionary inductive Turing machines of order n are linguistically
equivalent.

The same is true for evolutionary limit Turing machines.

Corollary 3.10. Classes GEALT of all general evolutionary limit Turing machines and BEALT of
all basic evolutionary limit Turing machines are linguistically equivalent.

Obtained results allow us to solve the following problem formulated in (Burgin & Eberbach,
2010).

Problem 3.1. Are periodic evolutionary finite automata more powerful than finite automata?
To solve it, we need additional properties of periodic evolutionary finite automata.

Theorem 3.4. Any general (basic) periodic evolutionary finite automaton F with the period k > 1
is functionally equivalent to a periodic evolutionary finite automaton E with the period 1.

Proof. Let us consider an arbitrary basic periodic evolutionary finite automaton E = {A[¢];t =
0,1,2,3,...}. By the definition of basic periodic evolutionary automata (cf. Section 2), the se-
quence {A[t];t = 0,1,2,3,...} of finite automata A[¢] is either finite or periodic, i.e., there is a
finite initial segment of this sequence such that the whole sequence is formed by infinite repetition
of this segment. Note that finite sequences are also treated as periodic (Burgin & Eberbach, 2010).
When the sequence {A[t];7 = 0, 1,2,3,...} of automata A[¢] from K is finite, then by Theorem 3.2,
the evolutionary machine E is functionally equivalent to a finite automaton AE. By the definition
of periodic evolutionary automata, AE is a periodic evolutionary finite automaton with the period
1. Thus, in this case, theorem is proved.

Now let us assume that the sequence {A[t];7 = 0, 1,2, 3, ...} of automata A[¢] is infinite. In this
case, there is a finite initial segment H = {A[t];¢ = 0, 1,2, 3, ..., n} of this sequence such that the
whole sequence is formed by infinite repetition of this segment H. By the definition of bounded
basic evolutionary automata (cf. Section 2), H is a basic n-level evolutionary finite automaton.
Then by Theorem 3.1 from (Burgin & Eberbach, 2010), there is a finite automaton AH functionally
equivalent to H. Thus, the evolutionary machine E is functionally equivalent to the basic periodic
evolutionary finite automaton B = {B|[t];t = 0, 1,2,3, ...} in which all automata B|¢] = AH for all
t =0,1,2,3,... Thus, B is a basic periodic evolutionary finite automaton with the period 1. This
concludes the proof for basic periodic evolutionary finite automata.

Now let us consider an arbitrary general periodic evolutionary finite automaton E = {A[¢];1 =
0,1,2,3,...}. By the definition of general periodic evolutionary automata (cf. Section 2), the se-
quence {A[t];t = 0,1,2,3,...} of finite automata A[¢] is either finite or periodic, i.e., there is a
finite initial segment of this sequence such that the whole sequence is formed by infinite repetition
of this segment.

At first, we show that when the sequence {A[f];t = 0,1,2,3,...} of automata A[¢] from K is
finite, i.e., E = {A[t];t = 0, 1,2,3,...,n}, then the evolutionary machine E is functionally equiv-
alent to a finite automaton AE . It is possible to assume that the automata A[f] use transmission
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by the output when the automaton A[7] uses two more symbols u,, and u, in its output alphabet,
giving one of these symbols in its output in addition to the regular output X[z + 1], i.e., the output
has the form (w, u,,) or (w, ug,). If the second part of the output is u,, , then Az + 1] sends the
output generation X[z + 1] to A[t + 1]. If the second part of the output is u,, then A[7 + 1] sends
the output generation X[7 + 1] to A[t — 1].

We change all automata A[¢] to the automata C[¢] in the following way. If {go, g1, g2, ..., g} is
the set of all states of the automaton A[¢], then we take {q; 0, g:.1> G2, ---» ri} as the set of all states
of the automaton C[t] (t = 0, 1,2,...,n) and in the transition rules of C[z], we change each ¢, to
q:,- In addition, we change the symbols u,, and uy, to the symbols u,,, and u, 4, in the alphabet
and in the transition rules of C|¢].

