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Abstract

In this paper we present practical algorithmic optimizasiaddressing two problems. The first one is concerned
with computing a maximal matching in an induced subgraph gfié graph. For this problem we present a faster
sequential algorithm using bit operations and a way of irm@lsting it in a parallel environment. The second problem
is concerned with computing minimum cost perfect matchingsipartite graphs. For this problem we extend the
idea behind the Hopcroft-Karp maximum matching algorithmd then we consider a more general situation in which
multiple minimum cost perfect matchings need to be compiméige same graph, under certain cost restrictions. We
present experimental results for all the proposed optiticiza.
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1. Introduction

The problem of computing maximum or maximal matchings iraltipe graphs has been con-
sidered many times in the scientific literature. Many of theppsed algorithms use the fact that
computing a maximum matching in a bipartite graph is eqentlo computing a maximum flow
in a slightly modified graph. Thus, results from the theoryetwork flows can be used for com-
puting maximum matchings. If only a maximal matching is rexedthen simpler greedy-type
algorithms can be employed. In this paper we present sguexetical algorithmic improvements
for some of the algorithms used for computing maximal maigiin grid graphs and minimum
cost perfect matchings in bipartite graphs.

The rest of this paper is structured as follows. In Secflome define the main terms and
techniques used in this paper. In Sect®bmwe discuss related work. In Sectidnwe present
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faster algorithms for computing maximal matchings in inellisubgraphs of grid graphs based on
algorithms which use bit operations. In Sectibmwe extend an idea used for computing maxi-
mum matchings in bipartite graphs to the computation of mium cost perfect matchings. The
idea consists of using multiple edge-disjoint augmentiaig per iteration in order to reduce the
number of iterations of the algorithm. In Secti®mwe consider another perfect matching problem.
In this problem we are interested in computing a minimum eesfect matching in a complete
bipartite graph under certain restrictions regarding thet computation. The cost of the matching
is considered to be equal to the sum of the costs of the edgestfre matchingxceptfor the
cost of the minimum cost edge from the matching (i.e. the mum cost edge of the matching
is considered to have cost 0 when computing the cost of thehimaf). In Sectior’ we present
experimental evaluations of all the algorithms discussetthis paper. Finally, in Sectio we
conclude.

2. Terms and Definitions

A bipartite graph is a graph whose vertices can be split wm $etsL (left) andR (right).
We consider the vertices to be numbered from 1Ltan the left set and from 1 t¢R] in the
right set (it is acceptable to have vertices with the samebmurm the graph, because they will
be diferentiated based on the debr R to which they belong). Every edge, {) of the graph is
between a nodg € L and a nodg € R. A matching in a bipartite graph is a set of edges such that
no two edges in the set have a common vertex. A maximum magchiz matching of maximum
cardinality. A maximal matching is a matching to which no medges can be added (i.e. all the
edges outside of the matching have a common vertex with st teee edge from the matching).
A perfect matching is a matching in which every node of thefria an endpoint of an edge from
the matching (such a matching may exist only whién= |R)).

In order to reduce the maximum matching problem to a maximom firoblem we need to
construct a directed graph as follows. We will have a spemdEeS called thesourceand another
special nodel called thesink We will also keep all the nodes from the given bipartite dgrap
Each edge X, y) of the original bipartite graph will be replaced by a diesttarc fromx to y
having capacity 1. We will also add capacity 1 arcs frSrto every nodex € L and from every
nodey € Rto T. In case the edges of the bipartite graph have costs thetsearegnaintained on
the directed arcs from the nodeg L to the nodey € R (we will denote byc(x, y) the cost of the
edge betweer € L andy € R). All the arcs havings or T as an endpoint will have cost 0.

One of the best known maximum flow algorithms is the Edmondgpkalgorithm Edmonds
& Karp, 1972. This algorithm can be summarized as follows: As long asibbsfind a shortest
path fromS to T in the residual graph and augment the flow along that path. n/éne costs
are involved the algorithm can be adjusted in order to find @mim cost path frons to T in
the residual graph. Note that the residual graph may conegative costs. This version of the
Edmonds-Karp algorithm is known as theccessive shortest patlgorithm (Todinoy, 2013. A
simple breadth-first search algorithm is used for findingatgist path in the first case (i.e. when
edge costs are not involved), while a minimum cost path élgorneeds to be used in the second
case (i.e. when edge costs are involved), for instancepma@HFord-Moore Papaefthymiou &
Rodrigue 1997 or even Dijkstra’s algorithmTodinov, 2013 after modifying the graph’s arc
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costs in order to remove negative costs. Thus, the algogthmaists of multiple iterations, in each
of which the flow is increased along a single path. The most tonsuming part in each iteration
is the traversal of the graph in order to find an augmenting.plat a graph withv vertices and
E arcs finding the shortest augmenting path taR@¢ + E) time when no costs are involved and
O(V - E) time when costs are involved (@(V + E - log(V)) or O(E + V - log(V)) time when
Dijkstra’s algorithm is used on the modified residual grapkts). Then, augmenting the flow
along the found path is easy (it takes o@l{) time). In the case of bipartite graphs it ifscient

to find a path fronS to an unmatched vertex iR (because this vertex is directly connectedto
through an existing arc in the residual graph).

3. Related Work

The best algorithm for computing a maximum matching in spdpartite graphs is the
Hopcroft-Karp algorithm Klopcroft & Karp, 1973, which has a time complexity dd(E - VV)
whereV is the number of vertices aril is the number of edges of the graph. For dense bipar-
tite graphs the algorithm proposed iAlf et al., 1991 has a slightly better time complexity of

O(Vv1® ‘/IogI%V))' Both of these algorithms have a better time complexity tthee Edmonds-Karp
algorithm for finding a maximum flow presented in the previgestion. However, due to its
simplicity, the Edmonds-Karp algorithm is used in many ficat implementations. Moreover,
experimental evaluations showed that for some types oftiipgraphs some modified versions
of the Edmonds-Karp algorithm (which use breadth-first dedrom all the source’s neighbors
for finding augmenting paths) are faster than the Hopcraitpkalgorithm, despite having a worse
theoretical time complexityGherkasskyet al., 1998.

Edmonds-Karp is not the only algorithm for computing maximtiows in graphs. In fact,
many such algorithms were proposed in the scientific litweat Some of the most popular ones
are Dinic’s algorithm Dinic, 1970, Karzanov's algorithmKarzanoy 1974 and the push-relabel
maximum flow algorithm Goldberg & Tarjan1989.

A minimum cost perfect bipartite matching can be compute@(ivi®) time using the Hungar-
ian algoritm Munkres 1957). Thesuccessive shortest patlgorithm for minimum cost maximum
flows can be implemented @(V - (E + V - log(V))) time in order to compute a minimum cost
maximum matching by using Fibonacci heapsedman & Tarjan1987. The algorithm consists
of O(V) iterations and each iteration runs@(E + V - log(V)) time. Dynamic versions of the
minimum cost perfect bipartite matching problem, in whiclge costs can be changed, have also
been considered\ills-Tetteyet al.,, 2007).

Maximum matchings can also be computed in general graphgusiobipartite graphs (see,
for instance, Gabow’s algorithnG@bow 1976, having anO(V3) time complexity). Minimum
cost perfect matchings have also been considered in soro@kplasses of graphs, e.g. graphs
induced by points in the plan&dradarajan1998. Greedy algorithms for maximal matchings,
including parallel versions, were presentedBie{loch et al,, 2012. The problem of maintaining
maximal matchings in dynamic graphs has been addresséi&iman & Solomon2013.
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4. Faster Algorithm for Maximal Matchings in Induced Subgraphs of Grid Graphs using
Bit Operations

We consider amM - N grid graph in which every node has a coordina¢g/ (0 < x < N -1,
0 <y < M -1) and some nodes are missing. The graph is defined by thecitrgdjacency
structure of the existing nodes (i.e. two nodes at distanicettie grid are neighbors). We are
interested in computing a maximal matching in this graphteNbat a maximal matching simply
implies that no other edge of the graph can be added to thénmgtand not that the matching has
maximum cardinality. Computing a maximum cardinality niég can be done easily, because
the graph is bipartite (we can separate the nodes into twapgrbased on the parity of their sum
of x andy coordinates) and there are many polynomial-time maximurtchiadg algorithms in
such graphs (see Secti@h

Computing a maximal matching can be achieved faster, in ©gh - N) time. Let’s consider
the following Greedy algorithm (Algorithr) which traverses the grid graph in increasing order
of they-coordinate and for eaghin inceasing order of thg-coordinate.

Algorithm 1 GreedyO(M-N) Algorithm for Finding a Maximal Matching in an Induced Subgh
of a Grid Graph

C = 0 {At the end of the algorithn@ will be the size of the maximal matching.
fory=0toM -1do
for x=0toN-1do
if node §, y) exists in the grapkhen
if y> 0andnode & y— 1) exists in the grapand node &,y — 1) is not matchethen
Match the nodesx(y) and &,y — 1)

C=C+1
else if x > 0 and node & — 1,y) exists in the grapland node & — 1,y) is not matched
then
Match the nodesx(y) and k — 1,y)
C=C+1
end if
end if
end for

end for

We can implement a faster version of the Algoritirby using bit operations. Note that the
presented algorithm will only compute the size of the maximatching and not the matching
itself. The speed increase is due to using bit operationshandling multiple nodes at the same
time. We will split each row of the grid graph (correspondingy-coordinate) into blocks oB
bits. Blocki of each row contains bits referring to the coordinates, ..., (i + 1)- B— 1. We will
denote byblock(y, i) the blocki of the row corresponding to the coordingtéNe will have bitj of
block(y, i) setto 1 if the nodei{B+ |, y) exists in the graph, and set to 0 otherwise(p < B—1).
We will traverse the graph from= 0toy = M — 1 as in Algorithml. During the traversal we
will maintain a row of blocks corresponding to the previoaw/iin which 1 bits will correspond
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to existing unmatched nodes. When considering a newyrdte first step is to perform alND
between the current row and the previous row of unmatche@sodll the 1 bits in the result
of this operation will represent nodes from the current rowal are matched to nodes from the
previous row. After performing this match we will clear thetthed 1 bits from the current row.
The next step is to match nodes from the current row which @jgcant to each other faster than
O(N) time. In order to achieve this we will need to use a preprsiogsstep. For each sequence
S of B bits we will computeMCnt(S) that is the number of pairs of adjacent bits matche8 in
and MRegS) the B-bit sequence containing the remaining unmatched 1 bifs. dlVe will start
with MCnt(S) = 0 andMRegS) = S. Then we will traverse all the bitsof S from 1 toB - 1.

If MRegS)(j) = 1 andMreqS)(j — 1) = 1 then we increasBICnt(S) by 1 and we clear the bits
jandj—1in MRegS). Thus, we can computdCnt(S) andMRegS) in O(B) time, obtaining a
preprocessing time dd(28 - B). Within the same time complexity we will also compute fockea
B-bit sequencé& the number of 1 bits ir5, BCn{(S).

With these values we can perfom the matching on the currentyroe will consider each
blocki from 0 to (N — 1)/B and we will maintain the state of the current row as a sequehce
blockscrow. First we copyblocky,i) to crow(i). Then, ifi > 0 and bitB — 1 of cromi — 1) is
1 and bit O ofcrow(i) is 1 we match these two bits and then we set them to zero. wtels we
replacecrow(i) by MRegcrow(i)). The detailed algorithm is presented in Algoriti2n

The time complexity of Algorithn® is O(28 - B+ M - N/B). TheO(28 - B) term is the time
complexity of the preprocessing stage and @@ - N/B) is the time complexity of the actual
algorithm. The presented algorithm can even be implementagbarallel manner. First of all the
preprocessing stage is obviously parallelizable: each@ft values of the tabledRes MCnt
andBCntca be computed independently. In order to parallelize theahealgorithm we will need
to refactor it first. We will first perform all the horizontalatchings on each of thd rows. We can
first perform the matching within each block of each row inelegiently in parallel and store the
resultin a variable specific to eaatoy, blocK) pair (this means that we would have such a variable
for each block of each row). Then we can handle the matchibgdsan bit O of odd-numbered
blocks and biB — 1 of the preceding even-numbered block in parallel, folldywg another stage
in which we handle the matching between bit O of even-nuntbbtecks and bitB — 1 of the
preceding odd-numbered block in parallel. Then we can landitchings between nodes on
different rows. In order to parallelize this stage we will firshsider all the rows corresponding
to oddy coordinates being matched to the adjacent row with a smalidreveny coordinate.
Obviously, each block of all of thesil/2 (we consider integer division) rows can be handled
independently in parallel. Then we will consider all the sovorresponding to evgncoordinates
being matched to the adjacent row with a smaller and ypddordinate. Each block of these
M — M/2 rows can also be handled independently, in parallel. Thallphalgorithm presented
here can use up to®2rocessors in the preprocessing stage and i\ tdN/B processors in the
maximal matching computation stage. Note that the resuli@parallel version may fier from
the result of the sequential algorithm (Algoritifhbecause a élierent maximal matching will be
computed (due to the fiierent order of performing the vertical and horizontal mag)h
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Algorithm 2 GreedyO(28-B+M-N/B) Algorithm for Finding a Maximal Matching in an Induced
Subgraph of a Grid Graph

Compute the tableBIRes MCntandBCnt
C=0
prowi) =0 (0<i<(N-1)/B)
fory=0toM -1do
crow(i) « blockly,i) (0<i<(N-1)/B)
fori=0to(N-1)/Bdo
vmatcl{i) = crom(i) AND prow(i)
C = C + BCnt(vmatcli)))
crowm(i) = crow(i) XOR vmatclfi)
end for
C = C + MCnt(crow0))
crowm0) = MRegcrow(0))
fori=1to(N-1)/Bdo
if bit B— 1 of crowm(i — 1) is 1and bit O of crow(i) is 1then
C=C+1
Clear bitB — 1 of crom(i — 1) and bit O ofcrow(i).
end if
C = C + MCnt(crow(i))
crom(i) = MRegcrowi))
end for
prow(i) = crom(i) (0<i < (N -1)/B)
end for

5. Using a Maximal Set of Edge-Disjoint Paths for Reducing te Number of Iterations of
Minimum Cost Perfect Matching Algorithms

The best algorithm for computing a maximum matching in a Spdiipartite graph is the
Hopcroft-Karp algorithmidopcroft & Karp, 1973 which has a time complexity @(E- VV). The
main idea behind that algorithm is to enhance a standard ewigmg path algorithm as follows.
After each BFS traversal of the graph in order to find an augmgmpath, the matching will not
be increased only along one path, but rather along a maxietafsdge-disjoint shortest paths
(note that in this case edge-disjoint paths are also veligrint paths, because they are paths in
a shortest path tree; the only common vertex is the sdsyce

The same idea can be used when computing a minimum cost perééching. At each iter-
ation of thesuccessive shortest patitgorithm {Todinov, 2013 we need to find a minimum cost
path in the residual graph. Note that the residual graph naag larcs with negative costs, but
does not have negative cycles. Thus, we either need to usert@stpath algorithm which sup-
ports negative costs (e.g. Bellman-Ford-ModPagaefthymiou & Rodrigyel997) or we need
to modify the costs in order to obtain non-negative costy anld, thus, use Dijkstra’s algorithm
(Todinoy, 2013.
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No matter what shortest path algorithm we use, at the endeadlgorithm we have the min-
imum cost of a path starting at the source and ending at eadfxe R. We can sort all these
nodes in ascending order of the cost of the minimum cost matk&ch them (ignoring the un-
reachable nodes, if any). Then, rather than only increasi@gnatching along the minimum cost
augmenting path, we can consider these nodes in sorted éimieeach node we trace back its
shortest path to the source. If the matching was already antgd at the current iteration along
at least one edge of the path, then we ignore noded we move on to the next one. If the cur-
rent path does not intersect with any of the paths along wiielmatching was augmented at the
current iteration then we can augment the matching alorsgothih and mark its edges in order to
know that no other shortest path containing (some of) thegescan be used for augmenting the
matching at the current iteration.

A direct implementation of this modified matching augmeotatlgorithm take©(V?) time
per iteration, because there may®@/) verified paths and each verification may t&g/) time.

On the other hand, we cannot guarantee that the matchingevdlugmented along more than one
path. A scenario in which all the paths have the first edge mroon (from the source to a vertex
X € L) and the minimum cost path has only this edge in common wighatiher paths is quite
possible. Sinc®(V?2) may be a higher time complexity than that of computing theimum cost
paths, we may end up increasing the running time of the dlgurinstead of decreasing it. Thus,
we need to reduce the time complexity of the matching augatientpart. This can be achieved
as follows. Let's remember that the minimum cost paths atkspa a shortest path tree (where
the length of a path is its cost). We will consider the paththensame order as before and we
will consider all the edges to be initially unmarked. If trest edge of the current path is not
marked then we will be able to augment the matching along tinet path. After augmenting
the matching along the current path, et L be the first vertex on the path (after the source). We
will traverse the whole subtree of the shortest path tregetbatx and we will mark all the edges
of this subtree. Augmenting the matching along all the fmsgpaths takes at mo&x(V) time
overall (because the paths are edge-disjoint). Markingdtlges of the shortest path tree also takes
at mostO(V) time overall, because there &¢V) edges in the shortest path tree and each edge is
marked at most once. Thus, the matching augmentation #igotakes onlyO(V) time plus the
time needed for sorting the paths in increasing order of ttasts (e.gO(V - log(V)) time).

The first version of the algorithm proposed in this sectiotidscribed in pseudocode in Algo-
rithm 3. The input to the algorithm consists of two magsst, containing the cost of the shortest
path fromS to every vertexx € R (we considerdist(x) = +oo if the vertexx is not reachable
from S), and parent containing theparentin the shortest path tree for each vertex of the graph.
Left-set verticesx are denoted asx(L) in the algorithm and right-set verticgsare denoted as
(v, R). In order to maintain the pseudocode simpler, we will makgraph vertices instead of the
edges (because, as mentioned earlier, in this case thedesjgiert paths are also vertex-disjoint).
The second version of the algorithm is described in psewtmao Algorithm4. The input to
the Algorithm4 also consists of the same two magist and parent together with an extra map,
children, which contains the children in the shortest path tree of @actex of the graph.

This algorithm basically augments the matching along a makset of edge-disjoint paths (in
fact, because they are paths of a shortest path tree, theqrathlso vertex-disjoint except for the
source vertex). It is important. however, to consider thpgeg@s in increasing order of their costs,
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Algorithm 3 Increasing the Matching Along a Maximal Set of Edge-Disjdaths - TheD(V?)
Algorithm
Input: dist, parent.
Set all the vertices of the graph as unmarked.
Sort the vertices € Rin increasing order adiist(x).
for x € Rin increasing order adlist(x) such thadist(x) < +oco do
y = (X,R), OK = true
while y # S and OK = truedo
if vertexy is markedthen
OK = false
else
y = parenty)
end if
end while
if OK = truethen
Increase the matching along the shortest path f&otm (x, R) (the reverse of the path can
be found by following the parent pointers starting froxR)).
y=(xR)
whiley # S do
Mark vertexy as marked.
y = parenty)
end while
end if
end for

Algorithm 4 Increasing the Matching Along a Maximal Set of Edge-Disjdtaths - TheD(V)
Algorithm
Input: dist, parent, children.
Set all the vertices of the graph as unmarked.
Sort the verticex € Rin increasing order odlist(x).
for x € Rin increasing order odlist(x) such thadist(x) < +oco do
if (x, R) is not markedhen
Increase the matching along the shortest path f&otm (x, R) (the reverse of the path can
be found by following the parent pointers starting froxR)).
Let (y, L) be the first node on the path frogto (x, R) after S. Recursively mark all the
vertices located in vertex/(L)’'s subtree of the shortest path tree. Tdeldrenmap will
be used for retrieving for each vertexhe setchildrenv) that is the set of the shortest path
tree children of the vertex
end if
end for
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in order to make sure that the residual graph at the nextiberdoes not contain negative cycles.
The reason for which this optimization works is as followsalperfect mtaching every vertex has
to be matched. When augmenting the matching along a shpd#sto a node, even ifx is not
the right-side node with the minimum cost path, the poinh&t tany future minimum cost path to
nodex (in any future residual graph) will not have a lower cost thf@current shortest path 10
So there is no reason for us not to augment the matching at@atgath, as long as this does not
block paths with lower costs along which the matching coatdehbeen augmented.

Note that this optimization is not correct in a maximum matghalgorithm. It is not correct to
augment the matching along a path which does not have thalblohinimum cost, because we
are not sure if the right side verteoneeds to be in the optimal matching or not. And since vertices
added to the matching are never removed by this algorithspibssible to make a mistake in this
case.

This optimization does not change the theoretical time deriy of the minimum cost perfect
matching algorithm, because we cannot provide any extraagtees regarding the number of
augmenting paths per iteration (and, thus, we cannot peayichrantees regarding the reduction
in the number of iterations).

6. Minimum Cost Perfect Matching With the Minimum Cost Edge I gnored

In this section we consider the following problem. Given anptete bipartite graph witi
nodes on the left side andnodes on the right side and costs on its edges, we want to find a
minimum cost perfect matching in which the cost is definedvastim of the costs of all the edges
in the matching except for the cost of the edge with the srsiatiest.

A simple method for solving this problem is to iterate ovéitla¢ edgesi( j) and fix them as
the smallest edge in the matching. Then we would computewalusinimum cost maximum
matching in the bipartite graph from which left nodeight nodej and all the edges’( j’) with
c(i’, )) <c(i,]) (orc(i’, J’) = c(i, j) and the edgei’, ') was considered before the edggj)) are
removed. If the maximum matching has sizen—1 then we found a potential solution, as follows.
The potential solution consists of the- 1 edges of the found matching plus the edgé¢)( The
cost of the matching (according to the definition used in sigistion) is equal to the sum of the
costs of then — 1 edges oM. Note that the fixed edge, () is the edge with the minimum cost
in the perfect matching (the one whose cost is not consideredrds the cost of the matching).
Once the edgd,(j) was fixed we needed to minimize the total cost of the other edges of the
perfect matching. Moreover, the other edges of the perfettinng needed to have costs which
were larger than or equal @i, j). The minimum cost maximum matching contains then — 1
edges we were looking for, in case its cardinalityis 1. If its cardinality is less than — 1 then
we can conclude that there is no perfect matching contaithi@egdgei( j) as the minimum cost
edge.

This solution requires the computation®@fn?) independent minimum cost maximum match-
ings. The key to obtain a better solution is to notice that@ie?) matchings that we need to
compute are not totally independent. We will sort all thedges first in ascending cost order and
then we will consider them in this order. For the first edge v a@mpute the minimum cost
maximum matching from scratch. Let's assume that we reattfeeddgei( j). This time we will
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not compute the new matching from scratch. Instead, let'sicker the matchingl obtained for
the previous edge in the sorted order. We will remove fidnany edge with an endpoint at the
left nodei or the right nodej (if any). Then we will remove fromM all the edges with a cost
smaller tharc(i, j) (or equal toc(i, j) but for which the corresponding edge was considered before
the current edge (j) in the sorted order). All the other edgesifwill be maintained. We will
start the (usual) minimum cost maximum matching for the €dgé¢ with all the remaining edges
from M as part of the matching. Note that the algorithm may replaogesof these edges by other
edges. This can happen if the reverse of an eggg (x € L andy € R) from M is, at some point,
part of the shortest path fro®ito T in the (new) residual graph. When considering the maximum
matching problem as a maximum flow problem, the fact that aye €dy) is removed from the
matching means that the flow is pushed back along that edgedar to be redirected somewhere
else).

By applying the optimizations from the previous paragraghexpect that the number of iter-
ations required for computing each new minimum cost maxinmuaching will be significantly
reduced.

This problem can also be viewed as a dynamic minimum cosegienfatching problem, in
which the edge costs can be modified (for instance, insteeghodving edges from the graph we
can consider that their cost increased-to).

7. Experimental Results

We implemented the three optimizations presented in thp&ipand compared them against
their unoptimized versions. All the tests were run on a maehiunning Windows 7 with an Intel
Atom N450 1.66 GHz CPU and 1 GB RAM. All the algorithms were Ierpented in the €+
programming language and the code was compiled using #ked®@mpiler version 3.3.1.

First we tested our new algorithm for computing a maximalahigiy in an induced subgraph
of a grid graph. We chos®l = N = 2048 and we randomly generated the induced subgraph -
each pointxy) (0 < x<N-1,0<y< M-1) had an equal probability of being part of the
subgraph or not. Thus, each of the tested subgraphs hadxapptely 50% of the nodes of the
full grid graph. We generated 100 subgraphs and ran Algoritifthe unoptimized version) and
Algorithm 2 (the optimized version) on each of them. We computed the totaing time for
all the graphs. Algorithnl took 53 seconds. For Algorithr@ we considered two values f@:

B = 16 andB = 8. ForB = 16 the running time was.?4 sec and foB = 8 it was 113 sec. Note
that in this case we computed the tabM&nt, Mres and BCnt each time (i.e. for each of the
100 tests). However, when running the algorithm on multiegts with the same value Bf these
tables only need to be computed once, in the beginning. Mrishanged the algorithm in order
to compute these tables only once in the very beginning ahdon@ach of the 100 tests. The
new running times were.92 sec forB = 16 and 113 sec forB = 8. Note that the running time
is unchanged foB = 8 because the sizes of the tables are small and the time neededhpute
them is negligible compared to the time needed to computentitehing. However, foB = 16,
when the sizes of the tables increase significantly, it ishragtter to compute the tables in the
beginning and reuse them for each test.
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Then we repeated the tests for induced subgraphs of grichgregntaining 75% and 100%
of the nodes of a full grid graph. For graphs with 75% of the e®df a full grid graph the
running times of our optimized algorithm were21 sec forB = 8 and 093 sec forB = 16 (note
that we only considered the case when the tables are compstaxhce). The running time of the
unoptimized version was@9 sec. When considering the full grid graph we obtaineddhewing
running times: M0 sec forB = 8 and 055 sec forB = 16 for the optimized version and4® sec
for the unoptimized version.