By construction, the new system AE = {C[t];¢ = 0, 1,2, 3, ..., n} is a finite automaton function-
ally equivalent to the general periodic evolutionary finite automaton E = {A[¢];¢ =0, 1,2, 3, ...,n}.
Then by the definition of periodic evolutionary automata (cf. Section 2), the automaton AE is a
general periodic evolutionary finite automaton with the period 1. Thus, in the finite case, theorem
is proved.

Now let us assume that the sequence {A[t];7 = 0, 1,2, 3, ...} of automata A[¢] is infinite. In this
case, there is a finite initial segment H = {A[t];¢ = 0, 1,2, 3, ..., n} of this sequence such that the
whole sequence is formed by infinite repetition of this segment H. By the definition of bounded
general evolutionary automata (cf. Section 2), H is a general n-level evolutionary finite automaton.
Then as we have already proved, there is a finite automaton AH functionally equivalent to H. Thus,
the evolutionary machine E is functionally equivalent to the general periodic evolutionary finite
automaton B = {B[t];t = 0,1,2,3, ...} in which all automata B[t] = AH forall = 0,1,2,3, ...
Thus, B is a general periodic evolutionary finite automaton with the period 1. This concludes the
proof for general periodic evolutionary finite automata. Theorem is proved. [

Functional equivalence implies linguistic equivalence (Burgin, 2010). Thus, Theorem 3.4 im-
plies the following result.

Corollary 3.11. Any general (basic) periodic evolutionary finite automaton F with the period
k > 1 is linguistically equivalent to a periodic evolutionary finite automaton E with the period 1.

As a periodic evolutionary finite automaton F' with the period 1 consists of multiple copies of
the same finite automaton, we have the following results.

Theorem 3.5. Any basic periodic evolutionary finite automaton F is linguistically equivalent to a
finite automaton.

Proof. By Theorem 3.4, any basic periodic evolutionary finite automaton F with the period k > 1
is functionally equivalent to a basic periodic evolutionary finite automaton £ with the period 1. It
means that all levels in the evolutionary finite automaton E are copies of the same finite automaton.
As a finite automaton accepts (computes) a regular language (Hopcroft et al., 2001), the language
of the evolutionary finite automaton E is also regular. As the evolutionary finite automaton F' is
linguistically equivalent to the automaton E, the language L of the evolutionary finite automaton
F is also regular. Then there is a finite automaton D that accepts (computes) L (Hopcroft et al.,
2001). Thus, the evolutionary finite automaton F is linguistically equivalent to the finite automaton
D. Theorem is proved. O]
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Corollary 3.12. Basic periodic evolutionary finite automata have the same accepting power as
finite automata.

Theorem 3.6. Any general periodic evolutionary finite automaton E is equivalent to a one-dimensional
cellular automaton.

Proof. By Theorem 3.4, any general periodic evolutionary finite automaton G with the period
k > 1 is functionally equivalent to a general periodic evolutionary finite automaton E with the
period 1. By definition, E is a sequence of copies of the same finite automaton, which each of
them is connected with two its neighbors, and this is exactly a one-dimensional cellular automaton
(Trahtenbrot, 1974).

At the same time, taking a finite automaton A with a feedback that connects the automaton out-
put with the automaton input, we see that A can simulate a periodic evolutionary finite automaton
E with the period 1 because in E all level automata are copies of the same finite automaton. [

In the theory of cellular automata, it is proved that for any Turing machine 7, there is a cel-
lular automaton functionally equivalent to 7' (Trahtenbrot, 1974). Thus, Theorem 3.6 implies the
following result.

Corollary 3.13. General periodic evolutionary finite automata have the same accepting power as
Turing machines.

Consequently, we have the following result.

Corollary 3.14. General periodic evolutionary finite automata have more accepting power than
basic periodic evolutionary finite automata and than finite automata.

Note that we cannot apply Theorem 3.2 to periodic evolutionary finite automata because the
general evolutionary machine constructed in the proof of this theorem is not periodic.
These results also allow us to solve Problem 4 from (Burgin & Eberbach, 2010).

Problem 3.2. What class of languages is generated/accepted by periodic evolutionary finite au-
tomata?

Namely, we have the following results.

Corollary 3.15. The class of languages generated/accepted by basic periodic evolutionary finite
automata coincides with regular languages.

Corollary 3.16. The class of languages generatedjaccepted by general periodic evolutionary finite
automata coincides with recursively enumerable languages.

Note that for unrestricted evolutionary finite automata results of Theorems 3.5, 3.6 and their
corollaries are not true. Namely, we have the following result.

Theorem 3.7. The class GEAFA of general unrestricted evolutionary finite automata and the class
BEAFA of basic unrestricted evolutionary finite automata have the same accepting power.
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Proof. Indeed, as it is demonstrated in (Eberbach & Burgin, 2007), basic unrestricted evolutionary
finite automata can accept any formal language. In particular, they accept any language that gen-
eral unrestricted evolutionary finite automata accept. As general unrestricted evolutionary finite
automata are more general than basic unrestricted evolutionary finite automata, the class of the lan-
guages accepted by the former automata is, at least, as big as the class of the languages accepted
by the latter automata. Thus, these classes coincide, which means that the class of all general
unrestricted evolutionary finite automata and the class of all basic unrestricted evolutionary finite
automata have the same accepting power. ]

The results from this paper show that in some cases, general evolutionary machines are more
powerful than basic evolutionary machines, e.g., for all periodic evolutionary finite automata,
while in other cases, it is not true, e.g., for all evolutionary finite automata, general and basic
evolutionary finite automata have the same computing power. There are similar results in the the-
ory of classical automata and algorithms. For instance, deterministic and nondeterministic finite
automata have the same accepting power. Deterministic and nondeterministic Turing machines
have the same accepting power. However, nondeterministic pushdown automata have more ac-
cepting power than deterministic pushdown automata.

4. Conclusion

We started our paper with a description of Turings unorganized machines (u-machines) that
were supposed to work under the control of some kind of genetic algorithms (note that Turing
never formally defined a genetic algorithm or evolutionary computation). This was our inspira-
tion. However, our evolutionary machines are closely related to conventional Turing machines,
as well as to the subsequent definitions of genetic algorithms from 1960-80s. This means that
level automata of evolutionary machines are finite automata, pushdown automata or Turing ma-
chines rather than more primitive NAND logic gates of u-machines. We have introduced several
classes of evolutionary machines, such as bounded, periodic and recursively generated evolution-
ary machines, and studied relations between these classes, giving an interpretation of how modern
u-machines could be formalized and how plentiful their computations and types are. Of course,
we will never know whether Turing would accept our definitions of evolutionary automata and
formalization of evolutionary computation.

In this paper, we introduced two fundamental classes of evolutionary machines/automata: gen-
eral evolutionary machines and basic evolutionary machines, exploring relations between these
classes. Problems of generation of evolutionary machines/automata by automata from a given
class are also studied. Examples of such evolutionary machines are evolutionary Turing machines
generated by Turing machines and evolutionary inductive Turing machines generated by inductive
Turing machines.

There are open problems important for the development of EC foundations.

Problem 4.1. Can an inductive Turing machine of the first order simulate an arbitrary periodic
evolutionary inductive Turing machine of the first order?

Problem 4.2. Are there necessary and sufficient conditions for general evolutionary machines to
be more powerful than basic evolutionary machines?
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In (Burgin, 2001), topological computations are introduced and studied. This brings us to the
following problem.

Problem 4.3. Study topological computations for evolutionary machines.

As we can see from results of this paper, in some cases general evolutionary machines are
more powerful than basic evolutionary machines, e.g., for all evolutionary finite automata, while
in other cases, it is not true, e.g., for all periodic evolutionary machines.

Note that the approach presented in this paper has an enormous space to grow. First of all,
similar to natural evolution, our evolutionary automata/machines are not static, i.e., we cover the
case of evolution of evolution (currently explored in a very limited way in evolution strategies
by changing the o parameter in mutation). Secondly, our evolutionary finite automata cover al-
ready both evolutionary algorithms (i.e., genetic algorithms, evolutionary programming, evolution
strategies and genetic programming)and swarm intelligence algorithms, being simple iterative al-
gorithms of the class or regular languages/finite automata. In the evolutionary automata approach,
there is a room to grow to invent new types of evolutionary and swarm intelligence algorithms
of the class of evolutionary pushdown automata, evolutionary Turing machines or evolutionary
inductive Turing machines.
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Abstract

In this article we study »(oBV! (M)), 2,BVEL(M), 2(BV'(M)) double sequence spaces with the help of BV,
space and an Orlicz function M. The BV, space was introduced and studied by (Mursaleen, 1983). We study some of
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1. Introduction
Let N, R, C be the sets of all natural, real, and complex numbers respectively. We denote
2w = {x = (x;;) : x;j e Ror C},
showing the space of all real or complex sequences.