We did not test other values &fbecause the implementation would become less feasible. For
B > 16 the sizes of the precomputed tables would become too. |&g@eB = 8 andB = 16 we
were able to make use of existing@-+ data typesynsigned chaiand unsigned short intin
order to store a block. Fd # 8 andB # 16 (andB < 16) we cannot exactly fit a block into an
existing GC++ data type.

Second we tested the improvement brought by the use of neugge-disjoint paths for aug-
menting the matching in a minimum cost bipartite perfectahig algorithm. The expected
improvement consisted in a reduction of the number of itenat The standard algorithm would
usen iterations wherélL| = |R| = n. We chosen = 256 and we generated 100 complete bipartite
graphs. The cost of each edge was chosen to be a random inétgreren 1 and 10000 (inclusive).
The unoptimized algorithm we used was the standaitessive shortest paslgorithm with the
Bellman-Ford-Moore algorithm for computing minimum costilps at each iteration. The opti-
mized algorithm simply included th®&(n?) matching augmentation along multiple edge-disjoint
minimum paths described in Sectidn We measured both the total running time and the total
number of iterations. The total running time (for all the Ifi@phs) and the total number of iter-
ations of the standard algorithm were:.ZBsec and 25600 iterations. With our optimization the
total running time was .3 sec and the total number of iterations was 1022. We notaie ¢ven
with the most basic implementation of our optimization, thening time was reduced 10 times
and the number of iterations was reduced 25 times. Althobghriinning time improvements
may not translate directly when other minimum cost path aatampon algorithms are used (e.g.
Dijkstra’s algorithm) or when th®(V + V - log(V)) matching augmentation optimization is used
(instead of theD(V?) version), the improvement in the number of iterations doasdepend on
these algorithms and, thus, it is applicable to any impleatean of thesuccessive shortest path
minimum cost bipartite perfect matching algorithm.

Then we considered the same testing scenario, except thattfe costs were chosen as ran-
dom integers between 1 and 2 (inclusive). The total runrimg of our optimized algorithm was
2.98 sec and the total number of iterations was 5100. The nuofbi&rations of the standard
algorithm remained the same (as expected), but its runmmgydropped to 183 sec.

We also considered the complete bipartite graph with thewahg costsc(x,y) = min(x,y)

(1 < x,y < n)yandn = 256. In this case our optimization did not reduce the numbéemtions

at all (due to the special structure of the bipartite grapteis never able to augment the matching
along more than one path per iteration). However, the runtime with our optimization enabled
was almost identical to the unoptimized version. We corelticht our optimization has a great
potential for reducing the number of iterations of thecessive shortest pathiinimum cost per-
fect matching algorithm and even in the pathological cadesnwt cannot reduce the number of
iterations, it doesn’t cause any significant overhead.
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Although there is a large flerence between the number of iterations obtained by our opti
mization in the cases of random complete bipartite grapdsrathe case of the specific bipartite
graph from the previous paragraph, we did not consider ayipexs of bipartite graphs for testing.
Understanding the correlation between the performancermdptimization and the specific prop-
erties of the costs of the edges of the bipartite graph istenasting topic, but we defer its study to
a later date, because we feel that this topic is more ap@tedor a separate, more experimentally
focused, paper.

For the problem presented in Secti6rwe tested our optimization of not recomputing the
perfect matching from scratch each time. The first minimurst gerfect matching algorithm
that we used was the one which contained our matching augitm@ntoptimization presented
in Section5 and tested earlier. We generated 10 bipartite graphs mith128 and edge costs
randomly selected between 1 and 10000 (inclusive). We ctedpthe total execution time and
the total number of iterations of thsaccessive shortest pagtgorithm. When the matching was
computed from scratch each tim@((?) times) the total running time was 805 sec and the total
number of iterations was 1305200. When we applied our op#tian from Sectior6, the total
running time was 221 sec and the total number of iteratiorss244886. When using the standard
successive shortest pagiigorithm in order to compute a minimum cost perfect matghend
not using our optimization of not recomputing the matchirmnf scratch each time), the total
running time was 5798 sec and the total number of iteratias20610157. When we applied our
optimization from Sectio® and also used the standard minimum cost perfect matchiogitim
the total running time was 232 sec and the total number ddtitars was 251789. We can see
that our optimization of not recomputing each minimum castfgct matching from scratch is
very dfective. When combined with the optimization presented ictiSe 5, of augmenting the
matching along multiple paths at each iteration, we obththe best results. However, even when
just the standarduccessive shortest pathinimum cost perfect matching algorithm is used in
conjunction with our optimization from Sectidgthe improvements over the naive unoptimized
version are significant. Nevertheless, more tests may reebd performed in the future in order
to understand gticiently well how good our proposed optimization really is.

8. Conclusions

In this paper we presented three practical algorithmicnoigations addressing problems like
computing maximal matchings in induced subgraphs of graghlgs or computing minimum cost
perfect matchings in bipartite graphs (under certain ict&ins). The proposed optimizations
were evaluated experimentally and compared against thgtinmaed algorithms. The execution
time was significantly reduced in each case, thus provingv#teity and dfectiveness of our
optimizations.
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In this paper we prove some fixed point theorems for Reich type contractions on cone rectangular metric spaces
endowed with a graph without assuming the normality of cone. The results of this paper extends and generalize several
known results from metric, rectangular metric, cone metric and cone rectangular metric spaces in cone rectangular
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1. Introduction

In 1906, the French mathematician M. Fréchet Fréchet (1906) introduced the concept of met-
ric spaces. After the work of Fréchet several authors generalized the concept of metric space by
applying the conditions on metric function. In this sequel, Branciari Branciari (2000) introduced a
class of generalized (rectangular) metric spaces by replacing triangular inequality of metric spaces
by similar one which involves four or more points instead of three and improved Banach contrac-
tion principle Banach (1922) in such spaces. The result of Branciari is generalized and extended
by several authors (see, for example, Flora et al. (2009); Bari & Vetro (2012); Chen (2012); Isik
& Turkoglu (2013); Lakzian & Samet (2012); Arshad et al. (2013); Malhotra et al. (2013a,b) and
the references therein).

Let (X, d) be a metric space and 7: X — X be a mapping. Then T is called a Banach contrac-
tion if there exists A € [0, 1) such that

d(Tx,Ty) < Ad(x,y) forall x,ye X. (1.1)

Email address: satishmathematics@yahoo.co.in (Satish Shukla)
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Banach contraction principle ensures the existence of a unique fixed point of a Banach contraction
on a complete metric space.
Kannan Kannan (1968) introduced the following contractive condition: there exists A € [0, 1/2)
such that
d(Tx,Ty) < Ald(x,Tx)+d(y, Ty)] forall x,ye X. (1.2)

Reich Reich (1971) introduced the following contractive condition: there exist nonnegative con-
stants A, u, 0 such that A+ u+ 6 < 1 and

d(Tx,Ty) < Add(x,y) + ud(x, Tx) + dd(y, Ty) forall x,ye X. (1.3)

Examples show that (see Kannan (1968); Reich (1971)) the conditions of Banach and Kannan are
independent of each other while the condition of Reich is a proper generalization of conditions of
Banach and Kannan.

On the other hand, the study of abstract spaces and the vector-valued spaces can be seen in
Kurepa (1934, 1987); Rzepecki (1980); Lin (1987); Zabreiko (1997). L.G. Huang and X. Zhang
Huang & Zhang (2007) reintroduced such spaces under the name of cone metric spaces and gen-
eralized the concept of a metric space, replacing the set of real numbers, by an ordered Banach
space. After the work of Huang and Zhang Huang & Zhang (2007), Azam et al. Azam et al. (2009)
introduced the notion of cone rectangular metric spaces and proved fixed point result for Banach
type contraction in cone rectangular space. Malhotra et al. Malhotra er al. (2013b) generalized
the result of Azam et al. Azam et al. (2009) in ordered cone rectangular metric spaces and proved
some fixed point results for ordered Reich type contractions.

Recently, Jachymski Jachymski (2007) improved the Banach contraction principle for map-
pings on a metric space endowed with a graph. Jachymski Jachymski (2007) showed that the
results of Ran and Reurings Ran & Reurings (2004) and Edelstein Edelstein (1961) can be derived
by the results of Jachymski (2007). The results of Jachymski Jachymski (2007) was generalized
by several authors (see, for example, Bojor (2012); Chifu & Petrusel (2012); Samreen & Kamran
(2013); Asl et al. (2013); Abbas & Nazir (2013) and the references therein).

The fixed point results in cone rectangular metric spaces (also in rectangular metric spaces)
endowed with a graph are not considered yet. In this paper, we prove some fixed point theorems
for Reich type contractions on the cone rectangular metric spaces endowed with a graph. Our
results extend the result of Jachymski Jachymski (2007) and the result of Malhotra et al. Malhotra
et al. (2013b) into the cone rectangular metric spaces endowed with a graph. Some examples are
provided which illustrate the results.

2. Preliminaries

First we recall some definitions about the cone rectangular metric spaces and graphs.

Definition 2.1. Huang & Zhang (2007) Let E be a real Banach space and P be a subset of E. The
set P is called a cone if:

(1) P is closed, nonempty and P # {6}, here @ is the zero vector of E;

(i) a,beR, a,b>0, x,ye P= ax+ by e P;
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(i) xe Pand —xe P = x=6.
Given a cone P C E, we define a partial ordering “ < 7 with respect to P by x < y if and only if
y — x € P. We write x < y to indicate that x < y but x # y. While x < y if and only if y — x € P°,
where P° denotes the interior of P.
Let P be a cone in a real Banach space E, then P is called normal, if there exist a constant K > 0
such that for all x,y € E,

0 < x <y implies ||x|| < K]||y]|.
The least positive number K satisfying the above inequality is called the normal constant of P.

Definition 2.2. Huang & Zhang (2007) Let X be a nonempty set, E be a real Banach space.
Suppose that the mapping d : X X X — E satisfies:

(1) 8 <d(x,y), forall x,y € X and d(x,y) = 6 if and only if x = y;
(1) d(x,y) =d(y,x) for all x,y € X;
(i) d(x,y) <d(x,z) +d(y,z), forall x,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space. In the following we

always suppose that E is a real Banach space, P is a solid cone in E, i.e., P* # ¢ and “ < 7 is
partial ordering with respect to P.

For examples and basic properties of normal and non-normal cones and cone metric spaces we
refer Huang & Zhang (2007) and Rzepecki (1980).
The following remark will be useful in sequel.

Remark. Jungck et al. (2009) Let P be a cone in a real Banach space E, and a, b, ¢ € P, then:

(a) Ifa<band b < cthena < c.

(b) Ifa< band b < cthena <« c.

(c) If @ < u < cforeach c € P’ then u = 6.

(d) If c € P’ and a,, — 6 then there exist ny € N such that, for all n > n, we have a, < c.
(e) If0<a, <b,foreachnanda, — a, b, > bthena < b.

(f) Ifa < dawhere 0 < A < 1thena = 6.

Definition 2.3. Azam et al. (2009) Let X be a nonempty set. Suppose the mappingd : XXX — E,
satisfies:

(1) 8 <d(x,y), forall x,y € X and d(x,y) = 6 if and only if x = y;
(i1) d(x,y) =d(y,x) forall x,y € X;
(i) d(x,y) <d(x,w)+d(w,z) +d(z,y) for all x,y € X and for all distinct points w, z € X — {x, y}
[rectangular property].

Then d is called a cone rectangular metric on X, and (X, d) is called a cone rectangular metric
space. Let {x,} be a sequence in (X, d) and x € (X, d). If for every ¢ € E, with 8 < c thereisny € N
such that for all n > ny, d(x,, x) < c, then {x,} is said to be convergent, {x,} converges to x and x
is the limit of {x,}. We denote this by lim, x, = x or x, — x, as n — oo. If for every ¢ € E with
0 < c there is ng € N such that for all n > ny and m € N we have d(x,, X,+,) < c, then {x,} is
called a Cauchy sequence in (X, d). If every Cauchy sequence is convergent in (X, d), then (X, d)
is called a complete cone rectangular metric space. If the underlying cone is normal then (X, d) is
called normal cone rectangular metric space.
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The concept of cone metric space is more general than that of a metric space, because each
metric space is a cone metric space with £ = R and P = [0, +00).

Example 2.1. Let X =N, E=R? o, >0and P = {(x,y) : x,y > 0}.
Define d : X Xx X — E as follows:

0,0) ifx=y,
d(x,y) =1 3(a,p) ifxandyarein{l,2},x #y,
(a,8) otherwise.

Now (X, d) is a cone rectangular metric space but (X, d) is not a cone metric space because it lacks
the triangular property:

3(a,p) =d(1,2) > d(1,3) + d(3,2) = (o, B) + (@, B) = 2, B),
as 3(a, B) - 2(e, B) = (. B) € P.

Note that in above example (X, d) is a normal cone rectangular metric space. Following is an
example of non-normal cone rectangular metric space.

Example 2.2. Let X = N, E = Cg[0, 1] with [|x]| = ||xlle + |X|lc and P = {x € E : x(1) > O fort €
[0, 1]}. Then this cone is not normal (see Rezapour & Hamlbarani (2008)).
Define d : X X X — E as follows:

e’ otherwise.

6 ifx=y,
d(x,y) =1 3¢ ifx,ye{l,2},x #y,
Then (X, d) is non-normal cone rectangular metric space but (X, d) is not a cone metric space
because it lacks the triangular property.

Now we recall some basic notions from graph theory which we need subsequently (see also
Jachymski (2007)).

Let X be a nonempty set and A denote the diagonal of the cartesian product X X X. Consider
a directed graph G such that the set V(G) of its vertices coincides with X, and the set E(G) of its
edges contains all loops, that is, E(G) 2 A. We assume G has no parallel edges, so we can identify
G with the pair (V(G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each
edge the rectangular distance between its vertices.

By G™! we denote the conversion of a graph G, that is, the graph obtained from G by reversing
the direction of edges. Thus we have

EG™ ={(x,y) e XX X: (y,x) € E(G)}.

The letter G denotes the undirected graph obtained from G by ignoring the direction of edges.
Actually, it will be more convenient for us to treat G as a directed graph for which the set of its
edges is symmetric. Under this convention,

E(G) = E(G)U E(G™). 2.1
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If x and y are vertices in a graph G, then a path in G from x to y of length / is a sequence (x; 520
of [ + 1 vertices such that xo = x,x; = y and (x,_1,x;) € E(G) fori = 1,...,l. A graph G is
called connected if there is a path between any two vertices of G. G is weakly connected if G is
connected.

Throughout this paper we assume that X is nonempty set, G is a directed graph such that
V(G) = X and E(G) 2 A.

Now we define the G-Reich contractions in a cone rectangular metric space.

Definition 2.4. Let (X, d) be a cone rectangular metric space endowed with a graph G. A mapping
T: X — X is said to be a G-Reich contraction if:

(GR1) T is edge preserving, that is, (x,y) € E(G) implies (T'x, Ty) € E(G) for all x,y € X;

(GR2) there exist nonnegative constants A, i, d such that A + u + 6 < 1 and

d(Tx,Ty) < Ad(x,y) + ud(x, Tx) + 6d(y, Ty) 2.2)
for all x,y € X with (x,y) € E(G).

An obvious consequence of symmetry of d(-, -) and (2.1) is the following remark.

Remark. If T is a G-Reich contraction then it is both a G~'-Reich contraction and a G-Reich
contraction.

Example 2.3. Any constant function 7: X — X defined by Tx = ¢, where ¢ € X is fixed, is a
G-Reich contraction since E(G) contains all the loops.

Example 2.4. Any Reich contraction on a X is a Gy-Reich contraction, where E(Gy) = X X X.

Example 2.5. Let (X, d) be a cone rectangular metric space, C a partial orderon X and 7: X — X
be an ordered Reich contraction (see Malhotra et al. (20130)), that is, there exist nonnegative
constants A, i, 0 such that 4 + u + 6 < 1 and

d(Tx,Ty) < Ad(x,y) + ud(x, Tx) + dd(y, Ty)

for all x,y € X with x C y,. Then T is a G-Reich contraction, where E(G;) = {(x,y) € XX X: x C
¥}

Definition 2.5. Let (X, d) be a cone rectangular metric space and 7: X — X be a mapping. Then
for xo € X, a Picard sequence with initial value x, is defined by {x,}, where x, = Tx,_; for all
n € N. The mapping T is called a Picard operator on X if 7 has a unique fixed point in X and
for all xy € X the Picard sequence {x,} with initial value x, converges to the fixed point of 7. The
mapping 7T is called weakly Picard operator, if for any x, € X, the limit of Picard sequence {x,}
with initial value x, that is, lim x, exits (it may depend on x) and it is a fixed point of 7.

n—oo

Now we can state our main results.
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3. Main results

Let (X, d) be a cone rectangular metric space, and G be a directed graph such that V(G) = X
and E(G) 2 A. The set of all fixed points of a self mapping T of X is denoted by Fix7, that is,
FixT = {x € X: Tx = x} and the set of all periodic points of T is denoted by P(T), that is, P(T) =
{x € X: T"x = x, for some n € N}. Also we use the notation X; = {x € X: (x,Tx), (x,T*x) €
E(G)}. (X, d) 1s said to have the property (P) if:

whenever a sequence {x,} in X converges to x with (x,, x,+1) € E(G) forall n € N,
then there is a subsequence {x;,} with (x,, x) € E(G) for alln € N. P)

Proposition 3.1. Let (X,d) be a cone rectangular metric space endowed with a graph G and
T: X — X be a G-Reich contraction. Then, if x,y € FixT are such (x,y) € E(G) then x = y.

Proof. Let x,y € FixT and (x,y) € E(G), then by (GR2) we have

dx,y) = d(Tx,Ty)

< Ad(x,y) + pd(x,Tx) + 6d(y, Ty)
= Ad(x,y) + ud(x, x) + dd(y,y) = Ad(x,y).
As A < 1, by (f) of Remark 2, we have d(x,y) = 6, that is, x = y. ]

Theorem 3.1. Let (X, d) be a cone rectangular metric space endowed with a graph G. Let T : X —
X be a G-Reich contraction. Then for every xo € Xr the Picard sequence {x,}, is a Cauchy
sequence.

Proof. Let xo € X7 and define the iterative sequence {x,} by x,,; = Tx, for all n > 0. Since
xo € X7 we have (xo, Txy) € E(G) and T is a G-Reich contraction, by (GR1) we have (T xo, T?x,) =
(x1, x2) € E(G). By induction we obtain (x,, x,+1) € E(G) for all n > 0.

Now since (x,, x,+1) € E(G) for all n > 0 by (GR2) we have

d(-xn’ -xn+1) = d(Txn—l ’ T-xn)
/ld(xn—l’ xn) + Md(xn—la Txn—l) + 6d(xna Txn)
Ad(xn—l ’ xn) + ﬂd(xn—l ’ xn) + 5d(xm xn+l)7

IA

that is,
A+
d(xna xn+1) =< 1 ’;d(-xn—l, xn) = a/d(xn—la -xn),
+
where @ = 'l; <l(asA+u+06 < 1). Setting d, = d(x,, x,+1) for all n > 0, we obtain by

induction that
d, < a"dy forall neN. 3.1)

Note that, if xy € P(T) then there exists k € N such that T*xy, = x; = x, and by (3.1) we have

dy = d(xo, x1) = d(x0, Tx0) = d(xs, Txz) = d(xp, Xp1) < @*d(x0, x1) = ad.



20 Satish Shukla / Theory and Applications of Mathematics & Computer Science 4 (1) (2013) 14-25

Since A € [0, 1) the above inequality yields a contradiction. Thus, we can assume that x,, # x,, for
all distinct n,m € N.

As xy € X7 we have (xg, T%xy) = (x9, x2) € E(G) and by (GR1) we obtain (Txy, Tx;) = (x1, X3) €
E(G). By induction we obtain (x,, x,,2) € E(G) for all n > 0. Therefore it follows from (GR2) that

d(Txp-1, TXy41)

Ad(xp-1, Xp41) + pd(X-1, TX4-1) + 6d(Xp11, T Xpi1)
Ald(Xp-15 %) + d(Xps Xp12) + d(Xn125 Xp1)] + pd(X,-1, X,)
+0d (X115 Xp42),

d(-xn, -xn+2)

IA A

IA

that is,

A+ A+6
d(x,, Xp2) = ﬁdn—l + mdnn

which together with (3.1) yields
A+ u+[A+6]a?

d(x,, x, < 1,
(Xns Xn42) -1 " dy
20+ u+6
n=1g ,
= T -2 0
that is,
d(Xp, Xn42) < B’ dy, (3.2)

where 5 = u;’_—“f > (. We shall show that the sequence {x,} is a Cauchy sequence.
We consider the value of d(x,, x,,) in two cases.
If p is odd, say 2m + 1, then using rectangular inequality and (3.1) we obtain

d(xn+2m’ xn+2m+l) + d(xn+2m—l ’ xn+2m) + d(xn, -xn+2m—l)

dn+2m + dn+2m—l + d(xn, xn+2m—1)

d(xn > Xn+2m+1 )

s dn+2m + dn+2m—1 + dn+2m—2 + dn+2m—3 +-e+ dn
< a,n+2md0 + a,n+2m—1d0 + a,n+2m—2d0 4ot a/”do,
that is,
a
d(-xm xn+2m+l) =< 1 — adO- (33)

If p is even, say 2m, then using rectangular inequality, (3.1) and (3.2) we obtain

IA

d(xn+2m—1’ xn+2m) + d(-xn+2m—1a xn+2m—2) + d(xm xn+2m—2)
dn+2m—1 + dn+2m—2 + d(xn’ xn+2m—2)
dn+2m—1 + dn+2m—2 + dn+2m—3 +-+ dn+2 + d(Xn, xn+2)

an+2m—ld0 + an+2m—2d0 + an+2m—3d0 S an+2d0 +ﬂan_]d(),

d(xn, xn+2m)

IA I

IA

that is,

al’l

do + Ba" " d,. 3.4)

d(xn, xn+2m) =<
1l-«a
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Since 8 > 0 and @ < 1, we have %do,ﬂa/"‘ldo — @ as n — oo so it follows from (3.3), (3.4) and
(a), (d) of Remark 2 that: for every ¢ € E with 6 < c, there exists ny € N such that

d(x,, X4+p) < ¢ forall peN.
Therefore, {x,} is a Cauchy sequence. O

Theorem 3.2. Let (X,d) be a complete cone rectangular metric space endowed with a graph G
and has the property (P). Let T: X — X be a G-Reich contraction such that Xr # 0, then T is a
weakly Picard operator.

Proof. If X; # 0 then let xo € X7. By Theorem 3.1, the Picard sequence {x,}, where x, = T" ' x,
for all n € N, is a Cauchy sequence in X. Since X is complete, there exists u € X such that

X, > U as n — oo, 3.5)

We shall show that u is a fixed point of 7. By Theorem 3.1 we have (x,, x,.1) € E(G) foralln > 0,

d, < d(x,, x,41) 2 &"dy, where o = % < 1 and by the property (P) there exists a subsequence

{xx,} such that (x; ,u) € E(G) for all n € N. Also, we can assume that x,, # x,_; for all n € N. So,
using (2.2) we have

d(u, Tu)

IA

d(u, xz,) + d(xx,» Xg,+1) + d(Xg, 41, Tu)

d(u, xy,) + di, + d(Tx;,, Tu)

d(u, xi,) + o dy + Ad(xy,, u) + pd(xy,, Txy,) + 0d(u, Tu)
(1 + Dd(u, x,) + (1 + wya*dy + 6d(u, Tw),

INIA

that is,
1+4 l+u
< — n .
d(u, Tu) < T 5d(xkn’“) + =5 6@ do (3.6)

Since a**dy — 6, x, — u as n — oo we can choose n € N such that, for every ¢ € E with § < ¢

d a*d
20+ YO =500
(3.6) that: for every ¢ € E with 8 < ¢ we have

we have d(x;,,u) < c for all n > ng. Therefore, it follows from

d(u,Tu) < ¢ forall n > ny.

So, by (c) of Remark 2, we have d(u, Tu) = 6, that is, Tu = u theerefore u € FixT. Thus T is a
weakly Picard operator. L

In the above theorem the mapping 7 is not necessarily a Picard operator. Indeed, such mapping
T may has infinitely many fixed points. Following example verifies this fact.

Example 3.1. Let X = N = U N, where Ny = N U {0} and N, = {2¢2n - 1): n € N for all
kEN()

k € Ny. Let E = Cg[0,1] with ||x]| = [[xlle + |I¥|l and P = {x € E : x(r) > O for ¢ € [0, 1]}. Let

d: X X X — E be defined by

t

0 ifx=y,
d(x,y) =1 3¢ ifx,ye{l,2},x#y,
e otherwise.
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Then (X, d) is a cone rectangular metric space endowed with graph G, where

EG) = A U (N, X Np) U{(l,x): x €Ny}

keNp\{1}

Note that (X, d) is not a cone metric space. Define a mapping 7: X — X by

2k, ifxe N, ke Ny\ {1};
Tx=3 6, ifx=2;
1, ifxe N \{2.