Definition 1.1. A double sequence of complex numbers is defined as a function X : N x N — C.
We denote a double sequence as (x;;) where the two subscripts run through the sequence of natural
numbers independent of each other. A number ac C is called double limit of a double sequence
(x;;) if for every € > 0 there exists some N = N(¢€) € N such that,

|(xi;) —a| <€, foralli, j = N, (1.1)

(see (Habil, 2006)). Let [, and ¢ denote the Banach space bounded and convergent sequences,
respectively, with norm |x|, = sup|x|. Let v be denote the space of sequences of bounded
k

variation. That is,

v={x=(x): Z | — X1 < 00, x_ = 0} (1.2)

k=0
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e 0]
where v is a Banach space normed by |x| = >, |x — x,—1| (see (Mursaleen, 1983)). Let o be an
k=0

injective mapping of the set of the positive integers into itself having no finite orbits. A continuous
linear functional ¢ on [, is said to be an invariant mean or o-mean if and only if:

1. ¢(x) = 0 where the sequence x = (x;) has x; = 0 for all k,

2. ¢(e) = 1 where e={1,1,1,1,......},

3. ¢(xo(n)) = ¢(x) forall x € I.

If x = (x¢), write Tx = (Tx;) = (Xo(r)). It can be shown that

Ve = {x = (x) : lim #,4(x) = L uniformly in k, L = o — lim x} (1.3)
m—00

where m> 0,k > 0.

k
(%) = ) and 1 =0, (1.4)

where o (k) denote the m™-iterate of (k) at k . In this case o is the translation mapping,that is,
o (k) = k+ 1,0-mean is called a Banach limit and V,,, the set of bounded sequences of all whose
invariant means are equal, is the set of almost convergent sequences. The special case of (1.4) in
which o-(k) = k + 1 was given by (Lorentz, 1948), and that the general result can be proved in a
similar way. It is familiar that a Banach limit extends the limit functional on c in the sense that

#(x) = limx, forall x € c. (1.5)

Theorem 1.1. A o-mean extends the limit functional on c in the sense that ¢(x) = limx for all
x € ¢ if and only if o has no finite orbits. That is, if and only if for all k = 0, j > 1,07 (k) # k,
(see (Khan, 2008))

Put
Gk (x) = tyr(x) = t—14(x), (1.6)

assuming that 7_; ;(x) = 0. A straight forward calculation shows that (Mursaleen, 1983),

Xe, ifm=0.

Gk (x) = { ey Lt J (k) = 2 (), ifm > 1

For any sequence x,y and scalar A, we have ¢, (x +y) = @ni(x) + dpi(y) and ¢ (Ax) =
/l¢m,k(x).

Definition 1.2. A sequence x € [, is of o-bounded variation if and only if:

(i)Y |#mi(x)| converges uniformly in k,

(ii) lim #,,4(x), which must exist, should take the same value for all k.
m—00

We denote by BV, the space of all sequences of o-bounded variation (see (Khan, 2008)):

BV, ={x€ely: Z |pmi(x)| < oo, uniformly in k}.
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Theorem 1.2. BV, is a Banach space normed by

Jx| = sup D Gma(x)], (1.7)
m=0

(see (Khan & Ebadullah, 2012)).
Subsequently invariant mean studied by (Mursaleen, 1983), (Ahmad & Mursaleen, 1988), (Raimi
& A., 1963), (Khan & Ebadullah, 2011), (Khan & Ebadullah, 2012), (Schaefer, 1972) and many
others.

Definition 1.3. A function M : [0, 0) — [0, 20) is said to be an Orlicz function if it satisfies the
following conditions;

()M is continuous ,convex and non-decreasing,

(ii))M(0) = 0, M(x) > 0 and M(x) — 0 as x — o0.

Remark. (see (Tripathy & Hazarika, 2011)). (i) If the convexity of an Orlicz function is replaced
by M(x +y) < M(x) + M(y), then this function is called Modulus function.
(ii)If M is an Orlicz function , then M (AX) < AM(x) for all A with 0 < 2 < 1.

An Orlicz function M is said to satisfy A,-condition for all values of u if there exists a constant
K > 0 such that M(Lu) < KLM(u) for all values of L> 1(see (Tripathy & Hazarika, 2011)).
(Lindenstrauss & Tzafriri, 1971) used the idea of an Orlicz function to construct the sequence

space lyy = {xew: X", M('%k') < oo for some p > 0}. The space /,, becomes a Banach space

with the norm .
I =inf{p>O:ZM<M> <1}, (1.8)
k=1 p

which is called an Orlicz sequence space. The space [y is closely related to the space [, which is
an Orlicz sequence space with M(t) = ” for 1 < p < co. Later on, some Orlicz sequence spaces
were investigated by (Hazarika & Esi, 2013), (Maddox, 1970), (Parshar & Choudhary, 1994),
(Bhardwaj & Singh, 2000), (Et, 2001), (Tripathy & Hazarika, 2011) and many others. Initially,
as a generalization of statistical convergence, the notation of I-convergence was introduced and
studied by P. Kostyrko and Wilczynski(Kostyrko er al., 2000). Later on, it was studied by Hazarika
and Esi (Hazarika & Esi, 2013) and many others.

Definition 1.4. A double sequence x = x;; € jw is said to be I-convergent to a number L if for
every € > 0, we have
{(i,/)) e NxN:|x; — Ll > e} el (1.9)

In this case, we write I — lim x;; = L.

Definition 1.5. Let X be a non empty set. Then, a family of sets I < 2 is said to be an Ideal in X
if

g eI,

(i1)I is additive; thatis,A, B [ = A u Be I,

(ii1)I is hereditary thatis,Ae ,BS A= Be l.



190 Khan V.A. et al. /| Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 187-197

An Ideal I < 2% is called non trivial if I # 2. A non trivial ideal I < 2¥ is called admissible if
{{x} :xeX}cL

A non trivial ideal I is maximal if there cannot exist any non trivial ideal J # [ containing I as a
subset.

Definition 1.6. A non empty family of sets < 2% is said to be filter on X if and only if
(ONGR
(i1) for, A, Be ¥ wehave A n Be F,
(iii) for each Ae F and A < B implies B € ¥ . For each ideal I, there is a filter F (I) corresponding
to I. That is,
F(I)={K<N:Kel}, whereK=N —K. (1.10)

Definition 1.7. A double sequence (x;;) € ,w is said to be I - null if L=0. In this case, we write
I —limx;; = 0. (1.11)

Definition 1.8. A double sequence (x;;) € ,w is said to be I-cauchy if for every € > 0 there exists
numbers m = m(e),n = n(€) such that

{(i, /) e NX N |x;j — x| > €} € L. (1.12)

Definition 1.9. A double sequence (x;;) € ,w is said to be I-bounded if there exists M > 0 such
that
{(i,j)) e Nx N: |x;;| > M}. (1.13)

Definition 1.10. A double sequence space E is said to be solid or normal if x;; € E implies that
(@ijx;j) € E for all sequence of scalars (a;;) with |@;;| < 1 forall (i, j)) € N x N.

Definition 1.11. A double sequence space E is said to be symmetric if (X()x(j)) € E whenever
(x;j) € E, where n(i) and 7(j) is a permutation on N.

Definition 1.12. A double sequence space E is said to be sequence algebra if (x;,;y;;) € E whenever
(xi), (vij) € E.

Definition 1.13. A double sequence space E is said to be convergence free if (y;;) € E whenever
(x;j) € E and x;; = 0 implies y;; = 0, for all (i, j) € N x N.

Definition 1.14. Let K={(n;,k;) : i,j e Nyn; <n, <n3 < ..and ky <k, <k < ...} S NxN
and E be a double sequence space.A K-step space of E is a sequence space

A = {(ayxiy) : (xij) € E}.