Then it is easy to see that 7" is a G-Reich contraction with 4 € [1/3,1),u = 6 = 0. All the
conditions of Theorem 3.2 are satisfied and 7" has infinitely many fixed points, precisely Fix7T =
{2": k€ Ng\ {1}} , therefore T is not a Picard operator but weakly Picard operator. Note that, if a
Reich contraction on a cone rectangular metric space has a fixed point then it is unique therefore
T is not a Reich contraction in (X, d) since FixT is not singleton.

Remark. Unlike from Reich contraction, the above example shows that there may be more than one
fixed points of a G-Reich contraction in a cone rectangular metric space and therefore a G-Reich
contraction in a cone rectangular space need not be a Picard operator.

In following theorem we give a necessary and sufficient condition for 7 to be a Picard operator.

Theorem 3.3. Let (X, d) be a complete cone rectangular metric space endowed with a graph G
and has the property (P). Let T: X — X be a G-Reich contraction such that X; # 0, then T is
a weakly Picard operator. Furthermore, the subgraph G, defined by V(G,) = FixT is weakly
connected if and only if T is a Picard operator.

Proof. The existence of fixed point follows from Theorem 3.2. Let u,v € FixT, then since Gy,
is weakly connected there exists a path (x,-)fzo in Gy, from u to v, that is, xo = u,x; = v and
(xi-1,X;) € E(Gy,) fori = 1,2,...,1. Therefore by Proposition 3.1 and Remark 2 we obtain u = v.
Thus, fixed point is unique and 7 is a Picard operator. ]

Remark. In Jachymski (2007), for T to be a Picard operator Jachymski assumed that G must be
weakly connected. From the above theorem it is clear that for 7" to be a Picard operator it is
sufficient to take that FixT is weakly connected. Next example will illustrate this fact.

1111
Example 3.2. Let X = {1 33713 , E = Cg[0, 1] with [|x]| = |[xlle + [I¥|lc and P = {x € E :
x(t) > 0forte[0,1]}). Letd: X X X — E be defined by

el il e o))t

11 3t
d(2 4) d(5 3) ge dx,x)=0=0 forall xe€X,

1\ n-1
d(l,—):” ¢ forn=2,3,45 dxy) =dyx forall xyeX,

n n
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Then (X, d) is a cone rectangular metric space endowed with graph G, where

sor-so LR EDED )

Note that (X, d) is not a cone metric space. Define 7: X — X by

1 11
~ 'f ==,z
2 BT s
1 1
-, if x=—;
Tx=1{ 9 3
. 1
1, 1fx:Z;
1
T if x=1.

2
Then T is a G-Reich contraction with 4 € [§ 1) ,iu = 0 = 0. All the conditions of Theorem 3.3

1
are satisfied and T is a Picard operator and FixT = {5} Note that the graph G is not weakly

1 1
connected. Indeed, there is no path from 1 to — or form — to 1 for all n = 2,3,4,5. Also, one

n n
can see that T is neither a Reich contraction in cone rectangular metric space (X, d) nor a G-Reich
contraction with respect to the usual metric.

With suitable values of constants A, u and 6 we obtain the following corollaries.

Corollary 3.1. Let (X,d) be a complete cone rectangular metric space endowed with a graph G
and has the property (P). Let T : X — X be a G-contraction, that is,

(G1) T is edge preserving, that is, (x,y) € E(G) implies (Tx,Ty) € E(G) for all x,y € X
(G2) there exists A € [0, 1) such that
d(Tx,Ty) < Ad(x,y) forall x,y € X with (x,y) € E(G).

Then, if X7 # O then T is a weakly Picard operator. Furthermore, the subgraph G, defined by
V(Gy,) = FixT is weakly connected if and only if T is a Picard operator.

Corollary 3.2. Let (X,d) be a complete cone rectangular metric space endowed with a graph G
and has the property (P). Let T : X — X be a G-Kannan contraction, that is,

(GK1) T is edge preserving, that is, (x,y) € E(G) implies (Tx,Ty) € E(G) for all x,y € X;
(GK2) there exists A € [0, 1/2) such that

d(Tx,Ty) < Ald(x,Tx)+d(y, Ty)] forall x,y € X with (x,y) € E(G).

Then, if X; # O then T is a weakly Picard operator. Furthermore, the subgraph G, defined by
V(Gy,) = FixT is weakly connected if and only if T is a Picard operator.
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Following corollary is a fixed point result for an ordered Reich contraction (see Malhotra et
al. (2013b)) and a generalization of result of Ran and Reurings Ran & Reurings (2004) in cone
rectangular metric spaces.

Corollary 3.3. Let (X,d) be a complete cone rectangular metric space endowed with a partial
order Cand T : X — X be a mapping. Suppose the following conditions hold:

(A) T is an ordered Reich contraction;

(B) there exists xo € X such that xo C T xg;

(C) T is nondecreasing with respect to C;

(D) if{x,} is a nondecreasing sequence in X and converging to some z, then x, C z.

Then T is a weakly Picard operator. Furthermore, FixT is well ordered (that is, all the elements
of FixT are comparable) if and only if T is a Picard operator.

Proof. Let G be a graph defined by V(G) = X and E(G) = {(x,y) € X X X: x C y}. Then by
conditions (A) and (C), T is a G-Reich contraction and by condition (B) we have X7 # 0. Also by
condition (D) we see that property (P) is satisfied. Now proof follows from Theorem 3.3. ]

Conclusion. In the present paper we have proved the existence and uniqueness of fixed point
theorems for a G-Reich contraction in cone rectangular metric spaces endowed with a graph. We
note that the results of this paper generalize the ordered version of theorem of Reich (see Reich
(1971) and Malhotra et al. (2013b)). Note that, in usual metric spaces the fixed point theorem for
G-contractions generalizes and unifies the ordered version as well as the cyclic version of corre-
sponding fixed point theorems (see Kirk et al. (2003) and Kamran et al. (2013)). We conclude
with an open problem that: is it possible to prove the cyclic version of the result of Reich in cone
rectangular metric spaces or rectangular metric spaces?

Acknowledgments. I would like to express my gratitude to the referees and Professor Stojan
Radenovi¢ for the valuable successions on this paper.
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In this paper we give some convergence properties of Hadamard product set of polynomials defined by several
simple monic sets of several complex variables in complete Reinhardt domains and in hyperelliptical regions too.

Keywords: Basic sets of polynomials, Hadamard product, complete Reinhardt domains, hyperelliptical regions.
2010 MSC: 47TH10, 54H25.

1. Introduction

In 1933, Whittaker (Whittaker, 1933), (Whittaker, 1949) introduced the subject of basic sets
of polynomials of a single complex variable. This subject is developed by several authors using
one and several complex variables. It is of fundamental importance in the theory of basic sets of
polynomials of several complex variables to define some kinds of basic sets of polynomials in C".
This is the main aim of this paper. We will define and study Hadamard products of basic sets of
polynomials in complete Reinhardt domains and in hyperelliptical regions.

We start with basic concepts, notations and terminology on this paper.

Let C represent the field of complex variables. In the space C? of the two complex variables z
and w, the successive monomial 1, z, w, 2, zw, w?, ... are arranged so that the enumeration number
of the monomial z/w* in the above sequence is

1
SG+RG+B+k k=0,

The enumeration number of the last monomial of a polynomial P(z, w) in two complex vari-
ables is called the degree of the polynomial. A sequence {P;(z; w)};’ of polynomials in two com-
plex variables in which the order of each polynomial is equal to its degree is called a simple set

Email address: ahsayed80@hotmail.com (A. El-Sayed Ahmed)
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( see (Kishka, 1993), (Kumuyi & Nassif, 1986) and (Sayyed & Metwally, 1998)). Such a set is
conveniently denoted by {P;(z; w)}, where the last monomial in P, ,(z, w) is Z"w".

If further, the coefficient of this last monomial is 1, the simple set is termed monic. Thus, in
the simple monic set {P,, ,(z; w)} the polynomial P, ,(z, w) is represented as follows.

m+n  k

Pun(zw)= D 3" P 2wl (P = 1P =0, > n).
k=0 j=0

Let z = (z1, 2, ..., 2») be an element of C"; the space of several complex variables. The following
definition is introduced in (Mursi & Makar, 1955a,b).

Definition 1.1. A set of polynomials {P,[z]} = {Py, P1, Pa, ..., P,, ...} is said to be basic when every
polynomial in the complex variables z,; s € I = {1,2,3, ..., n} can be uniquely expressed as a finite
linear combination of the elements of the basic set {Pn[z]}.

Thus according to (Mursi & Makar, 1955b), the set {Pp[z]} will be basic if and only if there
exists a unique row-finite matrix P such that PP = PP = I, where P = [Pyy] is the matrix of
coefficients, P is the matrix of operators of the set {Py,[z]} and I is the infinite unit matrix.

Similar definition for a simple monic set can be extended to the case of several complex vari-
ables by replacing m,n by (m) = (m, my, ms, ...,m,) , j,k by (h) = (hy, hy, hs, ..., h,) and z, w by z,
where each of (m) and (h) be multi-indices of non-negative integers.

The fact that the simple monic set {Py,[z]} of several complex variables is necessarily basic
follows from the observation that the matrix [Py, 5] of coefficients of the polynomials of the set is
a lower triangular matrix with non-zero diagonal elements. (These elements are each equal to 1
for monic sets).

Definition 1.2. The basic set {P,[z]} is said to be algebraic of degree ¢ when its matrix of coeffi-
cients P satisfies the usual identity

P +a P+ .+ = 0.

Thus, we have a relation of the form

-1
Pupn = Omnyo + Z )’S.PE::})I,
si=1

where Pf;‘l)l are the elements of the power matrix P*' and y,,, s =0,1,2,...,£ — 1 are constant

numbers. In the space of several complex variables C". Let z = (zy, 22, ..., Z,) be an element of
C"; the space of several complex variables, a closed complete Reinhardt domain of radii a,r(> 0);
s €l ={1,2,3,...,n}is here denoted by l:[ar] and is given by

[iory =T 1= {ze C":|z| <ayr ;s €I}, where a, are positive numbers. The open
complete Reinhardt domain is here denoted by I'j,s and is given by

Fior =T ]={Z€(C”:|zs|<asr ;s €l

[aq 1,2 e,
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Consider unspecified domain containing the closed complete Reinhardt domain I'j,. This
domain will be of radii a,r;; r; > r, then making a contraction to this domain, we will get the
domain D([ar™]) = D([a 7", asr?, ..., a,r"]), where r* stands for the right-limit of r; at r.

Now let m = (m;, m,, ..., m,) be multi-indices of non-negative integers. The entire function
f(z) of several complex variables has the following representation:

(o)

f(z) = Z amz™.

m=0
Suppose now that the function f(z), is given by

(59

f@= ) ant"

m=0

is regular in [,y and
M|f;ar] = gup|f(z)|.

Llor]

For the basic set {Pn[z]} and its inverse {I_Dm[z]} , we have

Pm[z] = Z Pm,hzha
h

Pulz] = ) Py,
h

2" = Z PunPnlz] = Z PunPulz].
h b

.....

A basic set satisfying the condition

lim {Np)® = 1, (1.1)

(m)—o0

is called, as in (Mursi & Makar, 1955a,b) and (Kishka & El-Sayed Ahmed, 2003) a Cannon set.
Let {Pn[z]} be a basic set of polynomials of the several complex variables z; s € I, then the
Cannon sum for this set in the complete Reinhardt domains is given as follows:

QP [or]) = | [ (@)™ ™ > |Prun|M(Pm, [ax]),
s=1 h

where
M(Pu, [ar])= max|Pu[z]].

[ar]
The Cannon function is defined by:

.

Q(P.lor]) = lim {Q(Pn,lorD)} "
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When this associated series converges uniformly to f(z) in some domain it is said to represent f(z)
in that domain; in other words, as in the classical terminology of Whittaker for a single complex
variable (see (Whittaker, 1949)), the basic set Py,[z] will be effective in that domain. For more
information about basic sets of polynomials we refer to ((Abul-Ez, 2000)-(Whittaker, 1949)).

The convergence properties of basic sets of polynomials are classified according to the classes
of functions represented by their associated basic series and also to the domain in which are rep-
resented.

Concerning the effectiveness of the basic set of polynomials of several complex variables in
complete Reinhardt domains, we have the following results from (Mursi & Makar, 1955a,b).

Theorem 1.1. (Mursi & Makar, 1955a,b) The necessary and sufficient condition for the basic
set {Pmlz]} of polynomials of several complex variables to be effective in the closed complete
Reinhardt Iy, v is that

QP;ry) = ]—[ a,r. (1.2)
s=1

. . . . 2 .
In the space of several complex variables C", an open elliptical region };|_, 'i—'z < 1 is here

2 p—
denoted by E, and its closure )|, |i_|2 < 1; is denoted by E, , where ry; s € I are positive
numbers. In terms of the introduced notations these regions satisfy the following inequalities:

E, ={w:|w<1)

E, ={w:w/ <1},
where w = (Wi, Wo, W3, ..., W,) , Wy = i—, s € 1. Suppose now that the function f(z), is given by

(o)

f@) =) ana"

m=0

is regular in E,, and

M[f;r] = sup|f(2)].

Er,

Then it follows that {|z,| < rt,; |t = 1}C Es; hence

M(fipsl  Mlfips) . . M[f;ps]
lam| < = < inf —2275
omm N s Q. s
qu tS I:Il(pStS)
__ M[fips]
=
[1p5"
s=1
forall 0 < py < ry; s € I, where
(m)
1 2
Om = Inf — = {(m)}
=t m —on m
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mg

and 1 < oy < (4/n)™ on the assumption that m;> = 1, whenever m; = 0; s € I. Thus, it follows
that 1
lim sup{ - il }<m> < %
I e )™ e
s=1 s=1
and since p, can be chosen arbitrary near to ry; s € I, we conclude that

1
) a my 1
<11>m sup{ n| m! } <-—
m)—oco ( >_ s
Om l'[l(rs)m " l_[1 rs
§= s=

;0 ps<rgS€eL

Now, write

ZV: I_)m;jP ilz]

G(Pp; rg)= max sup
wy = |4
El’s J=u

b

where, r,; s € I are positive numbers. _
The Cannon sum of the set {Py,[z]} for E, will be

QPui 1) = T | |1} ™" G (P )

s=1

and the Cannon function for the same set is

QPir) = lim (Q(Pwir))™.

Concerning the effectiveness of the basic set of polynomials of several complex variables in hy-
perellipse, we have the following results from (El-Sayed Ahmed & Kishka, 2003).

Theorem 1.2. (El-Sayed Ahmed & Kishka, 2003) The necessary and sufficient condition for the
basic set { Pz} of polynomials of several complex variables to be effective in the closed hyperel-
lipse E, is that

Q(P;ry) = 1_[ ry.
s=1

Convergence properties (effectiveness) for Hadamard product set simple monic sets of poly-
nomials of a single complex variable is introduced by Melek and El-Said in (Melek & El-Said,
1985). In (Nassif & Rizk, 1988) Nassif and Rizk introduced an extension of this product in the
case of two complex variables using spherical regions. In (El-Sayed Ahmed, 2006), the same
author has studied this problem in C" using hepespherical regions. It should be mentioned here
the study of this problem in Clifford analysis (see (Abul-Ez, 2000)). For more details on basic
sets of polynomials in Clifford setting, we refer to (Abul-Ez, 2000; Abul-Ez & De Almeida, 2013;
Abul-Ez & Constales, 2003; Aloui et al., 2010; Aloui & Hassan, 2010; Hassan, 2012; Saleem et
al., 2012) and others. In the present paper, we aim to investigate the extent of a generalization of

this Hadamard product set in C" using hyperspherical regions.
In (Nassif & Rizk, 1988), Nassif and Rizk introduced the following definition.
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Definition 1.3. Let {P,,,(z, w)} and {g,,.(z, w)} be two simple monic sets of polynomials, where

(m,n)
Pun(z,w) = Z PT]’."Z" w,
,)=0
(m,n)
Gnn(zw) = > 7w,
(i,)=0
Then the Hadamard product of the sets {P,, ,(z, w)} and {g,, »(z, w)} 1s the simple monic set {U,, ,(z, w)}
given by

(m,n)
Una(zw) = D U2,

@,)=0

where o
Ul = Py () < (mom)),
0',"]‘
and .
1 {m+n}?
O-m’” = |lt‘_1 m+n = m%n%

In this paper, we give an inevitable modification in the definition of Hadamard product of basic
sets of polynomials of two complex variables as to yield favorable results in the case of several
complex variables in complete Reinhardt domains in C”, by using k basic sets of polynomials
instead of two sets.

Now, we are in a position to extend the above product by using k basic sets of polynomials of
several complex variables in complete Reinhardt domains, so we will denote these polynomials by
{Pimlzl}, {PamlZ]}, ..., {Prml[z]} and in general write {P,, m[Z]}; 52 = 1,2,3, ..., k.

Definition 1.4. Let {P,, m[z]}; 5o = 1,2,3,...,k be simple monic sets of polynomials of several

complex variables, where
(m)

Pomlz] = > Py mnz" (1.3)
(h)=0

Then the Hadamard product of the sets { P, m[z]} 1s the simple monic set {Hy[z]} given by
(m)

Hulz) = ) Hup?", (1.4)

(h)=0

k
Houn = ([ ] Prama). (1.5)
so=1

If we substitute by k£ = 2 and consider polynomials of two complex variables instead of several
complex variables, then we will obtain Definition 1.3. It should be remarked here that Definition
1.4 is different from that used in (Metwally, 2002).

where
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2. Effectiveness in complete Reinhardt domains

In this section, we will study the effectiveness of the extended Hadamard product of simple
monic sets of polynomials of several complex variables defined by (1.4) and (1.5) in closed com-
plete Reinhardt domains and at the origin.

Let {P,, m[Z]} be simple monic sets of polynomials of several complex variables z;; s € I, so

that we can write
(m)

Pomlzl = ) Poymn?", 2.1)
(h)=0

where
prvmeestin = 1. 00 = 1,2, .., k.

§2,M1,M2,...,Mp

The normalizing functions of the sets {P,, m[z]} are defined by (see (Nassif & Rizk, 1988))

. o
W(Py,s agr) = <11>m sup{M[PsZ,m;asr]} , (2.2)

where M| Py, m; a,r| are defined as follows:

M[PS2,m;asr] = S_up Psz,m[z]|-

r[m‘]

Notice that the sets {P,, m[z]} are monic. By applying Cauchy’s inequality in (2.2), we have

1
|Psz,m,h| < - sup
[T(®™ o
s=1

Py, mlz]],

which implies that
M[Pg,m; asr] > rl(afsr)<m>.
s=1

It follows from (2.2) that

u(Py,; agr) > 1_[ a,r. (2.3)
s=1
Next, we show if p is positive number greater than r, then
fjas
U(Ps,sap) < —— (P agr),  ap > a,r. (2.4)
[Tar
s=1

In fact, this relation follows by applying (2.2) to the inequality

n
[Tap o

s=1

M[Pg,m; agr] < K( M[ Py, m; ayr],

n

[T a,r
s=1
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which in its turn, is derivable from (2.2), Cauchy’s inequality and the supremum of z™, where
K =0(m) + 1).

Now, let {P,, m[Z]}; s» = 1,2, 3, ...,k be simple monic sets of polynomials of several complex
variables, and that {H}, [z]} is the set defined as follows

k
Hylz) = | | Pomlz]. (2.5)
s2=1
The following fundamental result is proved.

Theorem 2.1. If, for any a,;r > 0

M(Psz;a'sr) = 1—[ asr, (2.6)

s=1

then .
u(H; agr) = n a,r. 2.7)

s=1

Proof. We first observe that, if p be any finite number greater than r, then by (2.1), (2.2) and (2.9),
we obtain that

u(Pyiap) = | | awp. 2.8)
s=1
Now, given r* > r, we choose finite number 7’ such that
a,r < a,r’ < agrt. (2.9)
Then by (2.1) and (2.6), we obtain that
M(Pyp;or) <n| [ )™ where 5> 1, (2.10)
s=1

where (h) = hy + hy + hs + ... h,,. Also from (2.4), we can write

(m) &

Hylz) = > | | PomnPonlzl.

(h)=0 s,=1

Hence (2.9) and (2.10) lead to

n
[

: ny\—n
s=1

M|H,; ar] < nK(l —( - ) ) M|Pg, m; asr’],
[Tar
s=1
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Making (m) — oo and applying (2.7), we get
. o -
u(H; agr) = <h)m sup{amM[an;a/sr]} < u(Py,; agr’) = l—[ ar’,
m)— oo =1

which leads to the equality (2.6), by the choice of r* near to r, and our theorem is therefore
proved. [

Remark. From Theorem 2.1, if we consider the simple monic sets {Py, m[2]} accord to condition
(2.6), then it is not hard to prove by induction for the j-power sets {P(SJZ)’m [z]} that

u(PY; ayr) = 1_[ ar. 2.11)
s=1

Now, we give the following result.

Theorem 2.2. Let {P,, m[z]}; 52 = 1,2,3, ...,k be simple monic algebraic sets of polynomials of
several complex variables, which accord to condition (10). Then the set will be effective in the
closed complete Reinhardt domain l_“[m].

Proof. Suppose that the monomial z™ admit the representation

" = ZI_Jm,hPh[Z]-
h

Since the set {P, m[z]} is algebraic, we find there exists a relation of the form

k
Pimn = ) a;P) 5 () < (m)), (2.12)
j=1
where k is a finite positive integer which together with the coefficients (a j)’J‘.zl, is independent of
the indices (m), (h). The coeflicients P(IJ:nh are defined by
Pz = Y P 1<j<k
(h)=1
It follows that _ _
P W)™ < owM[PY s ar]. (2.13)

According to (2.11) for given r* > r and from the definition corresponding to u(P(lj);asr), we
deduce that

M[PY}; a,r] < K(ar)™. 2.14)
Applying (2.13) and (2.14) in (2.12), we obtain that
. [T (@)™
[P o] < 8K ——r (2.15)

[T(a,r)™
s=1



A. El-Sayed Ahmed / Theory and Applications of Mathematics & Computer Science 4 (1) (2013) 26-39 35

where
B =max{la;;0< j<k} and ¢ isaconstant. (2.16)

In view of the representation

" = Z PmnPnlz],
b

the Cannon sum of the set {PY}Il [z]} will be

(m)

QP ) = Y PaylM[P):arl, (2.17)
(h)=0

where, . ‘

M[P\: a,r] = sup [P\ [2]]. (2.18)
Diar)
Therefore (2.14), (2.15) and (2.17) (for r* > r) give
PV s @) < (KB [(ar™. (2.19)
s=1

Hence the Cannon function of the set {P(I{:n[z]} turns out to be
ﬁ n
QPsaur) = Tim {Q(Pan]” = [ Jaur
s=1
which, by the choice of r*, implies that

Q(PY; ar) = l_[ ar.
s=1

As very similar, we can obtain that the sets {P(fon[z]}; y =2,3,4, ...,k will be effective in the losed
complete Reinhardt domain I'[,,;. Our theorem is therefore proved. []

3. Effectiveness in hyperelliptical regions

Now, we are in a position to extend the above product by using k basic sets of polynomials of
several complex variables, so we will denote these polynomials by {P n([z]}, {PomlZ]}, ..., {PrmlZ]}
and in general write {P,, m[Z]}; 52 = 1,2,3, ..., k.

Definition 3.1. Let {P,, m[z]}; 5o = 1,2,3,...,k be simple monic sets of polynomials of several

complex variables, where
(m)

Psz,m[z] = Z Psz,m,hzh' (3.1)
(h)=0
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Then the Hadamard product of the sets {P,, m[Z]} 1s the simple monic set {Hy[z]} given by

(m)

Hpylz] = Z Hm,hzh, (3.2)
(h)=0
where
ookl k
Hm == Ps mh | 3.3
2] () o

If we substitute by k = 2 and consider polynomials of two complex variables instead of several
complex variables, then we will obtain Definition 1.3. It should be remarked here that Definition
1.4 is different from that used in (Metwally, 2002).

Let {P;, m[Z]} be simple monic sets of polynomials of several complex variables z; s € I, so

that we can write
(m)

Pomlzl = )" Py, mu?", (34)
(h)=0

where
prvmeestin = 1. 0 = 1,2, .., k.

§2,M1,M2,...,Mp

The normalizing functions of the sets {P,, m[z]} are defined by (see (Nassif & Rizk, 1988))

/l(Psz; rs) = <n1]l>r_l’>loo Sup{O-mM[PsZ,m; rs]}<m> ’ (35)

where M[P, m; r¢| are defined as follows:

M[Pg,m; 15| = sup
Ers

Py, mlzl|-

Notice that the sets {P,, m[z]} are monic. By applying Cauchy’s inequality, we deduce

Om
|Ps, mnl < e sup| Py, m[z]],
Ers

T
which implies that
[T 7™
M[Psz,m; rs] > L
Om
It follows from (3.4) that
(P 1s) 2 1. (3.6)

Next, we show if p; are positive numbers greater than r, then

n

[[lps

U(Pyy;05) £ —— p(Pyyi1y),  ps > 1y (3.7
rS
u
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In fact, this relation follows by applying (3.4) to the inequality

fir

(m)
M[Psz,m;ps] S K( ) M[Psz,m; rs],

n
[17s
s=1

which in its turn, is derivable from (3.4), Cauchy’s inequality and the supremum of z™, where
K =0(m) + 1).