Definition 1.15. A cannonical preimage of a sequence (x,,,) € E is a sequence (b,;) € E defined
as follows

b ang, forn,k e K
k0, otherwise.
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Definition 1.16. A sequence space E is said to be monotone if it contains the cannonical preimages
of all its stepspaces.

Remark. If I = I, the class of all finite subsets of N. Then I is an admissible ideal in N and /¢
convergence coincides with the usual convergence.

Definition 1.17. If / = I; = {A < N : 6(A) = 0}. Then I is an admissible ideal in N and we call
the I; -convergence as the logarithmic statistical convergence.

Definition 1.18. If / = I, = {A < N : d(A) = 0}. Then,I is an admissible ideal in N and we call
the I,-convergence as asymptotic statistical covergence.

Lemma 1.1. ((Tripathy & Hazarika, 2011)). Every solid space is monotone.
Lemma 1.2. Let F(I)and M S N. If M ¢ I, then M n K ¢ I.
Lemma 1.3. If I = 2V and M = N.IfM ¢ I, then M " N ¢ 1.

2. Main Results

Recently (Khan & Khan, 2013) introduced and studied the following sequence space. For
m,n= 0

2BVE = {x = (x;)) € 20 :{(i,j) e Nx N: |§uij(x) — L| = €} € I, for some Le C}. (2.1)

In this article we introduce the following double sequence spaces. For m,n> 0

2BVE(M) = {x = (x;;) € 2w : 11— limM(M) =0, for some Le C,p >0} (2.2)
z(oBVé(M)) = {x = (X,'j) € W : I — lim M(M) = O,p > O}, (23)
L(M)) = {x = oy, [Bmis(5)]
2BV, (M)) = {x = (x;j) € 2w:{(i,j)) e Nx N Tk >0s.tM( )=k}el,p>0}
P 2.4)
2(0BVy(M)) = {x = (x;j) € 2w : sup M(W) < w,p > 0}. (2.5)

We also denote
2Mpy (M) =, BVL(M) " 5(BVe(M))

and
2(0Mpy, (M)) = 2(0BVL(M)) N 2(BVe(M)).

Theorem 2.1. For any Orlicz function M, the classes of double sequence ,(¢BV.(M)),,BVL(M),
2 (oM, (M), and ,My,, (M) are linear spaces.
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Proof. Let x = (x;;), (yij) € 2BVL(M) be any two arbitrary elements, and let @, 3 are scalars.
Now, since (x;;), (yij) € 2BVL(M). Then this implies that 3 some positive numbers L;, L, € C
and p;, p» > 0 such that,

mnij —L
I—limM<M> — 0, (2.6)
i,] p]
mni j —L
FhmM(M) —0. 2.7)
LJ P2
= for any given € > 0, the sets
.. |¢mnii(x)_L1| €
M ———— | = e, 2.
= {(i,j) e Nx N < p ) 2}6 (2.8)
- | Pmnij(¥) — La|\ _ €
, NxN:M|———— ) >-}el. 29
() € NN (22 = 5 e 2.9)
Now let 6(0) — L
ij(x) = Ly €
A =i, ] M —tel 2.1
= {0.7) e Nx N m( - )<3tel, (2.10)
- |6i;(v) — Lo\ €
Ay = {(i, NxN:M|———— —}tel 2.11
2= {(i ) eNx N M(ZE—2) < Sy 11

be such that A{, AS € I. Let p3 = max{2|a|p: , 2|B|p>}
Since M is non decreasing and convex function,we have

|¢mnij(ax +:8y) - (aLl +ﬁLZ)|) _ M( |(a¢mnij(x) +ﬁ¢mnij(y)) - (aLl +ﬁL2)|
P3 P3

)

M(
M( ‘a(‘ﬁmm’j(x)flll)+ﬂ(¢mnij( ')7L2)‘ )

pz

M(|"H¢mnu )+ M(‘ﬁH(bmn;E )_L2‘)
M(la‘wnu; )+M(‘B||¢mm;()) L2‘)
2

INCININ

c P2
——6

[\

= {(l, ]) = N % N . M(|¢mnij(ax+ﬂy)7(aLl+ﬁL2)|) > 6} c I

p3

implies that , 7 — lim p(mulext) (b +Bb)ly _ o

Thus a(x;) + B(y;j) € 2BVL(M). As (x;;) and (y;;) are two arbitrary element then ax;; +
Byij € 2BVL(M) for all x;;, y;; € »BVL(M), for all scalars @,8 . Hence ,BV.(M) is linear
space. The proof for other spaces will follow similarly. ]