Now, let {P;, m[z]}; 5o = 1,2, 3, ...,k be simple monic sets of polynomials of several complex
variables, and that {H},[z]} is the set defined as follows

k
Hylz) = | | Pomlzl. (3.8)

sp=1
The following fundamental result is proved.

Theorem 3.1. If, for any r; > 0

n

p(Poir) = | (3.9)

s=1
then
u(H;ry) = rs. (3.10)

s=1

Proof. We first observe that, if p be any finite number greater than r, then by (3.4), (3.5) and (3.7),
we obtain that

u(Pyips) = | | ps (3.11)
s=1
Now, given r; > r,, we choose finite number 7| such that
re <r.<r. (3.12)
Then by (3.4) and (3.8), we obtain that
MPywir) < L[ [ 171™ where 7> 1, (3.13)
Oh

s=1
where (h) = hy + hy + hy + ... h,. Also from (3.7), we can write

(m) &k

Hylzl = Y [ [ PamnPonlzl.

(h)=0 5,=1

Hence (3.9) and (3.10) lead to
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1 n
u(H*;ry) = lim sup{()'mM[an;rs]}< ) < u(Py,sr) = l_l ri,
(m)—o0 i
which leads to the equality (3.8), by the choice of r; near to r,, and our theorem is therefore
proved. [

Remark. From Theorem 3.1 if we consider the simple monic sets {Py, m[z]} accord to condition
(3.8), then it is not hard to prove by induction for the j-power sets {P(SJZ)’m [z]} that

n

u(PPir) = | | . (3.14)
s=1
Remark. It should be remarked that the results of this paper improve some results in (El-Sayed
Ahmed, 2006, 2013).

4. Conclusion

We have obtained some essential and important results for the effectiveness of the Hadamard
product set of polynomials in complete Reinhardt domains and in heperelliptical regions. From the
established theorems, representations and convergence of power set of the the Hadamard product
set are introduced in complete Reinhardt domains and in heperelliptical regions too. Various
problems relating to the properties of the Hadamard set of simple basic sets of polynomials are
treated with particular emphasis on distinction between the single and several complex variables
cases. An important result is established for the relationship between the Cannon functions of
simple sets of polynomials in several complex variables and those of the directly Hadamard sets.
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Abstract

In this paper, the Banach contraction principle and Schaefer theorem are applied to establish new results for the
existence and uniqueness of solutions for some Caputo fractional differential equations. Some examples are also
discussed to illustrate the main results.
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1. Introduction

The theory of fractional differential equations has excited in recent years a considerable interest
both in mathematics and in applications, (see (Bengrine & Dahmani, 2012; Delbosco & Rodino,
1996; Diethelm & Walz, 1998; El-Sayed, 1998)). In particular, existence and uniqueness of so-
lutions for fractional differential equations have attracted the attention of many mathematicians
(Diethelm & Ford, 2002; Houas & Dahmani, 2013; Zhang, 2011; Ntouyas, 2012; Su, 2009; Yang,
2012; Zhang, 2011).

This paper deals with the existence and uniqueness of solutions to the following problem

DYx(t)+ f(t.y (1), D%y (1)) = 0,1 € J, 1.1
DPy(t)+ g(t,x(1),D7x (1)) = 0,1 € J,
x(0) = y(0) = 0,x(1) = 4 x (i) = 0,y (1) = A1y (1) = 0,
X 0=y 0=0x" 1)-x @=0y 1)-1y & =0,
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Email addresses: zzdahmani@yahoo.fr (Zoubir Dahmani ), 1z. tahbarit@yahoo.fr (Louiza Tabharit)
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where D¢, DP , DY and DY, are the Caputo fractional derivatives, 3 < a,8 < 4,6 < a - 1,0 <
B-1,0<én<1,J =1[0,1],4;, A, are real constants satisfying A1 # 1,42 # 1 and f, g are
two functions which will be specified later.

This paper is organized as follows: In section 2, we present some preliminaries and lemmas. In
section 3, we present our main results for the existence and uniqueness of solutions of (1.1). In
section 4, some examples are treated to illustrate our results.

2. Preliminaries
To present our main results, we need the the following two definitions:

Definition 2.1. The Riemann-Liouville fractional integral operator of order @ > 0, for a continu-
ous function f on [0, oo[ is defined as:

1 A
JOF (1) = mfo -0 f@dra >0, 2.1)

o =fQ,

where I' (@) := fooo e Uulay.
Definition 2.2. The fractional derivative of f € C" ([0, oo[) in the Caputo’s sense is defined as:

t
DYf (1) = _ f t - fD(ydrn -1 < a,n e N*. (2.2)
IF'(n-a) Jo
More details about fractional calculus can be found in (Mainardi, 1997; Podlubny et al., 2002).
We need also to introduce the spaces:
X={x:xeC((0,1]),Dxe C([0,1D}and Y = {y : y € C([O, 1]),D5y € C ([0, 1])}. For these
spaces, we associate respectively the norms || x ||x=|| x || + || D7x ||;]| x ||= sup|x ()|, || D x ||=

teJ
sup [D7x (0] and || y ly=Il y | + 1l D%y Il: |l y lI= sup [y ()], || D% I|= sup |D°y (1)] . It is clear that,
teJ teJ teJ
X1l . llx) and (Y,]| . |ly), are two Banach spaces.

Also, (X X Y, ||(x, y)llxxy) is a Banach space. Its norm is given by ||(x, Y)llxxy = llxllx + [Vlly -

The following lemmas are crucial for our main results (Kilbas & Marzan, 2005; Lakshmikan-
tham & Vatsala, 2008):

Lemma 2.1. For a > 0, the general solution of the equation D¥x (t) = 0 is given by

x(f)=co+cyt+ et + o+ cp g7, (2.3)
wherec; € R,i=0,1,2,..,n—1,n=[a] + 1.
Lemma 2.2.
JED%x (1) = x (1) + co + 1t + ot + oo + cyq 7L, 2.4)

forsomec; € R,i=0,1,2,...,n—1,n=[a] + 1.
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We prove also the following lemma which is needed to present the integral solution for the
problem (1.1):

Lemma 2.3. Let h € C([0,1]),t € J,3 < a < 4. Then the solution of the equation
DY () +h() =0, (2.5)

where,

x(0) = 0,x(1)=Ax(m) =0, (2.6)
X0 = 0,x (I)=Ax (&) =0
is given by the following expression
0 = ~pos f (t= )" h(s,y(s), Dy (9)) ds @.7)
At

a—1 5
MIO (1= 9" h(5,y(9), Dy () ds

1
a—1 5
_mf(; (1-5) h(s,y(s),D y(s))ds

(/12 - /12/11773) 1+ (Ain— )P
6(An—1)(1é- DI (a-2)
(1-am®) e+ - (I . )

_6(11n—1)(12§—1)r(a_2)f0 (1=s) h(s,y(s),D y(s))ds_

Proof: Let ¢c; € R,i = 0,1,2,3. Then by lemmas 2.1, 2.2, the general solution of (2.5) can be
written as:

3
fo €= 9" h(s,y(s), D’y (9))ds

x(t)——mf (t =)V h(s)ds —co— et — cof” — 38, (2.8)

Using (2.6), we immediately get ¢y = ¢p = 0. On the other hand, we have

= Ty o NT N — sl - @ @@ a-1
1 = (/lln—l)F(a)f (n—1s) h(S)dS+(/11n—l)F(a)f(l )2 h(s)ds(2.9)

(1 -4r) f €= 9" 3 h(s)d
- i ) S )
6n-DLé-DIr@-2 Jy

(1= 1 -
6(/1177—1)(/125—1)1“(@ 2)f0 (1 =97 h(s)ds.

To obtain the value of c3, we remarque that

A2

=— a3 1 1 a3
T 6“25‘”““—2)5@ X h(S)dS+6(/12§—1)F(a—2)f0(1 7 g((sz)f;

Finally, substituting the values of ¢ and c3 in (2.8), we obtain (2.7).
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3. Main results

We begin by introducing the quantities:

W1l nt+1 (=i Haa =202+ 1= p* |+l -1

Ny 17— (a+T) Ol -1~ (a-1) :
N, = . 11 +1 R PRl YiU M ol LSV
2 T Tla—o+D) " yn=IT(e+DIC2-0) = 8 n—11E—1(@-DI2—0)
17—l 2+ A -1
in—-1IE-1T(a— DI G—0)°
Na = nelHbA (Jia= A2 [+ A= )B4+ 1=y [+ -1
3 -1 (B+1) Ol 1L TTBE-1) ’
N, = 1 N I P+1 N | =01 |EE 24| 1-217
4 T TE-5+D T -1 B+DIQ2=08) * 6lA1n—1AE— 1T (B—DI(2-3)

A=l 2+ -1
n—1LE-1TE-DIE-5)"

We impose also the hypotheses:

(H1) : The functions f , g : [0,1] x R — R are continuous.

(H?2) : There exist non negative functions a;, b; € C ([0, 1]),i = 1,2 such that for all ¢ € [0, 1]
and (x1,y1), (x2,y2) € R2, the inequalities

ay () |xy — x2| + b1 (D y1 — yal, 3.1
ap () |x1 — x| + ba () [y1 — yal,

|f(ta le’l) - f(ta x2’y2)|
g (2, x1,¥1) — g (£, X2, y2)

IA A

are valid, and

wy =supaj (t),wy =supby (t),w) =supay (t), @y =supby (1).
teJ teJ teJ teJ

(H3) : There exist positive constants L; and L, such that
|f (t, x,y)| < Li,|g (t,x,y)| < L, foreacht € J and all x,y € R.
Our first main result is given by the following theorem:
Theorem 3.1. Assume that (H2) holds and suppose that
(N1 + Np) (w1 + wp) + (N3 + Ny) (@ + @) < 1. (3.2)
Then the problem (1.1) has a unique solution on J.

Proof: We apply Banach fixed point theorem. So, we consider the operator ¢ : X XY — X XY
defined by:

¢ (x,y) (1) := (1Y (1), 2x (1)), (3.3)
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where

0 = f (1= 971 £ (5, (9, DOy (5)) ds (3.4)
At

R _ aa-1
mm—l)r(a)f (=" f(5:9(9), D’y (5)) ds

1
-_— _ a—1 5
(/lln—l)F(a)fo (1= f(s.7(), D (5)) ds

(/12 _/12/117]3)t+ (/12/11)7_/12) t3 f A D6 ]
6(An—-1D)(ME-DI(@-2) Jo €= f(S’y(S)’ y(s)) s

(1-an¥)t+ -2 1 . )
_6<ﬂln—1)(ﬂzg—1)r(a_z)f0 (1= )7 f(5.y(s), D%y () ds

and

drx(t) : = F(,B)f (t— sy 1g(s x(s),D7x(s))ds (3.5)

Ayt

a—1 o
T Jy T 80,0 ) ds

1
- _ a1 o
um_nr(ﬁ)fo (1= 9" g(s,x(s), D7x(s)) ds

(/12 - /12/11773) t+ (Ad1n— A2) 3
6(A1n—1) (26 - DI (B-2)
(1-am?)t+n-n 1 s )

_6(/1117— 1) (A€ — 1)1“('3_2)‘[) (1 =5 g(s,x(s), D" x(s)) ds.

And we shall prove that ¢ is a contraction mapping.
Let (x,y),(x1,y1) € X X Y. Then, for each t € J, we have:

'3
f & - )3 g(s,x(5),D7x(s))ds
0

t
91y () = 131 (O] < ﬁf (t =9 |f (5,905, D% () = £ (5,31 (5), D1 (5))| ds

- f(s,y1 (s). D% (s)) ds
+Mm—tllr(a)f0 (1= (559, D° () = f (5,31 (9, D’y (9))|ds  (3.6)

ds

(

umulllfr(a) f (=9 f (5.7(5). Dy (s)
(
(

A=+ in-1e (¢ ~
+ 26|/11277—117||/'1t2?—i|1"](7;—22)|t fo € =9 (5.9, D% (5)) = £ (531 (), DOy ()

[1=Au 3|+l m—113

1
G- 1T a-2) fo (1= 73| f (5,(9), DOy (5)) = £ (5,31 (5), D3y ()| ds

Thanks to (H2), we obtain
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(m=11+121 ¥ +1) w1||y—y1||+wz D°y-DOy,

[(|/12 AP [+ A=) 2+ 1= 3 [+ =11 | (w1 ly=y1 I+wa | DOy- D%H)
Ol -1 1T (a—1)

Consequently,

(#130) = $131 O1 < Ny @1 + ) (I =il +]|D%y = Dwi ). (3:38)
Hence,
161 0) = 91 Gl < Ny @i + ) (I =yl + [Py = DPwi ). (3.9)

We have also,
t
D761y (1)~ D7¢1y1 (0] < 7l | =97 (5,5 (), DOy (s)) -
I'(a—0) 0
1 1-0 7 _
+|/l177—|1|11"|(ta)l"(2—0')f (=) 1 f(s,y(s),Déy (s)) B

T f (1= 9" f (5,59, D% () = £ (5,31 (), D°y1 (8))| ds

l/lz—/12/11773|t1 d &
+[ 6I/11U—lll/lzf—llr(a—%)l"(Z—O') )f (é; _ S)(Y—3 f(S,y(S) ’Déy(s)) _ f(S,y1 (S) ’D(Syl (S)) ds

(5,31 (), D%yy (9))|ds

~ =

(5,31 (), D%yy (9))|ds

| Ain—2013~

T 2T G0

N =11~
An=TT2E-TI (@2 G=0)

|-y |t~ !
+( 6|/117]_1||/12§_1|r(63l’_—2)r(2—0') ]f (1 _ S)a_3 ‘f(s,y(s),Déy (S)) _f(S,yl (S),D6y1 (s))'ds

(3.10)
By (H2), yields
- - (@1+@)([ly=y1lI+[|D°y—-D%yy])
|D 1y (1) — D" 11 (t)l < T(a—o+1)
+(w1+w2>[ul|n“+1](||y—y1||+||D5y—D‘5y1||)
[An—1T @+ DI'2—-0) 3.11)

(w1+w2)[|/12 AP [E 24 1= | (y=yi 14| DOy- DOy )
- 1LE- 1 (@- I 2-0)
+(w1+wz>[uzm Al 24 =11 (1y=y1 l1+]| DPy— D‘Sylll)
A= TILE- 1 (@- DI G—0)

This implies that,

Y% A n%+1
R N e e [ (SERSURY [y | [EREA

(wi+w)|[a—-in?le*2+{1-27)|

GIin-TI2E~TM (@~ DI 2=0) ( _ +HD5 _pd H)
(@1+w)| I -k 2+ 1| b= il Y )

|tin—=1]2¢ =1 (a=DI'(4=0)
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Therefore,
D713 () = D791 0] < Na @1 + ) (I =yill+ [P0y - D). G13)

Consequently,

[D761 63 = D761 0| < Mo (@1 + o) (I =yall+ POy = i) G4

By (3.9) and (3.14), we can write

61 0) = 91 Gl < Vi + N2 @1 + @) Iy =ill+ [Py = Do) 31s)
With the same arguments as before, we have
g2 (x) = d2 (Dlly < (N3 + Na) (@ + @) (Il = xll + [D7x = D]} (3.16)
Using (3.15) and (3.16), we can state that

(N1 + Np) (w1 + wy)

||¢(x7y)_¢(x1’y1)”XXY < +(N3 +N4) (WI +w2)

](Il(x—m,y—m)ll;(xy)- (3.17)

Thanks to (3.2), we conclude that ¢ is contraction. As a consequence of Banach fixed point
theorem, we deduce that ¢ has a unique fixed point which is a solution of (1.1).
The second main result is based on Schaefer theorem. We have:

Theorem 3.2. Suppose that (HI) and (H3) are satisfied. Then, the problem (1.1) has at least one
solution on J.

Proof: A: Thanks to (H1), we can state that the operator ¢ is continuous on X X Y.

B: We will prove that ¢ maps bounded sets into bounded sets in X X Y.

So, taking p > 0, and (x,y) € By := {(x,y) € X X Y;[|(x, Y)llxxy < p}, then for each t € J, we
have:

1
by @l < fo = 9 |7 (5.9, DP9 s -
Ui
+M177|il%fo (n -9 'f(s,y(s),D‘;y(s))|ds

=1 fo " 5! £ (5.3(5). Dy ()| ds

|/12—/12/11773|l+|/12/1177—/12|t3 d -3 5
SL-TILE-10@=2) |, &= 9" ‘f(s’y(s)’D y(s))‘ds

I A 3 5
*oin T, (=97 | (5.36). D% 9) ds
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The condition (H3) implies that

L=+ | L (=i [Haadin-aal)er 2+ (1= +Hain-1)]

9y O < =MD 6T TR~ T(a-T) (3-19)
[ =1llA In*+1
< I [Aim—1(e+1)
= (|/12 LA [+ =) 2+ 1= A0 [+ -1
ol41n—1llA2¢—1I(a—1)
Then,
llor Il < L1 Ny. (3.20)
For DY, we have the following inequalities
1 ' 1 s
|DU¢1)’ (f)| Smfo (t—9)"7" 'f (S,)’(S),D y(S))'dS
Ayt = " a-1 5
+|/l]7]—1|r(a)r(2—0') f (TI - S) ‘f s,y(s) aD y(s))' ds
a—1 0
e f (=97 (5.3, Dy (9)| s .
|/12 /12/117]3|[1 T ¢ (321)
1 11T 2-0) _ a3 S
+r((1—2) : |/12/l172]—/12|t3_0— f (é: S) ‘f(S,Y(S),D y(s))‘ds
|1l 28— 1I'(4-0)
1=t 1
1 %O —12E—1T2—0) _ a3 s
+F(a—2) ! |/lln_1|t3—(r ]f (l S) 'f(S,y(S),D y(S))'dS
[in—1llA26-1I'(4-07)
By (H3) again, yields the following formula
D71y (0| < Ly | + il (3.22)
1y = | Ta—o+D) " =1 (a+DI2—0) :
(=i [g 24 1=
+Ly| SU-TE-TT@-1I2-0)
! oAy =€+, 7-1]
|12 -1l (e—DI'(4-0)
T 111 3!
< I Ta—o+1) * =1+ DI 2—0)
U bl 21l Gy din-ole* - 1]
ol =161l a-DI'2-0) * [4n—-1l[A2&- 1T (e-DI'(4-0)
Hence, we can write
D781 0| < L1V, (3.23)

Using (3.20) and (3.23), we obtain

g1 Wllx < L1 (N1 + N2). (3.24)
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As before, we obtain

llp2 (Olly < Lo (N3 + Ng).

By (3.24) and (3.25), we get

llp Ce, Wlixxy < Ly (N1 + Np) + Ly (N3 + Ny).

Therefore,

C:

I Cx, Mllxxy < 0.

Now, we prove the equi-continuity of ¢.

Let us take (x,y) € By, and 11,1, € J, with 1 < 1. We have:

t
61y (1) =1y (D < fo 1(<r1—s)“—l—(tz—s)“‘l)1f(s,y<s>,05y<s>)1ds

5]
@ , 2 97| (5, Dy (9)| ds
il
ulty=11) . 5
w-%fo =97 |f (5,99, Dy ()| ds

1
it [ =9 (9. D ) s

| o= |(to—11)+H A - /lzl t3—l3

(3.25)

(3.26)

(3.27)

(3.28)

L —TLe-Ta=2) f (€ -9 3‘f S y(s), D‘Sy(S))'

[1-17°|(t1=t2)+H A1n— 1| t3—t3 3 5
611 —1[[A2é— 1T (a— 2) f (1 -9 ‘f 5,y(s),D y(S))‘

o (Es2A5-0) Lo | Li-n)
= I'(a+1) [Ain—1T(a+1) [Ain—1T(a+1)

Lll/lz L APE2(t—t)+Li | b lin—Aol€%~ 2(t3 t3)
6l n—1[l26-1l'(a—1)
Li|i-an? |-+ Lilin-11(5-5)
6l n—1]|426-1I'(e-1)

Therefore,

=1+l |, [o-bin’ler
91y () =1yl < Ly [I/lm M@+ D) T 8- 1D | 72

3
1 1= _
M@ D T e 1r@-n | 1 ~ 1)

A1 n—Anl€" >
L [6|/1177—1I|/12€—llf(a—1)] (

+L1

3_3 LyjAn-1] 3
B-1)+ O T—TlLE—TIMa=1) (7

L 2L
r(ail)(t tz) Maan (2 = 1"

(3.29)

tg)
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We have also

11
ID7¢1y (12) = D71y (11| < 1y fo (1 =97 == 9" ) | (5.3 (), Dy (s))| ds
5)
tras ), (2= 9 (5@ Dy )] ds
|/l| 1 -0 l‘l O‘ ol s d
= 1|F(a)F(2 0') (U—S) f(s,y(S) D y(S)) s
1 -0 tl 0'
1 o
um SN a)f (1 -9 f(S y(s),D y(S)) ds
l/lZ /12/11’73|(1 o l‘l (r
O =1l 0e— 1|r(a z)r(z o) a3 5
S e R f €= 97| (53, Dy ()| ds

T =TE TN a- 2)F(4 o)

1/117]3 1(rtl(r
2

6l417—1[l42¢—- 1|F(a 2)1“(2 o) a3 5
" =157 -577) f (1-15) ‘f (s,9(),D y(s))‘

|4n=T{lA26 =TI (= 2)F(2 o)

(3.30)

The condition (H3) implies that

L - - -
D71y (12) = D71y (11| < oy (1777 - 577 +2( - 1))

[A1m*+1 1
[n—1C(a+ DL 2—0) 1— -0 l[4in—11I (a+1)F(2 o) - -0
6l -1l 26-1[ (a-DI'(2-0) - TLE- T e—DI2-0)
Ll n—1pl¢ 2 (3 o _ 3 0')+ Lilin-1 (t3—0' t3—0‘)
[A1n=1[l2é- 1T (a—DI'(4~0) 1 =121 (a=DI'(4-0) \"1 2 )
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The inequalities (3.29) and (3.31) imply that:

3| ga—2
=1+, I [a-tin’le
— < —
¢1y (12) — 1y (tDllx < Ly [|/1177—1|F(01+1) + 6 —1e—1T@-1) (1)
_ 3 -2
1 UM _ Jadi=Aalé® 33
L1 | eTies D + e iieetresn | - 2+ L | gmiieraen | (5 ~ 1)
Lilin-1] 3_.3 Ly @ _ i\
6|/1117—1||/12§—1|F(a—1)(t1 5) + sy (1 =15 + 22— 1)7)
[A1]7%+1 ]
Ly a-o a0 a—o =1 (e+ DI 2-0) -0 -0
e (677 =577+ 2 = 1)) + Ly 71/12—/12/11773|§a_2 (177 -17)
=1 e-Dr2—o) |

; -
1 |1_/1177 | -0 _ -0

L1 | =TT+ D=0 T 6 =TLE=TTe-DI2=0) (tl 5 )

LA 1n—-2p18%2 <t3—o- _ t3—o-) + Lilin—1] (t3—o- _ t3—o-)
=Tlaé—1a-Drd—o) (22 1 =TT a-Drd—o) 2 )

With the same arguments as before, we can write

An—1]+]2 =[P 2
g2 (12) = o x (1)l < Ly ['Mﬁ,_l'g'(ﬁg"{f + 6M!,f_1||32;_1||r(ﬂ_1)] (1 = 11)(3.33)

_ 3 —2
i [1-177| _ i n—Alé? 3.3
M IrED t et | 1~ 2) * L2 | g7 =T ITG-D (5-1)

+L,

Lyl -1 3.3 L
+6|1177—1|2|121§—1|F(ﬂ—1) (tl N tz) + r(ﬁil) (’f - t§ +2(p - tl)ﬁ)

P +1
L —0 _ po - =1L B+ (2= 1= 1-
+r("‘—‘2§+1)(z¢f 20y 5)+L2 | lTb—la(ﬁm%léﬁ‘z) (n°-17")
L= TE= 1T (-1 2—0) |

it (1 - 47)

+Ly 1 +
[Ain—1TBE+DI2-6) ~ 6|41 7-1[|26- 1T (B-1I'(2-9)
Lol =2y |E52 (t3—5 3 t3—5) N LolAin-1] (t3—5 B t3—5)
[i7—1[A€- 1T (B-1)I'(4-06) \"2 1 [An—1][26-1I(B-1)[(4-0) \'1 2 )

Thanks to (3.32) and (3.33), we can state that ||¢ (x,y) (12) — ¢ (x,y) tDllxxy — 0 astr — 1.
Combining A, B, C and using Arzela-Ascoli theorem, we conclude that ¢ is completely continuous

operator.
D: We shall show that

Q:={(x,y) € XXY,(x,y) =ud(x,y),0 <u <1}, (3.34)

is a bounded set.
Let (x,y) € Q, then (x,y) = u¢ (x,y), for some 0 < u < 1. Thus, for each ¢ € J, we have:

y (1) = pupry @), x (1) = upox (7).
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Therefore,
1 1 ! a—1 0
;Iy(t)l < mj(;(t—s) ‘f(s,y(s),D (s))‘ds (3.35)
7
e fo (=9 |1 (5.7 9.0° (9) ds
n
+|/11n—t1|r(a)j(; UE ’f(S,y(S),D‘S(S))’ds
[ o= 17 i+ A1 =2a 1 3 5
e TRE e, -9 ‘f(s,y(S),D (S))‘ds

- |- (! 3 5
tA e ), =" £ (s.9(9).0° ()| ds

Thanks to (H3), we can write

1 LA =11+, % +1)
,l_l |y (t)l < I/lm—llf(a+1) (336)

Ll(lzz LA [H =)+ 1=y |+ - 1)
610 7~ 112~ T (a—T)

Thus,
(=L )
=1 (a+1
VOIS UL (dp-tpap | tptin-al)er 21—l in-1 (3:37)
6L n-TTLE-T(@-1)
Hence,
[y ()| < uN{Ly,t € J. (3.38)
On the other hand,
1 ! o
L7y 0) < G fO (1= 97 f (5.3(9, D% (9)| ds (3.39)
'~ § -1 5
+Mm—1|f(a)r<2—a>fo (=9 £ (5.3 ). D% 5)] ds

[10'

T e=o) fon =9 |F (5.3(5). D (5))| ds

[ |/12—/12/117]3|t1_0- ]

6|1 n—1]|126-1T'(a-2)T 2—0) a3 1)
+ N |/12/11n_/12|t3—0' f(f S) ‘f(s’y(s)’D (S))‘ds
| =TT e E=o) |

|1_/lln3|tl—0'

[ 1 ~1
+| TR @-2TC-0) f (1 )23 ‘ f(sy(s), 00 (S))‘ s
-1 0

-T2 E-0) |
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Thanks to (H3), we have

1, - 1 417" +1
" |D y(t)| < Ly [r(a_ﬁl) T =@+ DI 2=0)

PO S i L VU SR VAL S P 20 |
L@ T=TTE=TMe-Dre-0) * Mi-TIGE-1Me-DlE-o) |

Therefore,

o 1 [A1|n¥+1
ID7y@)| < pLy [F(a—o-+1) t =1 DI 2=0)

| =€ 24| 1-17| =l 2+ A =1

+ulq

Thus,
‘Dﬁy (z)' < uL{No,t € J.