Theorem 2.2. Let My, M, be two Orlicz functions and statisfying A, condition ,then
(a)X(M2) - X(Mle)
(b)X(M]) M X(Mz) - X(Ml + Mz)fOFX = zBVé, Z(OBVOI.), ZMQV(,’ Z(OMgV()'



Khan VA. et al. / Theory and Applications of Mathematics & Computer Science 6 (2) (2016) 187-197 193

Proof. (a)Let x = (x;;) € 2(o0BV.(M,)) be an arbitrary element
= p > 0 such that

I- limMz(M) ~ 0. (2.12)

Let € > 0 and choose § with 0 < § < 1 such that M () < e for 0 <1 < 6.
Write y;; = Ma( —W’"’”Z(x)‘) and
consider,
lllI,n M (yij) = yjjglgfljeN M, (yij) + yij>lgil:ljeN M, (yij)- (2.13)
Now, since M, is an Orlicz function so we have M, (Ax) < AM;(x),0 <A < 1.
Therefore we have,
i ) < i i) .
am My (vij) < Mi(2) yl_jgl;’rg}jeN(y j) (2.14)
For y;j > ¢, we have y;; < %’ <1+ %’ . Now, since M, is non-decreasing and convex, it follows
that, 5
Vij 1 1 Vij
Ml(yij) <M1(1 +—J) < —M1(2) +—M1(—J) (215)
0 2 2 0
Since M, satisfies the A,- condition we have,
Yij 2yij

1 1

L yij I ij

—K—M,(2 —K—M,(2
< FKGM(2) + SKEM(2)
Vij
o

= K22y (2). (2.16)

This implies that,
Yij

M@w<K6

Mi(2). (2.17)

Hence,we have
lim M (y;) < max{1,K§ 'M;(2) lim (y;)}. (2.18)

yij>6, i, jeN yij>0,i,jEN
Therefore from (2.12),and (2.13) we have

I —1lim M, (y;;) = 0.
ij

ij

ol

This implies that x = (x;;) € 2(oBVL(MM,)).Hence X(M,) < X(M;M,) for X = ,(¢BV%). The
other cases can be proved in similar way.
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(b) Let x = (x;;) € 2(0BVE(M,)) n 2(oBVL(M,)). Let € > 0 be given.Then 3p > 0 such
that,

1—an¢@@ﬁﬂJ=Q (2.19)
and ’
1—umeM#§ﬁ5:o. (2.20)
Therefore
| B (%) | Bounij () | Bounij (%)

[ —lim(M, + Mp)(————=) =1 —limM,(————=) + [ — lim M,(———),
i p i p Y P

from eqs (2.19) and (2.20)

=] — 11m(M1 + Mz)(—‘d)mn;;(x”) = (.
ij

we get
X = (x,-j) S 2<oBV£.(M1 + Mz))

Hence we get 2(0BVL(M;)) n 2(0BVL(M,)) < 2(o0BVEL(M, + M,)).
For X = ,BV., Z(OM{?VU.)’ ) MéVJ) the inclusion are similar. O

Corollary 2.1. X < X(M) fOl"X = Q(BV({_), zBVé , Z(OMI{?VU) and 2M11~3V(,-'

Proof. For this let M(x) = x, for all x = (x;;) € X. Let us suppose that x = (x;;) € 2(oBV.).
Then for any given € > 0 we have

{(i,)) e NX N |@pnij(x)| = €} € L.

Now let
A = {(i,j) e NxN: |¢mm-j(x)| <e€tel,

be such that A{ € I. Now consider , for p > 0,

M |¢mm’j(x)!) _ i ()]
p p
€
< — < E.
o

= [ — lim M(M) = 0, which implies that x = (x;;) € 2(oBV.(M)). Hence we have

2(0BV)) < 2(sBVL(M)).