From (3.38) and (3.42), we get
Ivllx < pLy (N +Np).

Analogously, we can obtain
llxlly < puLp (N3 + Nag).

It follows from (3.43) and (3.4) that

G Wllxxy < pLy (N + No) + pLy (N3 + Ny) .

Hence,
llg (x, Wllxxy < oo.

6l n—1llA26- 1T (a-DI'2-0) * |4in=1ll2¢-1l(e-DI'(4-0) | *

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

This shows that the set € is bounded. Thanks to A,B,C and D, we conclude that ¢ has at least one

fixed point. Theorem 3.2 is thus proved.

4. Examples

Example 4.1. Let us consider the coupled equations:

7 (2| Ve ™ |cos(nt)| D%Y(t)'
DIx(r)+ X —=0,r€[0,1],
7(n2+3)" b)) 7,,(1+et)2(2+‘ D3y(,)‘)
ne 2t D%x(t)
3nlx(@)l

11
D3y(n)+

(5 +3 Vi) (1 +1x(0)]) " 21 13
5(t+3 ﬁ) (1+‘D2x(z‘))

x(0) = 0.x(1) = 3x(}) = 0.y ) = 0.y (1) - 3y(}) = 0.
¥ 0 =0,x"()-3x"(3)= 0" ©=0y"(-%H"(3)=0.

=0,t€[0,1],

4.1
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It is clear that

—t
t
fltxy) = &l N G cos I e 10,11, %,y € R,
T(r2 +3) @+1x)  Tr(l+e)7 @2+ DD
3 =2t
gt x,y = 7 + re " b ,t€[0,1],x,y € R.

(5 +33m) (L4 1) 5(r+3y7) (1 + Dyl

For x,y,x1,y1 € R,t € [0, 1], we have

1 -7t
If (&, x,y) = f@ x1, 1) < —le—x1|+ 2|y—Y1|,
7(m2 +3) Tm(1+¢€)
and
3r ne2nt
gt x,y)—gt,x,y)l £ —F——=lx—xil+ — ly = yil.
(5€t +3\/E) 5(t+3ﬁ)
Hence,
1 e !
ap(n) = —z,bl (r = \/_—tz’
7(m2 +3) Tr(1+e)
and o
3r me <7
ap (1) = zZ—’bz (r) = — 5"
Se’” +3+n 5 (t +3 \/7_T)
These imply that
1 \r
w; = sup aj(t) = —,wy = sup by (t) = =,
t€[0,1] 63 t€[0,1] 28n
3 1
w) = sup ap(t) = ———=,wr = sup br(1) =,
1€[0,1] 5+3+n 1€[0,1] 45
Ny = 1,08935, N, = 3,444, N3 = 0,77571, Ny = 2,51754,
and

(N| + Np) (W] + w2) + (N3 + Ny) (@] + @) = 0, 16329 + 0, 36466 = 0,52795 < 1.

So by Theorem 3.1, the problem (4.1) has a unique solution (x, y) on [0, 1].

53
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Example 4.2. The following example illustrates Theorem 3.2. We take:

2e”"|cos(1y(1))|
2 1
(2+ D3 y(t)‘)

D%x(t) + 1 > +
(t2+1)(2+ D3y(t)() 7(1+¢!
e =0,t€[0,1],

1
+
(et2+1)(1+|x(t)|) (t+1)2(1+’D§x(t)')

x(0) = 0,x(1) = 3x(3) = 0,y () = 0,y () - 3¥(3) = 0,
)

=0,r€[0,1],

t

10
D3y()+

4.2)

X0 =05 (-3 (2) =00 © =05 () -%"(3)=0
We have
1 27" |cos (tx))|
t,x, =
f( X y) ([2 + 1)(2+ |y|) 7(1 +€t)2(2+ |y|)
and
(t,x,y) = 1 + e’
e (e + 1) +1x) G+ DA+

So by Theorem 3.2, the problem (4.2) has at least one solution on [0, 1].
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Abstract

Divisibility of trinomials by given polynomials over finite fields has been studied and used to construct orthogonal
arrays in recent literature. Dewar et al. (Dewar et al., 2007) studied the division of trinomials by a given pentanomial
over [F, to obtain the orthogonal arrays of strength at least 3, and finalized their paper with some open questions. One
of these questions is concerned with generalizations to the polynomials with more than five terms. In this paper, we
consider the divisibility of trinomials by a given maximum weight polynomial over F, and apply the result to the
construction of the orthogonal arrays of strength at least 3.
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1. Introduction

Sparse irreducible polynomials such as trinomials over [F, are widely used to perform arith-
metic in extension fields of [F, due to fast modular reduction. In particular, primitive trinomials
and maximum-length shift register sequences generated by them play an important role in vari-
ous applications such as stream ciphers (see (Golomb, 1982), (Jambunathan, 2000)). But even
irreducible trinomials do not exist for every degree. When a primitive (respectively irreducible)
trinomial of a given degree does not exist, an almost primitive (respectively irreducible) trinomial,
which is a reducible trinomial with primitive (respectively irreducible) factor, may be used as an
alternative (Brent & Zimmermann, 2004). This encouraged the researchers to study divisibility of
trinomials by primitive or irreducible polynomials (Cherif, 2008), (Golomb & Lee, 2007), (Kim &
Koepf, 2009). The divisibility of trinomials by primitive polynomials is also related to orthogonal
arrays.

Let f be a polynomial of degree m over [F, and let a = (ay, ay, - - - ) be a shift-register sequence
with characteristic polynomial f. Denote by C/ the set of all subintervals of this sequence with

*Corresponding author
Email address: ryul_kim@yahoo.com (Ryul Kim)
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length n, where m < n < 2m, together with the zero vector of length n. Munemasa (Munemasa,
1998) observed that very few trinomials of degree at most 2m are divisible by a given primitive
trinomial of degree m and proved that if f is a primitive trinomial satisfying certain properties,
then C/ is an orthogonal array of strength 2 having the property of being very close to an orthog-
onal array of strength 3. Munemasa’s work was extended in (Dewar et al., 2007). The authors
considered the divisibility of a trinomial of degree at most 2m by a given pentanomial f of degree
m and obtained the orthogonal arrays of strength 3. They suggested some open questions in the
end of their paper. One of them is to extend the results to finite fields other than [F,. In this regard,
Panario et al. (Panario et al., 2012) characterized the divisibility of binomials and trinomials over
[F5. Another question in (Dewar et al., 2007) is related to extend the results to the polynomials with
more than five terms. In this paper we analyze the division of trinomials by a maximum weight
polynomial over [F,.

In the theory of shift register sequences it is well known that the lower the weight, i.e. the
number of nonzero coefficients of the characteristic polynomial of shift register sequence, is, the
faster is the generation of the sequence. But Ahmadi and Menezes (Ahmadi & Menezes, 2007)
point out the advantage of maximum weight polynomials over [, in the implementation of fast
arithmetic in extension fields.

We show that no trinomial of degree at most 2m is divisible by a given maximum weight
polynomial f of degree m, provided that m > 7. Using this result we can also obtain the orthogonal
arrays of strength at least 3. The rest of the paper is organized as follows. In Section 2, some basic
definitions and results are given and in Section 3, some properties of maximum weight polynomials
and shift register sequences generated by them are mentioned. We focus on the divisibility of
trinomials by maximum weight polynomials in Section 4, and conclude in Section 5.

2. Preliminaries

A period of a nonzero polynomial f(x) € F,[x] with f(0) # 0 is the least positive integer e for
which f(x) divides x°—1. A polynomial f(x) € IF,[x] is called reducible if it has nontrivial factors;
otherwise irreducible. A polynomial f(x) of degree m is called primitive if it is irreducible and
has period 2™ — 1. The reciprocal polynomial of f(x) = aux"™ + a1 X" '+ -+ ajx+ay € F,[x]
with a,, # 0 is defined by

fi(x) =x"f(1/x) = apx™ + a X"+ a, X+ ay,.

We refer to (Lidl & Niederreiter, 1994) for more information on the polynomials over finite fields.
Throughout this paper we only consider a binary field [¥, and all the polynomials are assumed to
be in [F,[x], unless otherwise specified.

A shift-register sequence with characteristic polynomial f(x) = x + Y7, ¢;x' is the sequence
a = (ay, ay, - - ) defined by the recurrence relation

m—1

Apym = § Ciljpn

=

forn > 0.
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A subset C of I is called an orthogonal array of strength ¢ if for any r— subset T = {iy, i, - - - , i}
of {1,2,--- ,n} and any r—tuple (b, b,,---,b,) € T, there exist exactly |C|/2" elements ¢ =
(¢1,¢2,-+ ,c,) of C such that ci; = bjforall 1 < j <t (Munemasa, 1998). From the defini-
tion, if C is an orthogonal array of strength ¢, then it is also an orthogonal array of strength s for
alll <s<t.

The next theorem, due to Delsarte, relates orthogonal arrays to linear codes.

Theorem 2.1. (Delsarte, 1973) Let C be a linear code over F,. Then C is an orthogonal array of
maximum strength t if and only if C*, its dual code, has minimum weight t + 1.

Munemasa (Munemasa, 1998) described the dual code of the code generated by a shift-register
sequence in terms of multiples of its primitive characteristic polynomial and Panario et al. (Panario
et al., 2012) generalized this result as follows by removing the primitiveness condition for the
characteristic polynomial.

Theorem 2.2. (Panario et al., 2012) Let a = (ay, ay, - - - ) be a shift register sequence with minimal
polynomial f, and suppose that f has degree m with m distinct roots. Let p be the period of f
and?2 <n < p. Let C',f be the set of all subintervals of the shift register sequence a with length n,
together with the zero vector of length n. Then the dual code of Cf is given by

n—1

(€ ={(br, -+~ by : Y binix'is divisible by £.}

i=0

A maximum weight polynomial is a degree-m polynomial of weight m (where m is odd) over
F,(Ahmadi & Menezes, 2007), namely,
P |
fO=x"+x""+ M T+l ——— 4+ X
x+1
If you take
gx) = (x+ Df(x) = x™ + X+ x4 1,

then the weight of g(x) is 4, and its middle terms are consecutive, so reduction using g(x) instead
of f(x) is possible and can be effective in the arithmetic of an extension field F,» as if the reduction
polynomial were a trinomial or a pentanomial. This fact motivated us to consider the divisibility
of trinomials by maximum weight polynomials.

3. Character of shift register sequence generated by a maximum weight polynomial

In this section we state a simple property of maximum weight polynomials and characterize
the shift register sequences generated by them.

Proposition 3.1. Let f(x) = x" + x" '+ -+ xX* 4+ X1+ oo+ 1 € Fylx]. If £(x) is irreducible,
then gcd(m,[) = 1.
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Proof. Suppose ged(m,l) =d > 1,m = mid and [ = [,d. Then we have

gx) = (x+Df)=x""+ XA+ 1
= M@+ D+ + D= L D)+ (M)
= A D)+ .

So (x? + 1)/(x + 1) is a factor of f(x), which means f(x) is reducible. [J

Proposition 3.2. Let f(x) = x" +x" '+ .-+ X + 71 + ... + 1 € Fy[x] be a primitive polynomial

and
m—1

Apim = Z Apyi + Apiy(n 2 0)
i=0
be a shift-register sequence with characteristic polynomial f. Then for all positive integer n,

Apim = Ap—1 t Ap—141 T Ay

Proof. Since f(x) is the characteristic polynomial of (ag,a;,---), we geta; = ap+a; +---+ay
where ay, a;,- - ,a,_; are initial values not all of which are zero. We use induction on 7.
Ifn=1,
Ani1 = @+ +a+ay+-+ay

a0+(a0+---+al+al+l+al+2+---+am)+al+1

ag+a;+ apg.

Now assume that the equation a,,,,, = a,-1 + a,-14; + a,.; holds true for all positive integers less or
equal to n. Then,

Amin+l = Ape1t ot Qpep+ Qpippo T 000+ Apyy
= (ag+- - +an)+(a+ - +a)+ aun
(et + 0 F Apin)
= aq+(ao+ - +ay)+ apyer +(ao +a;+ ap)
+ar +apg tap2) + -+ (Aot + Aot + Q)

= ap+ Qup t Apigel

This completes the proof. []

4. Divisibility of trinomials by maximum weight polynomials

In this section we consider the divisibility of trinomials by maximum weight polynomials,
provided that the degree of the trinomial does not exceed double the degree of the maximum
weight polynomial. Let f(x) = x" +x" '+ .-+ x!*! + x"! + ... + 1 € F,[x] and suppose that f(x)
divides a trinomial g(x) with

t

g = fFOhX) =@ +x" X X D Z X',

k=0
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m m—-1 -~ [+1(@{)1I-1--- 0 iy
m m-1 --- I+1 () I-1--- 0 ip—1

m m—1 -.- Il+4+1 () I-1-..- 0 i1
+ m m—-1 --- [+1 () 1-1--- 0 10

L] L] ]

Figure 1. An illustration of equation g(x) = f(x) 3} _, x*

where x'*s are the non-zero terms of 4(x) and 0 = iy < i; < --- < i;. The above equation can be
illustrated as in Figure 1.

Here (/) stands for the missing terms. We adopt the same terminology as in (Dewar et al., 2007),
(Panario et al., 2012). In particular, if the sum of coefficients in the same column of Figure 1 is
0, then we write that the corresponding terms x' cancel and if the sum is 1 then we say that one
of the corresponding terms is left-over. The proof of our main results will be done with Figure 1.
Since the most top-left term m + i, and the most bottom-right term 0 + i are trivial left-over terms,
we have only one left-over term undetermined. Below a left-over term means the left-over term
which is neither m + i; nor O + iy. And we always assume that m + ij is in the same column as
s+ 1,0 < s <m—1 and denote the number of terms in A(x) as N.

Lemma 4.1. Let f(x) = x" + X" '+ + X1 + X1 + ... + 1 € F,[x] and g(x) be a trinomial of
degree at most 2m divisible by f(x) with g(x) = f(x)h(x). Then N equals to 3 or 5.

Proof. Since g(x) is a trinomial and f(x) has an odd number of terms, 4(x) also has an odd
number of terms, that is, ¢ is even. Suppose that N is greater or equal to 7. If s > [ then for every
even number k, m + i,_; 1S a left-over term. Since ¢ > 6, we have more than 2 left-over terms which
contradicts the assumption.

Consider the case of s < /. First assume that there exists a unique left-over term to the left of
m + ip. It is sufficient to show [/ > 3 because if so, 0 + i, is an extra left-term which leads to a
contradiction. Observe a position [ + i,. If [ +i, > m + i, , then clearly [ > i,_, — iy > 4, so we have
done. Assume that [ + i, < m + i,_,. Then [ + i, > m + i,_4 because if not, then m + i,_, and m + i;_4
are left-over terms. Thus we have [ > i,_4 —iy. If [+ i, >m +i,_4thenl >2andifl+i, =m+i,_4
then i,_4 — iy > 2 because if i,_4 — iy = 2then m + i,_s = [ + i,_; and so an extra left-over term
appears.

Next assume that there is no left-over term to the left of m+iy. Then it is clear that m+i,_, = [+,
and [ > i,_, — iy > 5 hence 0 + i, and O + i4 are left-over terms; contradiction. [J

Lemma 4.2. Under the same condition as in Lemma 1, if s < [ then m + iy cannot be a left-over
term.

Proof. Assume that m + iy is a left-over term. Then all the remaining terms in other columns
must cancel and by Lemma 1 N =3 or N =5. If N =3, thenl+i; > m+ i, from s < [ and
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thus an extra left-over term occurs in the column of / + ;. Now assume that N is 5. We see easily

[+i, =m+1i_,and i, — i,_; = 1. If there is an extra left-over term to the left of m + iy, then we
have done. If there is no any extra left-over term to the left of m + iy, then i, — i; = 2 because if
Ih—ip = 1thenm+ i, = [+ i,_; and so m + i; is an extra left-over term and if i, — i; > 2 then

[—-2+i,=1-1+i_ =m-2+1i,and so ! — 2 + i, is an extra left-over term. Then from the
condition i; < m, it follows [/ > 3 and thus O + i, is an extra left-over term; contradiction. [J

Theorem 4.1. Let f(x) = X" + x" '+ + 2L+ X7V + ... + 1 € Fy[x). If g(x) is a trinomial of
degree at most 2m divisible by f(x) with g(x) = f(x)h(x), then

1) f(x) is one of the polynomial exceptions given in Table 1.

2) f(x) is the reciprocal of one of the polynomials listed in the previous item.

Table 1. Table of polynomial exceptions

No g(x) JS(x) h(x)

1 ©+xt+1 Crx+1 X+x+1

2 O+t +1 XC+a2+1 X+’ +1

3 X4x+1 P+ +x2+x+1 *ex+1

4 X +x+1 Crxt+d+x+1 X4+x+1

5 B+ +1 P+ +1 C+x+1

6 AP+l T+ P+ x4+l X+ +x+ 1
7 xP+x41 X+ + X+ x4+ 2+ X+ 241

Proof. We divide into three cases: s > lors=1/[or s <.
Casel: s> 1L

Since A(x) has an odd number of terms, s < m — 2 and m + i is a left-over term, hence all the
remaining terms in other columns must cancel. There is no missing term to the left of s + i,, and
therefore m + i,_, is a left-over term. This means iy = i,_,, namely, N = 3. Since m — 1 + iy must
cancel, s = [+ 1 and m — 2 + i, cancels up automatically from i, —i,_; = 1. We see easily that [ = 1
or m — 3 + iy 1S a missing term because m — 3 + iy must cancel up. If / = 1, then clearly m = 5 and
we get the 5th polynomial in Table 1. If m — 3 + i is a missing term, then / = m — 3. Since [ -1+,
must cancel up, / must equal to 2 and so we get the 4th polynomial in Table 1.

Case2: s=1

In this case, m + iy cannot be a left-over term because the number of non-zero terms in column
of m + iy is even. If there is a unique left-over term to the left of m + iy, then it must be m — 1 + i,
or m+ i.

Case 2.1: m — 1 + i, is a unique left-over term to the left of m + i,.

Clearly i,y =i, —2. If N =3 then m — 1 + iy is an extra left-term and if N = 5 then m + i,_, is
so. This contradicts to the assumption.

Case 2.2 : m + i, is a unique left-over term to the left of m + ij.

This is the case of N = Sand i, — i,-; = i, —i; = 1. m — 1 + iy cancels automatically because
m— 1+ iy =1+ 1i_;. Thus we have only two possible cases: [ = lorl # 1,l+i, = m —2 + .
Assume that [ = 1 then m — 3 + iy must be in the column of / + i, and m — 5 + iy must cancel with
0 + i; so we get the 7th polynomial in Table 1. And assume that / # 1,1+ i, = m — 2 + iy then
i;-1 — i, = 1 and observing m — 4 + iy implies thatm —4 = [,[ -3 #0orm —4 > [,] = 3. In these
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two cases we have an extra left-over term [/ — 2 + iy; contradiction.
Case 2.3 : There is no left-over term to the left of m + i.

It is obvious that N = 3 and i, — i; = 1. If i; — iy > 3 then we have two left-over terms among
Jj+io(1 < j < 3). Hence i; — iy is less or equals to 3. Examining all cases for i; — iy we get the
reciprocals of the 1st, 3rd and 4th polynomials in Table 1.

Case3: s<|I.

By lemma 2, m+ij is not a left-over term. So there exists z(1 < z < r—1) such that m+iy = [+1i..
Case3.1: m+igy=101+1i_,.

Clearly we have i,_; > i, — 3. First assume that i,_; = i, — 3. Then /equalstom — 1 or m — 2. If
[=m-1,thenl—-1+i, =m-2+1i,1saleft-overtermso!—3+ i =[+1i,_; = m+ iy and h(x) has
three terms. Since the unique left-over term has already been determined, 0+i, = [—-1+i,_; = [+
and we get the 3rd polynomial in Table 1. If / = m -2, then m — 1 + i, is a left-over term and m + i,
must cancel with O + i, which means iy — iy = 2 and /[ = 3. But then 1 + i, appears as an extra
left-over term; contradiction.

Next assume that i,_; = i, — 2. When! #m —1,m— 1+ i, is a left-over term and [ < m — 3
because if [ = m — 2 then m + i,_; is an extra left-over term. [ + i, must cancel with m + i,_, and in
fact N is 5. Thus i, —i; = 1. By the condition m + iy = [ +i,_;, we have i} —iy = 1. Since m — 1 + i
must cancel up, /=2 =0orm —3 = [. If ] — 2 = 0 then we get the 6th polynomial in Table 1 and
the equation m — 3 = [ leads to a contradiction due to an extra left-over term in column of /-3 + .
When [ = m — 1, clearly N is 3 from the conditin [ + i{,_; = m + iy. By research of possible values
of [ we get the reciprocals of the 2nd and 5th polynomials in Table 1.

Next assume that i;_; = i; — 1. If N = 5 then m + i,_, is a left-over term and i;,_, — i; = 1, hence
an extra left-over term occurs in the comumn of /+i;. Thus N is 3. Since [—1+1i; = [+i,_; = m+ij,
[+1+i,_;i1s aleft-overterm. If m — 1 # [, then / — 1 = O from consideration of m — 1 + iy and
therefore we get the 2nd polynomial in Table 1. If m — 1 = [, then [ — 1 cannot be zero, so we get
the 1st polynomial in Table 1.

Case3.2: m+iy=1+1i.

In this case N is 5 and clearly 2 < [ < m — 2. Observe a column of [ + i,.
Case3.2.1: m+i, <l+1,.

We have a left-over term in the column of [ + i; and i, — i,_; = 1. Then m + i, must cancel with
[ —1+1i, and also i, — i; — 1. By the condition [ + i, = m + iy, m — 1 + iy must cancel with [ + ;.
From i; < m we have [ > 3 and i; — iy = 1 because if not, then 1 + i is an extra left-over term.
Hence [ equals to m — 2. Since m — 1 + iy must cancel up, [ — 4 # 0. Observing the term [ — 1 + iy,
we see that / — 5 = 0 and then [ — 2 + i appears as an extra left-over term; contradiction.
Case3.22: m+i,=1+1,.

Assume that m — 1 + i, is a left-over term. Then clearly l < m—2and i, — i, = 2. If i, —ip = 2,
then m + iy must concel with [ + i,_; which contradicts to the condition m + iy, = [ + t,_,. And if
i — iy > 2, then an extra left-over term occurs in the column of / + 1 + i; or [ + 2 + i, which again
leads to a contradiction.

Now assume that m — 1 + i, is not a left-over term. Then i, — i,_; = 1 and m + i; cancels with
[+i_jorm+i; <l+i,_;. f m+1i, cancels with [+i,_; then m + i, is a left-over term and i, —i; = 1.
From i, < m, we have 0 < /- 2. Since if i} — iy > 2 then 1 + ij is an extra left-over term, i; —ip = 1

and [ = m—2 = 4. Then [+ 2+ i, appears as an extra left-over term; contradiction. If m+i; < [+1i,_4
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then m + i; must cancel with m — 2 + i, or m — 3 + i,. Briefly considering as above, we arrive at a
contradiction in both cases.
Case3.2.3: m+i,>1+1,.

You shall see that ] < m — 3,i, —i,_; = 1 and m + i, is a left-over term. Since m — 1 + i,
must cancel, m —1+i, = [+i,orm—1+1i, = m+ i;. In the first case i, — i; = 3 because
l+i,y=m-2+i,=101-1+1i. Since m+1i; <l+i._y,11s greater or equals to 3. If iy —ip > 1
then 1 + iy is an extra left-over term and if iy — iy = 1 then / = 3 and m — 2 + i is an extra left-over
term, which leads to a contradiction. In the second case we have [ + i, = m + iy; contradiction.
Case33: m+iy=1+1i.