— X < X(M)

and the other cases will be proved similarly. ]
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Theorem 2.3. For any Orlicz function M, the spaces »(oBV.(M)) and »(oMy, ) are solid and
monotone.

Proof. Here we consider »(oBV!) and for ,(,BV.(M)) the proof shall be similar.
Letx = x;; € 2(oBV.L(M)) be an arbitrary element ,= Jp > 0 such that
mni j\X
1 — tim (2
7] p
Let a;; be a sequence of scalars with |a;;| < 1 fori, je N.
Now, M is an Orlicz function. Therefore

M( \a,-,,-rl)n;u;,-(x)l ) M || \¢;mij(x)| )
| Gonni(X) ]

< |a’ij|M(T>

= Mty < g (el for all 7, j N,

P

@} jQmnij\ X
=] limM(M) = 0.
17} p
Thus we have (@;;x;;) € 2(o0BVL(M)). Hence »(oBV.(M)) is solid. Therefore »(oBV.(M)) is
monotone. Since every solid sequence space is monotone. ]

Theorem 2.4. For any Orlicz function M,the space ,BV.(M) and >(Mpgy1 (M)) are neither solid
nor monotone in general.

Proof. Here we give counter example for establishment of this result. Let X = ,BV/ and ,(Mpy1 ).
Let us consider / = I and M(x) = x, for all x = x;; € [0, ). Consider,the K-step space Xx (M)
of X(M) defined as follows:

Let x = (x;;) € X(M) and y = (y;;) € Xg(M) be such that (y;;) = (x;;), if i,j is even and (y;;) = O,
otherwise.

Consider the sequence (x;;) defined by (x;;) = 1 foralli, j€ N. Thenx = (x;;) € ,BV.(M) and
1My (M), but K-step space preimage does not belong to BV, (M) and , M}, (M). Thus ,BV; (M)
and ,M gVU(M ) are not monotone and hence they are not solid. Ol

Theorem 2.5. For an Orlicz function M, the spaces ,BV.(M) and ,BV. (M) are sequence algebra.

Proof. Let x = (x;;),y = (yi;) € 2(o(BVL(M))) be any two arbitrary elements. = p;, 0, > 0 such
that,

I hmM(w) —0,
1] pl
and
1= timyp (2Ol

P2
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Letp = p1p> > 0. Then

|¢mnij(x) ¢mnij(y)|) _ M(|¢mm'j(x) ¢mnij()’)|
Y P1P2
’(pmnij(x) (bmmj(y)‘

o
Therefore we have (x;;y;;) € 2(0BV.(M)). Hence »(oBV.(M)) is sequence algebra. O

M(

)

= [ — lim M( ) =0.
ij

Theorem 2.6. For any Orlicz function M, the spaces »(¢BV.(M)) and ,BV!.(M) are not conver-
gence free.

Proof. To show this let I = I; and M(x) = x, for all x = [0,20). Now consider the double
sequence (x;;), (v;;) which defined as follows:

1 e
Xjj = i+jand yij=1i+JjVi,jeN.
Then we have (x;;) belong to both ,((BVZ(M)) and ,BV. (M), but (y;;) does not belong to »(oBV.(M))
and ,BV.(M). Hence, the spaces ,(¢BV!(M)) and ,BV! (M) are not convergence free. O

Theorem 2.7. Let M be an Orlicz function. Then
2(0BV;(M)) € 2BV, (M) & 2(BV,(M)).

Proof. For this let us consider x = (x;;) € ,(oBVL(M)). It is obvious that it must belong to
»BV!(M). Now consider

(s ZEy Bty (),

Now taking the limit on both sides we get

|¢mnij(-x) - L|

I — limy;M(
! p

) =0.

Hence x = (x;;) € ,BVL(M).

Now it remains to show that ,(BVL(M)) € 1(,,BVL(M)). For this let us consider x = (x;;) € ,BVL(M) =
dp > 0O s.t

mni j —L
I — limM(M> = 0.

1] p

Now consider .
M< \¢mm-j(x)\) . M( | Bnij (x) — !) N M(ﬂ).
p p p

Now taking the supremum on both sides we get

sup M (M) < 0.

ij 1Y
Hence x = (x;;) € 2(BVL(M)). O O
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