In this case we have [ > 3 from i, < m. First assume that 1 + i is a left-over term. Then
clearly iy —ip = 2, +ip = 0+ and [+ 1 +ip =1l-1+i; =1+i, = 0+i_. Since
[+2+iy=1l+i;,=2+i,=1+i_, =0+1i,, wehavem = [+2. Thenfrom5+i, =4+i,_; =3+1,
we have / = 5 which corresponds the reciprocal of the 6th polynomial in Table 1.

Next assume that 1 + iy is not a left-over term. Theni; —ip = 1, =m—-1and 0O +i,is a
left-over term because if not, then O + i, = [ + i, and thus N = 3 which is the case mentioned
above. Considering the first and last terms in every rows, we have the following equations:

1 —bL=1,0+i=10+iy,l+i>m+1i,i,—i; =2,
O+, =1+ip,i,— i1 =2.
This implies the reciprocal of the 7th polynomial in Table 1. [

Note that every polynomial f(x) listed in Table 1 has degree less than 8. From this fact we can

immediately get the following corollary.

Corollary 4.1. Let f(x) be a maximum weight polynomial of odd degree m greater than 7 and g(x)
be a trinomial of degree at most 2m. Then g(x) is not divisible by f(x).

Combining these facts with Theorem 1 and Theorem 2, we get the following corollary on
orthogonal arrays of strength 3.

Corollary 4.2. Let f(x) be a primitive maximum weight polynomial of odd degree m greater than
7. If m < n < 2m, then C!is an orthogonal array of strength at least 3.

5. Conclusion

In this paper, we analyzed the divisibility of trinomials by maximum-weight polynomials over
[F, and used the result to obtain the orthogonal arrays of strength 3. More precisely, we showed
that if f(x) is a maximum-weight polynomial of degree m greater than 7, then f(x) does not divide
any trinomial of degree at most 2m. Our work gives a partial answer to one of the questions posted
in (Dewar et al., 2007). As anticipated in (Dewar et al., 2007), (Panario et al., 2012), one seems
to need some new techniques to give a complete answer to the question.
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Abstract
Let0 < p < +ocoand Qp = {z e ChexpVe(z) < R}, for some R > 1, where Vg = sup {é In|P4l, P; polynomial

of degre < d,||P,llg < 1} is the Siciak extremal function of a L-regular compact E.
The aim of this paper is the characterization of the generalized growth of analytic functions of several complex
variables in the open set by means of the best polynomial approximation in L,-norm on a compact E with respect to

the set Q, = {z e C"exp Ve(2) < r}, l<r<R.

Keywords: Extremal function, L-regular, generalized growth, best approximation of analytic function, LP-norm.
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1. Introduction

Let E be a compact L-regular of C". For an entire function f in C" developed according
an extremal polynomial basis (A;); (see Zeriahi (1987)), M. Harfaoui (see Harfaoui (2010) and
Harfaoui (2011)) have generalized growth in term of coefficients with respect the sequence (A ).
The growth used by M. Harfoui was defined according to the functions @ and S (see Harfaoui
(2010), pp. 5, eq. (2.14)), with respect to the set:

Q, ={zeC", exp(Vp)(2) <},

where
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1
Vi = sup{;l log|P,|, P; polynomial of degree < d, ||Pyllz < 1}

is the Siciak’s extremal function of E which is continuous in C" (Because E is L-regular). The
(a, B)-order and the (a, B)-type of f an entire function (or generalized order and generalized type)
are defined respectively by:

log(llfllg, 11l
pl@,f) = lim Supa( e/ Qr)) and o(a,p) = limsup a( ! Qr)

v Blog(r) . W

where

I£lls. = sup|f @)
Q,

These results have been used to establish the generalized growth in terms of best approximation
in L,-norm for p > 1.
Let f be a function defined and bounded on E. For k € N put

2 (E, f) = inf{”f - P” . PePuCh),

LP(E.u)

where P (C") is the family of all polynomials of degree < k and u the well-selected measure (The
equilibrium measure u = (dd“Vg)" associated to a L-regular compact E) (see Zeriahi (1983)) and
LP(E, ), p > 1, is the class of all functions such that:

[y = ([ 177 )" <o

For an entire function f € C" M. Harfaoui established a precise relationship between the gen-
eral growth with respect to the set (see (Harfaoui (2010)): Q, = {z e C": exp(Ve)(z) < r}, and the
coeflicients of the development of f with respect to the sequence (A ), called extremal polynomial
(see Zeriahi (1987)). He used these results to give the relationship between the generalized growth
of f and the sequence (ﬂf (E, ). Note that M. Harfaoui did not study the case 0 < p < 1 because
the triangle inequality is not satisfied. A. Janik (see Janik (1991)) characterized the («, 8)-order of
an analytic function g in Qx defned by

Qp = {z e C", exp(Ve(2)) < R}, for some R > 1,

by means of polynomial approximation and interpolation to g on on a L-regular compact E, with
respect to the set

Q. ={zeC", exp(Ve) <r, 1<r<R}

In his work A. Janik used the best approximation defined, for a function defined and bounded
on E, by:
&) =& (LB =l f~ 1 |l

EP =EX(f,E)=|l f =1, Il
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ED =&Y (fLE) =l lys1 — 1 I,

where t, denoted the nth Chebychev polynomial of the best approximation to f on E and /,, denoted
the nth Lagrange interpolation polynomial for f with nodes at extremal points of E (see Siciak
(1962)).

The (a, B)-order of an analytic function was defined as follows:

If E be a compact L-regular. If f is an analytic function in

Qr = {z e C": exp(Ve(2) < R}

for some R > 1. We define the (a, 8)-order of f (or generalized order) by

wp) i o(log(llfllg;))
plop) = Im s s R IR — 1)

where ||f||Q = sup|f(z)| = sup{ | f@) |l expVe() <rl<r< R}

In this work we study the generalized order and generalized type, which will be defined later,
for an analytic function in the open set , with respect to the set Q, in terms of coefficients of the
analytic function in the development according to the sequence of extremal polynomials. So we
obtain a generalization of the results of M. Harfaoui (see Harfaoui (2010) and Harfaoui (2011))
and A. Janik (see Janik (1984), and Janik (1991)) replacing C" by Q and the entire function in C"
by analytic function in Qg .

After studying the generalized type of an analytic function in g, for some R > 1, we use this
results to characterize the generalized type by means of best polynomial approximation on E in
L,-norm for 0 < p < +oo.

Recall that the generalized growth used by M. Harfaoui (see Harfaoui (2010) and Harfaoui
(2011)) called (a, B)-growth was defined with respect to functions @ and 8 defined as:

Let @ and g be two positive, strictly increasing to infinity differentiable functions ]0, +oo[ to
10, +oo[such that for every ¢ > O:

such that
lim a(cx) =1
X—+00 a/(x) ’
. ,8( I+ xa)(x)) '
dm ey o b ime =0

(B (calx))
lim ———~= <
=+ a(log(x))
CY(X/,B_I(CCZ(X))) = (1 + o(x))a(x), for x — +co,

where d(u) means the differential of u.

2. Definitions and notations

Before we give some definitions and results which will be frequently used in this paper.
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Definition 2.1. (Siciak (1977)) Let E be a compact set in C" and let |||| E denote the maximum
norm on E. The function

Ve = sup {% log|P4|, P; polynomial of degree < d, ”Pd”E <l,de N}

is called the Siciak’s extremal function of the compact E.

Definition 2.2. Zeriahi (1983) A compact E in C" is said to be L-regular if the extremal function,
V&, associated to E is continuous on C".

Regularity is equivalent to the following Bernstein-Markov inequality (see Siciak (1962)): For
any € > 0, there exists an open U D E such that for any polynomial P, | P||U < ecdes(P )||P|| o

In this case we take U = {z e C"; Ve(z) < 6}.
Regularity also arises in polynomials approximation. For f € C(E), we let

e(E, ) = inf{[[f - P, P ePuCh)
where P (C") is the set of polynomials of degree at most d. Siciak (see Siciak (1977)) showed:

yd 1
If E is L-regular, then lim sup(sd(E f )) = — < lif and only if f has an analytic continuation
r

d—+o0

1

to {z € C"; Ve(2) < log (—)} It is known that if E is an compact L-regular of C”, there exists a
r

measure u, called extremal measure, having interesting properties (see Siciak (1962) and Siciak

(1977)), in particular, we have:

(P;) Bernstein-Markov inequality: Ve > 0, there exists C = C; is a constant such that

. — Sk
(BM) : |Pd||,, = C(1 + &)*||P, e’ @2.1)
for every polynomial of n complex variables of degree at most d.
(P,) Bernstein-Waish (B.W) inequality:
For every set L-regular E and every real r > 1 we have:
deg(f) Py’
]|, < MO | £ dp) (2.2)
E

Note that the regularity is equivalent to the Bernstein-Markov inequality.
Lets: N — Nk — s(k) = (s1(k), ...., s,(k)) be a bijection such that

ls(k + 1) > [s(k)| where [s(k)| = s1(k) + .... + s,(k).

A. Zeriahi (see Zeriahi (1987)) has constructed according to the Hilbert Schmidt method a
sequence of monic orthogonal polynomials according to a extremal measure (see Siciak (1962)),
(A, called extremal polynomial, defined by

k-1

A2) =% + Za P (2.3)

J=1
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k=1

—1; s(k) .»5(J)
D [mf{ 2+ ]Z:;ajz

We need the following notations which will be used in the sequel: (N;) v = w(E) =
1/ sk .

(e pony VD) = () = x|, = max|ac@] and 7 = (a) ™, where s, = deg(a). With

that notations and (B.W) inequality we have

1/ sk
such that HA" L, ),(al,az, v ly) € (C”}] .
i

A, < acr (2.4)
where s, = deg(A;). For more details (see Zeriahi (1983)).

Definition 2.3. Zeriahi (1983) Let E be a compact L-regular. If f is an analytic function in
Qg = {z e C": exp(Ve(2) < R}

for some R > 1. We define the (a, §)-growth ( (@, §)-order and («, 8)-type) of f (or generalized

~ a(logdlfllg)) . o Tog(lIf5)
order) by p(e,f) = limsup————=, o(@,f) = limsup , where ||f||; =
r—R ﬁ(R/(R - r)) r—R I:ﬂ(R/(R _ r)):lp(ﬂ”ﬁ) -
sup|f(2)] = sup{ | f(2) |: exp Vi(z) < r.1 < r <R},

ZGQr

Note that in the classical case a(x) = B(x) = log(x). We need the following lemma (see Zeriahi
(1987)).

Lemma 2.1. ( Zeriahi (1987)) If E is a compact L-regular subset of C", then for every 6 > 1, there
exists an integer Ny > 1 and a constant Cy > 0 such that:

(r+ DM Iflig,

(l" _ 1)2N—1 }"k

w(E, f) < Cy (2.5)

+00

forevery k > 1, everyr > 1 and every f € 0(5,9). If f= Z fi.Ax be an entire function, then for
k=0

every 0 > 1, there exists Ng € N* and Cy > 0 such that

(r+ DM flig,

(r _ 1)2[\/—1 rsk ’

(2.6)

‘fk’vk <Gy

forevery k>0 andr > 1. Cy and Ny do not depend on r or k, or f.

Note that the second assertion of the lemma is a consequence of the first assertion and it
replaces Cauchy inequality for complex function defined on the complex plane C.
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3. Generalized order and coefficient characterizations with respect to extremal polynomial

The purpose of this section is to establish the relationship of the generalized growth of an
analytic function in Qg with respect to the set Q, = {z e C: exp(Ve(z) < r} and coefficients of an
entire function f € C”" in the development with respect to the sequence of extremal polynomials.

Let (Ay)x be a basis of extremal polynomial associated to the set E defined the relation (2.3).
We recall that (A;), is a basis of O(C") (the set of entire functions on C"). So if f is an entire

function then f = Z S Ax.
k=1

Put
a(sy)

lim sup

k—+o00 k
i)
log (17} R™)

To prove the aim result of this section we need the following lemmas:

::u(a,’ﬁ)' (31)

Lemma 3.1. ( Zeriahi (1987)) Let E be a compact L-regular subset of C". Then

lim
k—+00

[ |Ax(2)|

1/sk
] = exp(Vk(2)), (3.2)
Vi

for every z € C"\ E the connected component of C" \ E,

1/sx
A
lim [” "”E] ~ 1. (3.3)

k—+00 Vi

Lemma 3.2. For every r > 1 and u > 0, the maximum of the function

X

B (a(x)/u)

x — w(x,r) = x.1og(r/R) +

is reached for x = x, solution of the equation

[ 1= dlog (87! @(x)/w)/d(log(x)
fma {ﬂﬁ[ ]} (3.4)

log (R/r)

. The maximum of the

dw(x,r)

Proof. Put G(x,p) = B~ (a(x)/p), then w(x,r) = x.log(r/R) + il
G(x, 1)

function x — w(x,r) is reached for x = x, solution of the equation of = 0. We have
X
dG(x, 1) - _* dG(x,p)

(Gerw) log (R/7)

G(x,u) — x.

w(x,r)
dx

-
= 1 —
0e og(R)+
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dG(x,n)  dG(x,u) dlog(x) 1 dG(x, u)

Si - . . :
N Ty T dlogn) dx  x dlog(v)

we get

1 dGp | dlogGlap
G(x,p) dlog(x) dlog(x)
log (R/r) B log (R/r)

Gx,p) =

1- d(/s-l(a(x)/u))/d(log(x»]}

We deduce x = x, = a/“{,ua/[
log (R/r)

Lemma 3.3. Let f = Z fx.Ax and E a L-regular compact. For every r €]1, R[, we put
k=0

M(f,r) = sup{ || fi-Ae llz 7%, 7> 0}

keN
o o log(M(f. 1))
PPy = B PRI R =)

then p(a, B) < u(a,B) and p(a, B) < p(a, B).

Proof. By the definition of i (3.1) we have, for r sufficiently close to R and u = u + €,

a(sy)

log (1 fi | 7} RY) £ —————.
D pate)

a(sy)
5z a(0)
t — log(r) and the Lemma 3.3 we get x, = (1 + o(l))a‘l(y.ﬂ(R/(R - r))) as r — R. Indeed this
d( (ca(x)))

a(log(x))
log( Il fe.Ax e .rsk) < Co.a‘l(,u.ﬁ(R/(R - r))), k € N. Passing to the maximum for the variable

k € N we obtain, for r sufficiently close to R log (M( f, r)) < Co.a_l(,u.ﬁ(R/ (R- r))), k € N. Then,
a(log(M(f, 1))
BR/(R—T1))

() pla.p) < p.

Then log( | fi .T,ik.rsk) < silog(r/R) + . By the proprieties of a and S,the function

result is a consequence of lim <b, log(l+1t)=(1+o0()).t, t— 0. Therefore

X—+00

by the proprieties of @, we obtain < u. Passing to upper limit for r — R we have

Moreover we have for z € Q, and k € N, ||fllg < Z | fi | MAdle, < Z | fi | Al
k>0 k>0

Write r = VrR.Vr/R, then Iifllg, < >° | fi | JAdlle.(VER)*.(\r/R)*. Because Vr/R < 1

k>0
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then lIfllg < D sup( | fi | AWl (VrR™).(NVr/R)™ thus IIfll, < M(f,r) Y (Vr/R)™ <

k=0 kev k>0

— 1 —
M(f,r).————. where ' = Vr.R. Therefore lo s ) < log(M(f,r)) —log(l — Vr/R).
" v g(lIfllg,) < log(M(f.r)) —log(1 - Vr/R)
Wer a(log (IIfll5,) < a(log (M(f, Vr.R) - log (1 - V¥/R))) p(R/(R - VFR) Pacsing |
e have < . . Passing to
BRIR - 1) B(R/(R - VrR) B(R/(R - r-R)) s
the upper limit we get
(++) p(a,B) < p(a,p).
By the relations (*) and (**) we obtain p(«, 8) < u(a, B). O
Theorem 3.1. Let E be a compact L-regular and f = Z Ji-Ay such that
k=1
. a(sy)
lim sup = u(a,B) < oo. 3.5)
k—+o0 [ Sk ]
log (Ika.T,i" .RSk)
Then f is analytic in Qg, for some R > 1 and its (a, §)-order p(a, B) = u(a, B).
Proof. It is known that for every polynomial P(see Siciak (1977))
deg(P) n
| PQ) 1N Pl (exp(Ve()) . forevery zeC". (3.6)
So for every r €]1, R[, and for P = f;.A; we get
| feAu@) 1<) fil 11 A Dl (exp (Vi(2))) " for everyz € C". 3.7)
Then for every z € Q,, we have | f;.A(2) <] fi | . || Ak |lg -r**. So, for every r €]1, R[ the series

Z fi-Ay 1s convergent in €,, whence Z Ji-Ay 1s analytic in Qg.

1
Now we shall show that y is the (@, 8)-order of f. By the Lemma 3.3, to complete the proof of

the theorem it suffices to show that p(«, 8) > u(a, ). By definition of p, we have, for every € > 0
there exists r. €]1, R[ such that for every r €]r,, R[ log (||f||5r) < oz‘l[(p(a/,ﬁ) + €).B(R/(R — r))].
Applying (2.6) and (3.3) we have, for every k € N and r > 1 sufficiently close to R

s (r— 1M
log (| fi | 7. R") < —s; log (r/R) +log (Co. ( ) + log (IIfllg, )- (3.8)

R — r)—(2N+l)

then log (| fi | 7} R™) < @(r, s¢), where

— 1)Ne
@(r, s0) = —slog (r/R) + log (Cog -, B! |(p(a.B) + &) BRIR - 1))

R — r)—(2N+1)
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1

Put p = p(a,B) and r, = R.{l - } Replacing in the relation

el
p+e B lal(s)/(p+6)
(3.8) r by r, and applying the proprieties of the functions « and £:

o(x/B™ (ca(x))) = (1 + 0(x))a(x), for ¢ >0, x — +oo,

. . . s Sk
and the proprieties of the logarithm, we obtain log|( | f; | 7;*.R%*) < C;. where
prop ¢ 214 ‘ )< O oo o)
Ci tant. Therefore 1 S R) < C. d ,th
1 1S a constan erefore og( | fu | T, ) 1 a0/ 0+ 9) us
C.
p LR > a(s)/ (o + ©).
log (| fi | T.R)
Passing to the upper limit, after a simple calculus, we obtain u(a, 5) < p(a, ). O]

4. Generalized type and coefficient characterizations with respect to extremal polynomial

The purpose of this section is to establish the relationship of the generalized type of an analytic
function in Qg with respect to the set Q, = {z € C: exp(Ve(z) < r} and its coeflicients in the
development according to the sequence of extremal polynomials.

Let E be a compact L-regular and f = Z fx-Ayx be an analytic function of («,)-order p =
k=1
p(a,B), and put:

7e(a,B) = lim sup a(si)

k— 400 Sk plap)’
{ﬁ (logum.r,ik.RSk))}

Proposition 4.1. Let f = Z fiAx and E a L-regular compact. For every r €]1, R[, we put
k=0

M(f.r) = sup {1 fel -l Al )

a(log(M(f. )
)/)(w,ﬁ)

4.1

We need the following proposition:

oi(a,B) = lim sup

=k (BR/(R - 1)
then o(a,B) < o1(a, ).

Proof. For z € Q, and k € N, using the similar arguments and inequalities as in Lemma 2.3

o(a,B)
a(log(Ifl)) o log (M(f. VFR) - log (1 - VF/R))) [“(R/ (k- m»]
o(a,f) < o(ap) ' o(a,p)
[ﬁ(R/(R - r))] [a(R/(R —~ «/r._R»] [a(R/(R - r))]
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a(R/(R — Vr.R))
We have lim sup =1. ]

p(a.f)
[a(R/ (R - r))]

]p(w,ﬁ)

r—R

Proceeding to the upper limit we get
() o, a) < oi(a.p).

Theorem 4.1. Let E be a compact L-regular and [ = Z fi A If f is of finite generalized (a, B)-

k=1
order p(a, B), and

T(a,B) = lim sup a(sx)

< 400
k—+00 {ﬁ( Sk )}p(a,ﬂ)
log (| fil. 7" .R*)

Then f is analytic in Qg, for some R > 1, and its (a, B)-type o(a,B) = tp(a, B).

4.2)

Proof. Put v = 1¢(a,B), p = p(a,B), and o = o(a, ). The function is analytic by the definition
7e(a, B) and the arguments used in theorem 3.1.

1. Now we show that o(a, ) < Te(a, ). If T < oo, by the definition of 7, for every € > 0, there

P
exists ky € N such that for every k > k. a(s;) < (7 + €). {ﬁ(l (0 fST %R k))} . A simple
og k| T, LS

calculus gives for, 7 = 7 + €.

Sk

log (| fi| T} R") < , (4.3)
B! (la(sk))l/p
?
for every k > k.for every k > k..
Since log( | fil .T}i".rs") < s;log(r/R) + log( | fi T}ik.Rsk). By (4.3), we get
s Sk
log (| fi | 7.r) < s log(r/R) + (4.4)

1 1p\
—1 _
B ((?@(Sk)) )
For every r €]1, R[, and r and r sufficiently close to R, we put
X

()

1 1 1
Ifweput F = F(x,7,-) =7} ((:a/(x)) p) then ¢(x, r) = xlog (r/R)+ %, and the maximum
0 T

¢(x,r) = xlog (r/R) +

of the function x — ¢(x, r) is reached for x = x, solution of the equation of

dg(x,r) _ 09

= —(x,r a
dx 0x

) =log (r/R) + %c {I?} =0
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Fey dF X dF
p(x,r) r ~Tdx _ _ Fdx .. dF _
We have yral 0 log(R) + —(F)z =0,or F = log (R/1) Since el
1 dF | - dlog F
dF  dlog(x) _ 1 dF (F = F dlog(x) 3 dlog(x)
dlogx) dx  xdlogx) " E T T Tog Ry log(R/D) O
dlog B! ((ia(x))” ”)
~ T
" e\ _ dlog(x)
7 (7)) - —srs
el e 8
1 —dlog|B (;a(x)) /d(log(x))
We deduce x = x, = a1 { |78 . We have log (L) =
log (R/r) R
_ p
1 r—R | r—R b 0! and d[log(ﬂl((a(X))))] < b where b i
og (T + )~ ( ecause - )an o0 < b, where b is

a positive constant. Then by the proprieties of @ we get

x = (1+o())p s (Fa®R/(R - r)Y).

By (4.4), we have log( | fi | T,‘f.rsk) < sup ¢(x,r) = ¢(x,, r). Replacing s; by x, in this last
reN

(1 +oM)B (Fe®R/R-)Y) R

. Since

R/(R-71) R-—r

and £— ! < 1, then lOg( | fic | T;ik.rsk) <cp’! (F-(“(R/(R - r)))p)'

> 1

relation we obtain log( | fi | T]‘ik’rsk) <

P
Thensuplog (| fi | 7}.r" < C.o™' (T((R/(R = ))’) or log(M(f. 7)) < C (T.(a(R/(R - 1)Y).

keN
a(log(M(f,r)))
((R/(R = 1))’

. - _ __a(log(M(f,r)))
Proceeding to the upper limit for r — R, get (e, @) = lim 5> ST
=R (a(R/(R - 1)))

log(M(f,
By the relations (*) of the proposition 4.1 we obtain o(a, @) = lim a(log(M(f r))p) <T
=R (a(R/(R - 1)))
Thus o(a,B) < 1g(a,B). The result is obviously holds for 7 = +oo.
. Now we show that o(a, 5) > tg(,B). Puto = o(a,B) + €, p = p(a, 8). Suppose that o < co.
By definition of o (e, 5), we have for every € > 0, there exist r. €]1, R[, such that for every

T.

IA

Therefore
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r>re(R>r>re> Dlog(Ifllg) < o!|a(BR/(R - r))) |- Applying (3.3) and (2.6) we
get, for every k € N and r sufficiently close to R:

tog (| fi | 7.r") < —s¢ log(r) + log (Co. (T@’:il)) +log (Il

As for every r €]1,R[ log( | fi | T} Rsk) = —s; log (r/R) + log( | fi | T Sk) then log( |

o o r+ ) .
fo | T5R k) < —silog (r/R) + log(Co %) + log(||f||g) or log( | fi | T5R k) <
(r+ 1)Ne

(
—silog r/R) + log (Co- ooy ) + o [T (BRIR - ) |

_ _ ' log (| fi | 7}.R%)
Since s; > 1, we obtain, for k sufficiently large, < w(r, k) where w(r, k) =

Sk
—log (r/R) + Sllog (co.%) 7. (BRIR - )]

1 (r+ 1N I = P )
Since 1_1)r+r1oo S_k log (Co. m) +—a [o:(,B(R/ (R- r))) ] = 0 we get, for r sufficiently
close to R, khm w(r,k) = —log (r/R) = log (R/r).

—+00

Then for k sufficiently large and r sufficiently close to R, we have w(r, k) = (1+o(1))log (R/r), k —
+o00, then

1 ,
5 log (| fi | 7*.R™) < (1 + o(1)) log (R/r). (4.5)

1/p

1
ﬁ_l(ga(sk))
Choose r, = R. . Using the relation (4.5) and the proprieties of the func-

1/p
1+p (—CY(Sk))
| | . log( | fel i R) R
tion ¢t — log(#), we obtain, for r sufficiently close to R <(1 +0(1))(— - 1).
Sk r
R +
because log( ) log(#) = log (1 +
r
R - 'k 1

Replacing r by the chosen r; in this last relation we obtain =
Tk

1p’

ﬁ‘l(ia/(sk))
(o
log (| fi | 7} .R%)

Then, for r sufficiently close to R and k r sufficiently large we get

Sk
1 1 l/P Sk 1 1/p Sk
——— thus g~ (Sx) —a(sy)) <B :
PRI (FTED R e
o)
Therefore éa(sk) < ﬁ[ >k ) or a(se) S ST =0+e€.
v log | fil 7. ﬁ[ 5 ]
log (| fi | T.r%)
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Proceeding to the upper limit we obtain o(a, 8) > Tg(a, 8). The result is obviously holds for
o(a,pB) = +oo.

]
5. Generalized (a, §)-growth and best polynomial approximation of analytic functions in
L?—norm.

Let E a L-regular compact of C". The purpose of this paragraph is to give the relationship
between the generalized order of an analytic function and speed of convergence to O in the best
polynomial in L,-norm on E. We need the following lemma.

Lemma 5.1. . Let f = Z [ A an element of LP(E, u), for p > 0, and

k>0
2 (E. f) = mf{H f- P”Lp@,m’ P € PuCH).
Th
“ | a(s) | a(k)
lim sup = lim sup G.D
k—+o0 [ Sk ] k—+o0 [ k ]
log (|ka.T}z" .Rsk) log (ﬂf(E, f).Rk)
and
lim sup a(s) — lim sup k) (5.2)

k—+00 Sk plap) k—+o00 plap)’
et p—
e AT log (x}/(E. f).R")

+00

Proof. Assume that p > 2. If f € LP(E,u) where p > 2, then f = Z Ji-Ar with convergence in
k=0

1 — 1 —
L*(E, ), hence for k > 0, f, = — ff.Akd,u and therefore f, = — f(f — Py_1).Ardu (because
Vi E Vi E
1
vit Jg
using inequalities Bernstein-walsh and Holder that we have for all € > 0

deg(Ay) = si). Since the relation, | fk| < | f- Pk_1|.|Zk|,u is satisfied, is easily verified by

|| vi < Con(1 + £)% .1 _ (E. ). (5.3)

forall k > 0. L
If 1 < p <2, let p’ such that — + — = 1, we have p’ > 2. According to the inequality of

Holder we have: |fk|.v,% < Hf - P

. But HAk

< - .

LI’(E,,u).HlAk L' (E.u) LY (E o) = C”Ak”E Cak(E) This

shows, according to inequality (BM), that: |fk|vi <CC..(1+ 8)Sk'Hf — P e
M
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Hence the result | fk|.v,% <C.(+ s)sk.n;"_l(E , f). In both cases we have therefore

el vi < Aol + &)1 _(E. f) (5.4)

where A, is a constant which depends only on ¢.
After passing to the upper limit in the relation (5.4) and applying the relation (3.3) we get

. a(si) : a(si)

im sup < lim sup

k—+0co0 Sk k—+00 [ k :|
log (Ifil 7} R™) log (n(E. f).R¥)

k
To prove the other inequality we consider the polynomial of degree s, Pi(z) = Z fj.Aj then

5;=0
+00 +00
m _(E.f) < Z |fJ|HAJHU(E : < Cy Z |fj|||A]||E By Bernstein-Walsh inequality we have
H
S =S8k Sj=Sk

fk|-Vk

+0o0
m(E, ) < Ce Z(l + €)Y fj|.vj for k > 0 and p > 1. If we take as a common factor (1 + &)*.

S =5k

the other factor is convergent thus we have ﬂﬁ (K, f) <C(1+e)*.

fk|.vk and by (3.3) we have, then

m(E, f) < C(1 + €)>,

fi| T (5.5)

k
We deduce lim sup (s > lim sup a®)

k—+00 [ Sk ] k—+0c0 [ k ]
log (|fil- T R ) log (! (E. f).R¥)

Applying this Lemma 5.1 we get the following main result:

[]

Theorem 5.1. Let f € LP(E,u), then f is u-almost-surely the restriction to E of an analytic
function in C" of finite generalized order p(a, B) if and only if
a(k)

p(a,B) = limsup + 00, (5.6)
k—+oco k

[log (nf(E, f).R")

Theorem 5.2. Let f € LP(E,u), then f is u-almost-surely the restriction to E of an analytic
function in C" of finite generalized order p(a,8) and finite generalized type o(a, ) if and only if

a(k) (5.7)

o(a,B) = limsup

k—s+00 I plap)’
B
{ [log (ﬂf(E, f).Rk)]}




M. Harfaoui et al. / Theory and Applications of Mathematics & Computer Science 4 (1) (2014) 65-80 79

Proof. We prove only the first Theorem 5.1, the second is proved by the same arguments.
Suppose that f is u-almost-surely the restriction to E of an entire function g of general order p
(0 < p < +00) and show that p = p(a, B).
We have g € LP(E,u),p >2and g = Z gr-Arin L*(E, p) Since g is an element of L*(E, ) then

k=0
g = ,:ZOZ gr-Ax and according to the Theorem 3.1 p(g, @, ) = li]fr_l) fgp a/(:::) and with
[log (|fk|.T]S€k .Rfk)]
the Lemma 5.1 (relation(5.1)) we have lim sup a(s) = lim sup (k)
k400 [ Sk ] k00 [ k ]
log (Ifil 7 R) log (! (E, £).R¥)
But g = f on E hence p = lim sup a(s) < +o00,

k

[log (n2(E. £).R¥)
Now suppose that f is a function of L”(E, u) such that the relation (5.6) is verified. The proof
isdone in three steps p > 2,1 < p<2and0 < p < 1.

k—+00

+00
Step.1. Let p > 2, then f = ka.Ak, because f is an element of L*(E, u) ((L”(E,,u))pzl is
k=0
decreasing sequence). Consider in C" the series Ji-Ax, k > 0. By the relation (5.6) and the
inequality (BW) we have the inequality on coefficients | A; | (2.4), it can be seen that this series
converges normally on all compact of C”, to an analytic function denoted f;. We have f; = f,
obviously, u-almost surly on E.
We verify easily that this series converges normally on all compact of C" to an analytic function
denoted f;. We have f; = f, obviously, u-almost surly on E, and by Theorem 3.1 we have

k
lim sup a(s) = lim sup ak) < +o00.
k—+oo [ Sk :| k—+00 [ k
log (Ifil T R log (n(E. f).R¥)
. : a(k)
According to the Lemma 5.1 we get p(f;) = lim sup < +o00,

k
[log (n(E. £).R¥)

Let fi = Z Ji-Ag, then f1(z) = f(z) u-almost surely for every z in E. Therefore the (a, 8)-order
k=0

k—+c0

a(k)
[ k
log (ﬂi(E, f).Rk)
check p(f1) = p so the proof is completed.
Step.2. Now let p € [1,2[ and f € LP(E,u). By (BM) inequality and Holder inequality we
have again the inequality the relation (5.4) and by the previous arguments we obtain the result.

of fiis: p(fi,@,B) = limsup < +oo (see Theorem 3.1). By Lemma 5.1 we

k—+00
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Step.3. Let 0 < p < 1, of course, for 0 < p < 1 the L,-norm does not satisfy the triangle
inequality. But our relations (5.3) and relation (5.4) are also satisfied for 0 < p < 1 (see Kumar
(2011)), because using Holder’s inequality we have, for some M > 0 and all » > p (p fixed)

W Nerep< Mol f e -

Using the inequality f | f 1 au <l fIET f | £ 17 duwe get || f @< £ 177
E

E

f ||2/rfE’#) . We deduce that (E, u) satisfies the Bernstein.Markov inequality. For € > O there is a

constant C = C(e, p) > 0 such that, for all (analytic) polynomials P we have

Il Plle< C(1 + €)degpy- || Pllirey -

Thus if (E, p) satisfies the Bernstein-Markov inequality for one p > 0 then (5.4) and (5.5) are
satisfied for allp > 0.
The rest of proof is easily deduced using the same reasoning as in step 1 and step 2. ]
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Abstract

In this paper we obtain some common fixed point theorems for Hardy and Rogers type fuzzy mappings on closed
balls in a complete metric space. Our investigation is based on the fact that fuzzy fixed point results can be obtained
simply from the fixed point theorem of multi-valued mappings with closed values.In real world problems there are
various mathematical models in which the mappings are contractive on the subset of a space under consideration but
not on the whole space itself. Our results generalize several results of literature.

Keywords: Fuzzy fixed point, Hardy and Rogers mapping, contraction, closed balls, continuous mapping.
2010 MSC: 47TH10, 54H25, 54A40.

1. Introduction

It is a well-known fact that the results of fixed points are very useful for determining the exis-
tence and uniqueness of solutions to various mathematical models.In 1922,Banach a Polish math-
ematician proved a theorem under appropriate of a fixed point this result is called Banach fixed
point theorem.This theorem is also applied to prove the existence and uniqueness of the solutions
of differential equations. Many authors have made different generalization of Banach fixed point
theorem. The study of fixed points of mappings satisfying certain contractive conditions has been
at the center of vigorous research activity, and it has a wide range of applications in different areas
such as nonlinear and adoptive control systems, parameterize estimation problems, fractal image
decoding,computing magneto static fields in a nonlinear medium and convergence of recurrent
networks.

*Corresponding author
Email addresses: vhbadshah@gmail . com (V. H. Badshah), cp_wadhwani@yahoo.co.in (Chandraprakash
Wadhwani)
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The notion of fixed points for fuzzy mappings was introduced by Weiss (Weiss, 1975) and
Butnariu (Butnariu, 1982). Fixed point theorems for fuzzy set valued mappings have been stud-
ied by Heilpern (Heilpern, 1981) who introduced the concept of fuzzy contraction mappings and
established Banach contraction principle for fuzzy mappings in complete metric linear spaces
which is a fuzzy extension of Banach fixed point theorem and Nadlers (Nadler, 1969) theorem for
multi-valued mappings. Park and Jeong (Park & Jeong, 1997) proved some common fixed point
theorems for fuzzy mappings satisfying in complete metric space which are fuzzy extensions of
some theorems in (Azam, 1992; Park & Jeong, 1997). In this paper we obtain some common fixed
point theorems of Hardy and Rogers type fuzzy mappings on closed balls.

2. Basic concepts

Let (X, d) be a metric space, then we use the following notations: Let
2%¥ = {A: A is a subset of X},

CL2Y ={Ae2X: Ais nonempty and closed},
C(2¥) = {A € 2¥: A is nonempty and compact},
CB(2*) = {A € 2¥: A is nonempty, closed and bounded},
For A, B € CB(2%), d(x,A) = ;Iel}z d(x,y), d(A,B) = xeiAI,lyfe A d(x,y) then the Hausdroft metric dy on

acA beB
A fuzzy set in X is a function with domain X and values in [0, 1] and I* is the collection of all

fuzzy sets in X . If A is a fuzzy set and x € X then the function values A(x) is called the grade of
membership of x in A. The a-level set of a fuzzy set A, is denoted by [A],, and is defined as:

CB(2%) induced by d is defined as: dy(A, B) = {sup d(a, B),supd(A, b)} .

[A]l, ={x:A(x) > aif @ € (0,1]} and [A]p = {x : A(x) > O}.

For x € X, we denote the fuzzy set y, by {x} unless and until it is stated, where y, is the
characteristic function of the crisp set A. Now we define a sub-collection of IX as follows:
7(X) = {A € I : [A],is nonempty and closed}, for A.B € IX, A ¢ B means A(x) < B(x) for
each x,y € X. For A, B € 7(X) then define D{A, B} = dy([A], [B]y).

A point x* € X is called a fixed point of a fuzzy mappings T: X — I¥ if x* ¢ Tx* see (Heilpern,
1981)

Lemma 2.1. (Nadler, 1969) Let A and B be nonempty closed and bounded subsets of a metric
space (X,d) . Ifa € A, then d(a, B) < dy(A, B).

Lemma 2.2. (Nadler, 1969) Let A and B be nonempty closed and bounded subsets of a metric
space (X,d) and 0 < & € R then for a € A there exists b € B such that d(a, B) < dy(A, B) + &.

Lemma 2.3. (Nadler, 1969) The completeness of (X, d) implies that (CB(2%), dy) is complete.
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Theorem 2.1. (Hardy & Rogers, 1973) Let (X,d) be a complete metric space and a mapping
T: X — X suppose there exists non-negative constants a,, a, as, ds, ds satisfying a, + a, + az +
as + as < 1 such that for each x,y € X

d(Fx,Fy) < aid(x,y) + axd(x, Fx) + a;d(y, Fy) + a4d(x, Fy) + asd(y, Fx)
holds then F has a unique fixed point in X.

3. Main Results

The mapping satisfies the contractive condition in Theorem (2.1) is called Hardy and Rogers
type mapping. It is mentioned that Hardy and Rogers contractive condition does not implies that
the mapping T is continuous, which differentiates it from Banach contractive condition for ¢ € X
and 0 < r < R. Let S,(c) = {x € X/d(c, x) < r} be the ball of radius r centered at c, the closure
of §,(c) is denoted by S,(c). We present a result regarding the existence of common fixed point
for fuzzy mappings satisfying Hardy and Rogers type contractive condition on closed balls. The
theorem is as follows:

Theorem 3.1. Let (X,d) be a complete metric space xy € X and mapping F,T: S (x9) — 7(X).
Suppose there exist a constants a,, a», as, as, as satisfying a; + a, + az + a4 + as < 1 with

D\(Fx,Ty) < aid(x,y) + axd(x, [Fx]1) + azd(y, [Tyl1) + asd(x, [Ty]1) + asd(y, [Fx]))  (3.1)

forall x,y € S,(xy) and

d(xo, [Fo]y) < 29— G2 = @3 — 2a0)r 3.2)
(1 —-asz—a4)

holds. Then F and T has a common fuzzy fixed point in S (xg) that is there exists x* € S ,(xg) with
{x*} C Fx*NTx".
Proof. Choose x; € X such that {x;} C Fx, and

(1 —a; —ay —az —2ay)r

d(xo, x1) < TE— (3.3)

(a1+a2+a4)
(1-az—ayq)
which implies that x; € §,(xp). Now choose £ > 0 such that

since [Fxg]; # ¢ for the sake of simplicity chooses A = this gives us d(xg, x1) < (1 — D)r

Ad(xo, x1) + ——— < A1 = Dr. (3.4)
(1 -as—ay)

Then choose € > 0 such that {x,} C Tx; and by using inequality (3.1) and Lemma 2.1 we have

d(xy, x2) D(Fxy,Tx;) +¢

ard(xo, x1) + axd(xo, [Fxoly) + azd(xy, [Tx1]1) + asd(xo, [Tx1]1) + asd(x;, [Fxol; + &

IANIAN A

ayd(xo, x1) + ad(xo, x1) + azd(x;, x2) + asd(xo, x2) + asd(xy,x;) + €
(a1 + ap)d(xo, x1) + aszd(x;, x2) + asd(xo, x2) + &€
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. B _ (atartas)
1.e. d(xy, x;) < Ad(xp, x1)+ ryE— where 1 = TE—

A(1 = Dr. Note that x, € S ,(xp) since

. Now by inequality (3.4) we get d(x;, x;) <

d(xp,x) < d(xg,x)+dx,x)<(-Dr+A1 -Dr=>0-Dr(1+ 1)
< A=DA+A+2+2+.)r=r

continue this process and having chosen {x,} in X such that {xy1} € Fxo and {xa42} € T Xox41
with d(Xops1, Xoks2) < A1 = D)r where k =0, 1,2, ...

Notice that {x,} is cauchy sequence in S ,(xy) which is complete. Therefore a point x* € S ,(x)
exists with lim,_,.x, = x*. It remains to show that {x*} € Tx* and {x"} C Fx*. Now by using
Lemma 2.1 and inequality (3.1) we get

d(x",[Tx']y) d(x", xop+1) + d(xX2p41, [TX"]1)

d(x", xaps1) + D1(Fxap42, TX)

d(x", Xops1) + ard(Xops2, X°) + ard (X1, [FXopi2]1) + azd(x", [Tx7]1)
+agd(Xops2, [TX 1) + asd(x”, [Fx2,12]1)

d(x", Xon11) + @1d(Xops2, X°) + a2d(Xan42, Xons1) + azd(x", [T X"]})

+asd(Xons2, [TX]1) + asd(X", x2,41)

ININ A

IA

IA

d(x", Xpp41) + a1d(X2n12, X°) + a2d(X2p42, Xons1) + Aad(X2pi2, X°)
+asd(x", [Tx"])) + asd(x", Xpp41)

IA

d(X", Xan11) + a1d(X2p42, X°) + @2d(X2p42, X2p41)
+asd(Xpn12, X7) + asd (X", Xp541)

— Qasn — o

This implies that d(x*,[Tx"];) = 0, which implies that {x*} C Tx*. Similarly consider that

d(x*,[Fx']1) < d(x*, xpp12) + d(xpp42, [FX*]1) to show that {x*} C Fx*. This implies that the
mappings F and T have a common fixed point S ,(xp), i.e. {x*} C Fx* N Tx". ]

Corollary 3.1. Let (X, d) be a complete metric space xo € X and mapping F: S (xo) — 7(X).Suppose
there exist a non negative constants ai, a,, as, ds, as satisfying a, + a, + az + a4 + as < 1 with

Di(Fx, Fy) < aid(x,y) + ad(x, [Fx]) + azd(y, [Fyl) + asd(x, [Fyl)) + asd(y, [Fx])
forall x,y € S ,(xo) and

(1—a; —ay — a3 —2ay)r

d(xo, [Fxol1) < 1
—daz —day

holds. Then F has a common fuzzy fixed point in S ,(xy) that is there exists x* € S ,(xo) with
{x"} C Fx".

Proof. Put T = F in Theorem 3.1 we get x* € S ,(xp) such that {x*} C Fx*. O
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Theorem 3.2. Let (X, d) be a complete metric space xy € X and mapping F,T : X: — 1(X).Suppose
there exist a constants ay, a,, as, dy, ds satisfying a, + a, + as + a, + as < 1 with

Di(Fx,Ty) < aid(x,y) + axd(x, [Fx]y) + azd(y, [Tyl)) + asd(x, [Ty],) + asd(y, [Fx];)

forall x,y € X and

l—ay—ay—as -2
d(xo, [Fxoly) < Lo 91— G2 = @3 — 2au)r

1—613—614

holds.Then F and T has a common fuzzy fixed point in X that is there exists x* € X with
(X'} S Fx*NTx"
Proof: Fix xy € X and choose r > 0 such that

| —ai—ar—as 2
d(xo,[Fx0]1)<( = G2~ @3~ 204)0

1- asz — dg
Now Theorem 3.1 guarantees that there exists x* € X with
(X} S Fx"NTx".

Corollary 3.2. Let (X, d) be a complete metric space xo € X and mapping F: X — 1(X).Suppose
there exist a constants a,, a,, as, dy, ds satisfying a, + a, + as + ay + as < 1 with

D\(Fx,Fy) < aid(x,y) + axd(x,[Fx]y) + a3d(y, [Fyl)) + asd(x, [Fyl;) + asd(y, [Fx];)

forall x,y € X and

1l—a —a —ay — 2a4)r
d(xo, [Fxoly) < =91 =62 = @3 — 2d4)

1 - as — dy
holds.Then F has a common fuzzy fixed point in X that is there exists x* € X with

(X"} C Fx".

Proof: In Theorem 3.2 take T=F we get x* € X such that {x*} C Fx".

4. The importance and future of this theory:

Fuzzy sets and mappings play important roles in the fuzzification of systems. In particular,
in the recent years the fixed point theory for fuzzy mappings and for a family of these mappings
obtained via implicit functions named Hardy and Rogers type mappings. In this article can further
be used in the process of finding the solution of functional equations in fuzzy systems. As far
as the application of contraction mapping is concerned the situation is not fully exploited. It
is quite possible that a contraction 7 is defined on the whole space X but it is contractive on
the subset Y of the subset of the space rather on the whole space X. Moreover the contraction
mapping under consideration may not be continues. If Y is closed, then it is complete,so that a
mapping 7 has a fixed point x in Y,and x, — x as in the case of whole space X provided we
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improve a simple restriction on the choice of xy, so that x/,s remains in Y. In this paper, we have
discussed this concept for fuzzy Hardy and Rogers mappings on a complete metric space x which
generalize/improves several classical tendon with (Azam et al., 2013) will become the foundation
of fuzzy theory on closed balls.

An example of a fuzzy mapping which is contractive on the subset of a space but not on the
whole space is as follows:

Example 4.1. Let X = R and d : XxX — R is defined by d(x,y) = |x — y| where x,y € X consider
the mapping F : X — 7(X) is defined by

Fx) = X(-x, 1f xis irrational;
() = X (i), if x s rational.

then F' is Hardy and Rogers type fuzzy mapping on the closed balls S 1 )(%) = [0, 1] but not on the
whole space X.
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Abstract

We prove some fixed point theorems for ordered F-generalized contractions in ordered 0-f-orbitally complete
partial metric spaces. Our results generalize some well-known results in the literature, in particular the recent result of
Wardowski [Fixed Point Theory Appl. 2012:94 (2012)] from metric spaces to ordered O- f-orbitally complete partial
metric spaces. Some examples are given which illustrate the new results.
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1. Introduction

In 1994, Matthews (Matthews, 1994) introduced the notion of a partial metric space, as a part
of the study of denotational semantics of dataflow networks. In a partial metric space, the usual
distance was replaced by partial metric, with an interesting property of “nonzero self distance” of
points. Also, the convergence of sequences in this space was defined in such a way that the limit
of a convergent sequence need not be unique. Matthews showed that the Banach contraction prin-
ciple is valid in partial metric spaces and can be applied in program verifications. Later on, several
authors generalized the results of Matthews (see, for example, (Ahmad et al., 2012; Bari et al.,
2012; Kadelburg et al., 2013; Nashine et al., 2012; Vetro & Radenovié, 2012)). O’Neill (O’Neill,
1996) generalized the concept of partial metric space a bit further by admitting negative distances.
The partial metric defined by O’Neill is called dualistic partial metric. Heckmann (Heckmann,
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Radenovié ), kadelbur@matf.bg.ac.rs (Zoran Kadelburg)
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1999) generalized it by omitting small self-distance axiom. The partial metric defined by Heck-
mann is called the weak partial metric. Romaguera (Romaguera, 2010) introduced the notions of
0-Cauchy sequences and O-complete partial metric spaces and proved some characterizations of
partial metric spaces in terms of completeness and O-completeness.

The existence of fixed points of mappings in partially ordered sets was investigated by Ran and
Reurings (Ran & Reurings, 2004) and then by Nieto and Rodriguez-Lopez (Nieto & Lopez, 2005,
2007). In these papers, some results on the existence of a unique fixed point for nondecreasing
mappings were applied to obtain a unique solution for a first order ordinary differential equation
with periodic boundary conditions. Later on, these results were generalized by several authors in
different spaces.

Recently, Wardowski (Wardowski, 2012) has introduced a new concept of F-contraction and
proved a fixed point theorem which generalizes Banach contraction principle in a different direc-
tion than in the known results from the literature in complete metric spaces.

In this paper, we prove some fixed point theorems for ordered F-generalized contractions in
ordered O-f-orbitally complete partial metric spaces. The results of this paper generalize and
extend the results of Wardowski (Wardowski, 2012), Ran and Reurings (Ran & Reurings, 2004),
Nieto and Rodriguez-Lopez (Nieto & Lopez, 2005, 2007), Altun et al. (Altun et al., 2010), Ciri¢
(Ciri¢, 1971, 1972) and some other well-known results in the literature. Some examples are given
which illustrate our results.

2. Preliminaries

First we recall some definitions and properties of partial metric spaces (see, e.g., (Matthews,
1994; Oltra & Valero, 2004; O’Neill, 1996; Romaguera, 2010, 2011)).

Definition 2.1. A partial metric on a nonempty set X is a function p: X x X — R* (R* stands for
nonnegative reals) such that for all x,y,z € X:

(P1) x =y ifandonly if p(x,x) = p(x,y) = p(y,y);
(P2) p(x, x) < p(x,y);

(P3) p(x,y) = p(y, x);

(P4 p(x,y) < p(x,2) + p(z,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.

It is clear that, if p(x,y) = 0, then from (P1) and (P2) x = y. Butif x =y, p(x, y) may not be 0.
Also, every metric space is a partial metric space, with zero self distance.

Example 2.1. If p: R*xXR*" — R* is defined by p(x,y) = max{x, y}, for all x,y € R, then (R*, p)
is a partial metric space.

For some more examples of partial metric spaces, we refer to (Aydi et al., 2012) and the
references therein.

Each partial metric on X generates a T topology 7, on X which has as a base the family of
open p-balls {B,(x,€): x € X, € > 0}, where B,(x,e) = {y € X : p(x,y) < p(x,x) + €} for all
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x € X and € > 0. A mapping f: X — X is continuous if and only if, whenever a sequence {x,} in
X converging with respect to 7, to a point x € X, the sequence {fx,} converges with respect to 7,
to fx e X.

Theorem 2.1. (Matthews, 1994) For each partial metric p: X X X — R* the pair (X, d) where,
d(x,y) =2p(x,y) — p(x,x) — p(y,y) for all x,y € X, is a metric space.

Here (X, d) is called the induced metric space and d is the induced metric. In further discussion,
unless something else is specified, (X, d) will represent the induced metric space.
Let (X, p) be a partial metric space.

(1) A sequence {x,} in (X, p) converges to a point x € X if and only if p(x, x) = lim,_,. p(x,, X).
(2) Asequence {x,}1in (X, p)is called a Cauchy sequence if there exists (and is finite) lim,; ;00 P(X5 Xi)-
(3) (X, p) is said to be complete if every Cauchy sequence {x,} in X converges with respect to
T, to a point x € X such that p(x, x) = lim,, ;e p(Xp, Xp).
(4) A sequence {x,} in (X,p) is called a 0-Cauchy sequence if
lim,, ;0 p(xn, Xx,) = 0. The space (X, p) is said to be O-complete if every 0-Cauchy se-
quence in X converges with respect to 7, to a point x € X such that p(x, x) = 0.

Lemma 2.1. (Matthews, 1994; Oltra & Valero, 2004; Romaguera, 2010, 2011) Let (X, p) be a
partial metric space and {x,} be any sequence in X.

(i) {x,}is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, d).
(ii) (X, p) is complete if and only if the metric space (X, d) is complete. Furthermore, lim,,_,, d(x,, x) =
0 if and only if p(x, x) = lim, e p(X,, X) = limy, 100 P(Xys Xi1)-
(iii) Every 0-Cauchy sequence in (X, p) is Cauchy in (X, d).
(iv) If (X, p) is complete then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold. Indeed, the partial metric space (QNR™, p),
where Q denotes the set of rational numbers and the partial metric p is given by p(x, y) = max{x, y},
provides an easy example of a O-complete partial metric space which is not complete. Also, it is
easy to see that every closed subset of a O-complete partial metric space is O-complete.

The proof of the following lemma is easy and for details we refer to (Karapinar, 2012) and the
references therein.

Lemma 2.2. Assume x, — z as n — oo in a partial metric space (X, p) such that p(z,z) = 0. Then
lim, e p(x,,y) = p(z,y) forall y € X.

The notion of orbital completeness of metric spaces was introduced in (Ciri¢, 1971) and
adapted to partial metric spaces in (Karapinar, 2012) as follows:

Let (X, p) be a partial metric space and f: X — X be a mapping. For any x € X, the set
O(x) = {x, fx, f*x,...} is called the orbit of f at point x. (X, p) is called f-orbitally complete if
every Cauchy sequence in O(x) converges in (X, p).

Now, we define 0- f-orbital completeness of a partial metric space.
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Definition 2.2. Let (X, p) be a partial metric space and f: X — X be a mapping. (X, p) is said to
be 0- f-orbitally complete, if every 0-Cauchy sequence in O(x) = {x, fx, f°x, ...}, x € X, converges
with respect to 7, to a point u € X such that p(u, u) = 0.

Note that every complete partial metric space is O-complete, and every O-complete partial
metric space is 0-f-orbitally complete for every f: X — X. But, the converse assertions need not
hold as shown by the following example.

Example 2.2. Let X = R*N(Q\ {1}) and p: X X X — R be defined by

|x_)’|, ifx’ye [07 1)’
p(x,y) =

max{x,y}, otherwise.
Define f: X — X by fx = 3 forall x € X. Then (X, p) is a partial metric space. Note that (X, p) is
not complete because the induced metric space (X, d), where

2x—yl, ifx,y [0, 1)

|x —y|, otherwise,

d(x,y) = {

is not complete. Also (X, p) is not O-complete. Indeed, for x,, = 1 —% for all n € N, we observe that,
P(Xa, X)) = |2 = 1| > 0 as n — co. But, there is no u € X such that lim,_e p(x,, u) = p(u, u) = 0.
Now, it is easy to see that (X, p) is O- f-orbitally complete.

Consider, together with Wardowski in (Wardowski, 2012), the following properties for a map-
ping F: R* - R:
(F1) F is strictly increasing, that is, for @, 8 € R*, @ < 8 implies F(a) < F(B);
(F2) for each sequence {a,} of positive numbers, lim,_,., @, = O if and only if lim,_,., F(a,) =
_00;

(F3) there exists k € (0, 1) such that lim,_,+ o F(@) = 0.

We denote the set of all functions satisfying properties (F1)—(F3), by 7.

For examples of functions F € ¥, we refer to (Wardowski, 2012). Wardowski defined in
(Wardowski, 2012) F-contractions as follows:

Let (X, p) be a metric space. A mapping 7: X — X is said to be an F-contraction if there
exists F € ¥ and 7 > O such that, for all x,y € X, o(Tx, Ty) > 0 we have

T+ F(p(Tx,Ty)) < F(p(x,y)).
Similarly, we adopt the following definitions.

Definition 2.3. Let X be a nonempty set, < a partial order relation defined on X and p be a partial
metric on X (then, (X, <, p) is called an ordered partial metric space). A map f: X — X is called:

1. an ordered F-contraction if there exists ' € ¥ and 7 > 0 such that, for all x,y € X with
x <yand p(fx, fy) > 0 we have

T+ F(p(fx, fy) < F(p(x,y)). (2.1)
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2. an ordered F-weak contraction if there exists F € # and T > 0 such that, for all x,y € X
with x < yand p(fx, fy) > 0 we have

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, fy)}. (2.2)

If inequality (2.2) is satisfied for all x,y € X, then f is called an F'-weak contraction;
3. an ordered F-generalized contraction if there exists F € ¥ and 7 > 0 such that, for all
x,y € X with x <y and p(fx, fy) > 0 we have

p(x, fy) + p(y, fx) N
5 .

If inequality (2.3) is satisfied for all x,y € X, then f is called an F-generalized contraction.

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, fy), (2.3)

The following example shows that the class of F-contractions in partial metric spaces is more
general than that in metric spaces.

Example 2.3. Let X = R" and p: R*XR* — R* be defined by p(x,y) = max{x, y} forall x,y € X.
Note that the metric induced by p (as well as the usual metric) on X is given by d(x,y) = |x — Y|
for all x,y € X. Define f: X — X by

fre 1 ifxe[0,1);
o, ifx=1.

Then forx =1,y = % there isno 7 > 0 and F € F such that

T+ F(d(fx, fy)) < F(d(x,y)).

On the other hand, for 7 = log?2 and F(a) = loga + «, it is easy to see that f is an F-contraction
in (X, p).

3. Main results
The following is our first main result.

Theorem 3.1. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-generalized contraction for some F € F. If (X, p) is O-f-orbitally complete and the following
conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x <y then fx < fy;
(ii) there exists xo € X such that xo < fxo;
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,}, x, - u € X asn — o
implies x, < u for all n € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.
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Proof. First, we shall show the existence of fixed point of f. Let x, € X be the point given by
(i1). We define a sequence {x,} in X by x,,; = fx, for all n > 0. If there exists ny € N such that
Xno+1 = Xy, then x,, is a fixed point of f. Therefore, assume that x,,; # x, for alln > 0. As,
Xxo < fxo we have xy < xi, and since f is nondecreasing with respect to <, we have fxy < fx;
that is x; < x,. Similarly, we obtain x, < x,,; for all n > 0. Also, f is an ordered F-generalized
contraction therefore, for any n € N it follows from (2.3) and symmetry of p that

T+ F(p(fXn, fXn-1)) = T+ F(p(fXu-1, [ X))
< F(max{p(xna xn—l)’ p(xna fxn)s p(xn—la fxn—l)a
p(xm fxn—l) + p(xn—l’ fxn)
> }
= F(max{p(xna xn—l)’ p(xm xn+1)a p(xn—la xn)7
p(xna xn) + p(xn—la xn+1)
> 1
< F(maX{P(xm xn—l)a p(-xna xn+1)a
p(xn—la xn) + p(-xn+la -xn)
> 1.

Note that, for any a,b € R* we have max{a, b, %} = max{a, b}, therefore it follows from the
above inequality that

T+ F(p(xn+1’ -xn)) < F(maX{p(xm xn—])a p(-xn’ -xn+1)})
F(p(Xus1, X)) < F(max{p(x,, X,-1), p(Xp, Xp1)}) — T. 3.1

If, max{p(x,, X,—1), (X, Xu+1)} = (X, Xn41) then from (3.1) we have
F(p(xns1, X0)) < F(p(Xn, Xni1)) = T < F(p(Xn, Xp11)),
a contradiction. Therefore, max{p(x,, X,_1), p(X,, X,+1)} = p(X,, x,_1) and from (3.1) we have
F(p(xp:1,x,)) < F(p(xp, x,-1)) — 7 forall n e N. (3.2)
Setting p, = p(x,+1, X,,) it follows by successive applications of (3.2) that
F(pn) < F(pn-1) =T < F(pu2) =2t < --- < F(py) — nt. (3.3)
From (3.3) we have lim,_,, F'(p,) = —o0, and since F' € ¥ we must have

lim p, = 0. 3.4)

n—oo

Again, as F € F there exists k € (0, 1) such that
lim(p,)*F(p,) = 0. (3.5

From (3.3) we have
(P [F(pn) = F(po)] < —nt(py)* < 0.
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Letting n — oo in the above inequality and using (3.4) and (3.5) we obtain

lim n(p,)* = 0. (3.6)

n—oo

It follows from (3.6) that there exists n; € N such that n(p,)* < 1 for all n > ny, that is,
1
Pn < =V for all n > n;. (3.7)
n

Let m,n € N with m > n > n;. Then it follows from (3.7) that

p(-xm xm) < p(-xn’ -xn+l) + p(xn+19 xn+2) +--+ p(xm—l’ -xm)
- [p(xm xn) + P(Xn+1, xn+l) +---t p(xm—la xm—l)]

SPnt Dnst +00
1 1

< - 4.
Sk T e Dk

1
2.

=n

Ask € (0,1), the series ) -, lﬁ converges, so it follows from the above inequality that lim,,_,., p(x,, X,,) =
0, that is, the sequence {x,} is a 0-Cauchy sequence in O(xy) = {xo, fxo, fzxo, ...}. Therefore, by
0- f-orbital completeness of (X, p), there exists u € X such that

lim p(x,,u) = lim p(x,, x,) = p(u,u) = 0. (3.8)

We shall show that u is a fixed point of f. For this, we consider two cases.
Case I: Suppose (a) is satisfied, that is, f is continuous. Then using (3.8) and Lemma 2.2, we
obtain

P, fu) = Tim p(,, fu) = Tim p(fx, 1, fu) = p(fu, fu)

Suppose that p(fu, fu) > 0. Then as u < u, using (2.3) we obtain

T+ F(p(fu, fu)) < F(max{p(u, u), p(u, fu), p(u, fu), pu, fu) ;‘ p(u, fu)}
= F(max{p(u, u), p(u, fu)})

= F(p(u, fu)),

that is, F(p(fu, fu)) < F(p(u, fu)) and from F € ¥ we have p(fu, fu) < p(u, fu) = p(fu, fu), a
contradiction. Therefore, p(fu, fu) = p(u, fu) = 0, thatis, fu = u, so u is a fixed point of f.
Case II: Suppose that (b) is satisfied. Then we consider two subcases.
(i): For each n € N, there exists k, € N such that p(x; .1, fu) = 0 and k, > k,_, where ko = 1.
Then, using Lemma 2.2, we have

)

p(u, fu) = lim p(xg,+1, fu) = 0.
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Therefore, fu = u, that is, u is a fixed point of f.

(ii): There exists n, € N such that p(x,, fu) # O for all n > n,. In this case, since {x,} is a
nondecreasing sequence and x, — u as n — oo, we have x,, < u for all n € N. Therefore, using
(2.3) we obtain

T+ F(p(Xs1, fu)) = 7+ F(p(fxa, fu))
(X, fu) + p(u, fxn)

< F(max{p(x,, u), p(x,, f xn), p(u, fu), > 1))

< F(max{p(x,, u), p(Xn, Xns1), p(ut, f10),
p(-xn’ u) + P(”’ fl/l) + P(U’ xn+l)
5 D.

From (3.8), there exists n3 € N such that, for all n > n; we have

p(xn’ I/t) + p(u9 fl/l) + p(”’ xn+1)
2

max{p(Xu, ), p(Xn, Xn41), p(ut, fu), } = pu, fu),

so, for n > max{n,, n3} we obtain

T+ F(p(Xpe1, fu)) < F(p(u, fu).

As F is continuous, letting n — oo in the above inequality and using (3.8) and Lemma 2.2 we
obtain

T+ F(p(u, fu)) < F(p(u, fu)),

a contradiction. Therefore, we must have p(u, fu) = 0 thatis fu = u. Thus u is a fixed point of f.

Suppose that the set of fixed points of f is well-ordered and u,v € F; with p(u,v) > 0, where
F; denotes the set of all fixed points of f. As F is well-ordered, let u < v. Then from (2.3) we
obtain

T+ F(p(u,v)) = 7+ F(p(fu, fv))
< F(max{p(u,v), p(u, fu), p(v, fv),

< F(max{p(u, v), p(u, u), p(v,v), p(v, 0)})
< F(p(u,v)),

pu, fv) + p(v, f u)}

> )

a contradiction. Similarly, for v < u we get a contradiction. Therefore, the fixed point of f is

unique. For the converse, if the fixed point of f is unique then F, being a singleton, is well-
ordered. []

The following corollaries are immediate consequences of the above theorem.

Corollary 3.1. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-contraction. Let (X, p) is O- f-orbitally complete and the following conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x < y then fx < fy;
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(ii) there exists xo € X such that xo < fxo,
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,} such that x, — u € X as
n — oo it follows that x, < u for alln € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.

Corollary 3.2. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-weak contraction. If (X, p) is O- f-orbitally complete and the following conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x <y then fx < fy;
(ii) there exists xy € X such that xo < fxo;
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,} such that x, — u € X as
n — oo it follows that x, < u for all n € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.

Remark. We note that every metric space is a partial metric space with zero self distance. Therefore
we can replace the partial metric p by a metric p in Theorem 3.1. Also, after this replacement, the
0- f-orbital completeness reduces to orbital completeness of the metric space. Therefore, by this
replacement in Theorem 3.1, we obtain the fixed point result for ordered F-generalized contraction
in orbitally complete metric spaces.

In the above theorems the fixed point of the self map f is the limit of a 0-Cauchy sequence and
due to O-f-orbital completeness of the space this limit has zero self distance. The next theorem
shows that, if an ordered F'-generalized contraction has a fixed point then its self distance must be
zero, that is, it does not depend on the properties of space such as completeness etc.

Theorem 3.2. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-generalized contraction. If f has a fixed point u then p(u,u) = 0.

Proof. Suppose that u € F; and p(u, u) > 0. Then, it follows from (2.3) that
7+ F(p(u,u)) = v+ F(p(fu, fu))

< F(max{p(u, u), p(u, fu), p(u, fu),
= F(p(u, u)).

pu, fu) + p(u, fu)}
2

)

As t > 0, the above inequality yields a contradiction. Therefore, we have p(u,u) = 0 for all
uc Ff. O

The following example illustrates our results.
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Example 3.1. Let X = [0,2] N (Q \ {1}) and define p: X X X — R* by

|x_y|’ ifx’y € [O, l)a
p(x,y) =10, ifx=y=2;

max{x,y}, otherwise.
Then (X, p) is a partial metric space. Define a partial order relation “<” on X by
<= {(xy:xyel0,1),y<xU{(xy): xye(l,2),y <x} U{Z,2)}

Define f: X — X by

X ifxel0,1);
fx= ‘1—‘, if x € (1,2);
2, ifx=2.

Then it is easy to see that (X, p) is a 0- f-orbitally complete partial metric space. Let F(a) = loga
for all @ € R*. Then f satisfies all the conditions of Corollary 3.1 (except that the set of fixed
points of f is well-ordered) with 7 < log2. Note that, F'; = {0,2} with p(0,0) = p(2,2) = 0 and
(2,0),(0,2) ¢ <. Now, the metric d induced by p is given by

d(x.y) 2lx—yl, ifx,yel[0,1);
X,y) = .
Y |x —y|, otherwise,

and (X, d) is not complete. Similarly, if p is the usual metric on X then (X, p) is not complete,
therefore the results from metric cases are not applicable here. This example shows also that
an ordered F-contraction may not be an F-contraction (not even an F-generalized contraction).
Indeed, for x € [0, 1), y = 2 there exists no F' € ¥ and 7 > 0 such that

p(x, fy) + p(y, fx) .

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, f¥), >

Therefore, f is not an F-generalized contraction in (X, p). Similarly, for x = 0, y = 2 one can see
that f is not an F-generalized contraction in (X, d) and (X, p).

In the following theorem the conditions on self map f, “nondecreasing”, continuous and O-f-
orbital completeness of space, are replaced by another condition on self map f.

Theorem 3.3. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered F-
generalized contraction. Let there exists u € X such that u < fu and p(u, fu) < p(x, fx) for all
x € X. Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if
the set of all fixed points of f is well-ordered.

Proof. Let G(x) = p(x, fx) for all x € X. Then by assumption we have

G(u) < G(x) forall x e X. 3.9
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We shall show that fu = u. Suppose that G(u) = p(u, fu) > 0. Then since u < fu, it follows from
(2.3) that

F(G(fw) = F(p(fu, ffu)

< F(max{p(u, fu), plu, fu), p(fu, f fuy, eI T+ DU T,y

2
< Famax{p(u, fu, p(fu, £ fu), LT PIRIT,,
= F(max{G(u), G(fu), w» —r

= F(max{G(u), G(fu)}) — 7.

If max{G(u), G(fu)} = G(fu), then it follows from the above inequality that F(G(fu)) < F(G(fu)),
a contradiction. If max{G(u), G(fu)} = G(u), then again we obtain F(G(fu)) < F(G(u)) and
F € F so G(fu) < G(u), a contradiction. Thus, we must have G(u) = p(u, fu) = 0, thatis fu = u
and so u is a fixed point of f.

The necessary and sufficient condition for the uniqueness of fixed point follows from a similar
process as used in Theorem 3.1. ]
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Abstract

In this article we introduce the sequence spaces c(I)(F, p), ! (F, p) and I!_(F, p) for F = (f;) a sequence of moduli
and p = (px) sequence of positive reals and study some of the properties and inclusion relation on these spaces.
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1. Introduction

Throughout the article N, R, C and w denotes the set of natural,real,complex numbers and the
class of all sequences respectively.

The notion of the statistical convergence was introduced by H. Fast (Fast, 1951). Later on it
was studied by J. A. Fridy (Fridy, 1985, 1993) from the sequence space point of view and linked
it with the summability theory. The notion of /-convergence is a generalization of the statistical
convergence. At the initial stage it was studied by Kostyrko, Salat and Wilczysiski (Kostyrko &
Salat and W. Wilczynski, 2000). Later on it was studied by Salat, Tripathy and Ziman (Salit er
al., 1963) and Demirci (Demirci, 2001). Recently it was studied by V. A. Khan and K. Ebadullah
(Khan & Ebadullah, 2011; Khan et al., 2011; Khan & Ebadullah, 2012; Khan et al., 2012) and
Tripathy and Hazarika (Tripathy & Hazarika, 2009, 2011).

Here we give some preliminaries about the notion of /-convergence.

Let N be a non empty set. Then a family of sets 7 C 2" (2" denoting the power set of N) is said
to be an ideal if / is additivei.e A,B€ I = AU B € I and hereditaryie A€ I, BCA = Bel.

A non-empty family of sets £(/) C 2V is said to be filter on N if and only if ¢ ¢ £(I),for
A, B € £(I) we have A N B € £(1) and for each A € £(I) and A C B implies B € £(I).

*Corresponding author
Email addresses: vhbadshah@gmail . com (Vakeel A. Khan), cp_wadhwani@yahoo.co.in (Khalid Ebadullah)
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An Ideal I € 2V is called non-trivial if I # 2V. A non-trivial ideal I C 2" is called admissible
if {{x}:xeN}CI.

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J # I containing / as
a subset.
For each ideal I, there is a filter £(/) corresponding to I. i.e £(/) = {K € N : K¢ € I},where
K‘=N-K.

Definition 1.1. A sequence (x;) is said to be I-convergent to a number L if for every € > O.
{k € N :|x; — L| > €} €. In this case we write I-lim x; = L. The space ¢’ of all I-convergent
sequences to L is given by

¢ ={(x) : (ke N: |x; — L| > €} € I, for some Le C}.
Definition 1.2. A sequence (xy) is said to be /-null if L = 0. In this case we write /-lim x; = 0.

Definition 1.3. A sequence (x;) is said to be I-cauchy if for every € > 0 there exists a number m
=m(e) suchthat{k € N : |x; — x,,| > €} € I.

Definition 1.4. A sequence (x;) is said to be /-bounded if there exists M >0 such that {k € N :
x| > M} e 1.

Definition 1.5. Let (x;), (yx) be two sequences. We say that (x;) = (y) for almost all k relative to
I(a.akrl),if{tke N:x, #y}el

Definition 1.6. For any set E of sequences the space of multipliers of E, denoted by M(E) is given
by
M(E)={a€w:ax € E forall x € E}).

Definition 1.7. The concept of paranorm(See (Maddox, 1969)) is closely related to linear metric
spaces. It is a generalization of that of absolute value.

Let X be a linear space. A function g : X — R is called paranorm, if for all x,y, z € X,

PD gx)=0if x=6,

(P2) g(—x) = g(x),

(P3) g(x +y) < g(x) + &),

(P4) If (1,) is a sequence of scalars with 4, —» A (n — o) and x,,a € X with x, - a (n — o),
in the sense that g(x, —a) = 0 (n — o), in the sense that g(4,x, — da) = 0 (n — o).

A paranorm g for which g(x) = 0 implies x = 6 is called a total paranorm on X, and the pair
(X, g) is called a totally paranormed space.
The idea of modulus was structured in 1953 by Nakano. (See (Nakano, 1953)).
A function f : [0,00)—[0,00) is called a modulus if
() f(t) =0if and only if t = 0,
(2) f(t+u)< f(H)+ f(u) for all t,u=0,
(3) f is increasing, and
(4) f is continuous from the right at zero.
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Ruckle (Ruckle, 1968, 1967, 1973) used the idea of a modulus function f to construct the
sequence space

X(f) = {x = () : ) flxd) < oo,
k=1

This space is an FK space,and Ruckle (Ruckle, 1968, 1967, 1973) proved that that the intersecton
of all such X(f) spaces is ¢, the space of all finite sequences.

The space X(f) is closely related to the space /; which is an X(f) space with f(x) = x for all real
x > 0.Thus Ruckle (Ruckle, 1968, 1967, 1973) proved that, for any modulus f.

X(f) € I, and X(f)* = L.

The space X(f) is a Banach space with respect to the norm ||x|| = ] f(|xx]) < oo.

Spaces of the type X(f) are a special case of the spaces structured ll;y1 B. Gramsch in (Gramsch,
1967). From the point of view of local convexity, spaces of the type X(f) are quite pathological.
Symmetric sequence spaces, which are locally convex have been frequently studied by D. J. H
Garling (Garling, 1966, 1968)and W. H. Ruckle (Ruckle, 1968, 1967, 1973).

After then E. Kolk (Kolk, 1993, 1994) gave an extension of X(f) by considering a sequence of

modulii F' = (f;) and defined the sequence space
X(F) ={x = (x) : (fi(Ixx])) € X}.(See (Kolk, 1993, 1994)).
The following subspaces of w were first introduced and discussed by Maddox (Maddox, 1986,
1970, 1969). I(p) = {x € w : 2 |x/|P* < oo}, lo(p) = {x € w : sup|x|P* < oo}, ¢(p) = {x € w :
h/fn |x, — | =0, for some! € ]&:}, cop)={xew: liIEn [x|Px = O,k}, where p = (py) 1s a sequence

of strictly positive real numbers.
After then Lascarides (Lascarides, 1971, 1983) defined the following sequence spaces:
lo{p} = {x € w : there exists r > 0 such that sup |x;r|P*t; < oo},

k
colp} = {x € w: there exists r > 0 such that lilgn |xp Pt = 0, },

{p} = {x € w : there exists r > 0 such that } |x;r|P*t;, < oo},

k=1
Where #, = p;', forall k € N.
We need the following lemmas in order to establish some results of this article.

Lemma 1.1. Leth = iI]}f prand H = sup py. Then the following conditions are equivalent.(See[28]).
k

(a) H < ooandh > 0.

(D) co(p) = co or l(p) = l.
(C) loo{p} = loo(p)

(d) colp} = co(p).

(e) p} = I(p).

Lemma 1.2. Let Ke £(I) and MCN. If M¢I, then MNK ¢ I.(See (Tripathy & Hazarika, 2009,
2011)). (c.f (Dems, 2005; Gurdal, 2004, Khan & Ebadullah, 2011, 2012; Kolk, 1993, Lascarides,
1971; Tripathy & Hazarika, 2011)).
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2. Main Results

Throughout the article L., ¢/, ¢}, m' and m{ represent the bounded , I-convergent, /-null, bounded

I-convergent and bounded /-null sequence spaces respectively.
In this article we introduce the following classes of sequence spaces.

c(F,p) ={(xx) € w: fillxy — L|’*) > € for some L} € I
co(F,p) = {(x) € w: fillal™) > e} € 1.
L(F.p) = () € w = sup fillu™) < o} € 1.
Also we denote by m/(F, p) = ¢!(F, p) N I(F, p) and m{|(F, p) = c{(F, p) N l(F, p).
Theorem 2.1. Let (py) € L. Then c'(F, p), cé(F, p), m!(F, p) and mé(F, p) are linear spaces.

Proof. Let (xi), (yx) € ¢!(F, p) and «, 8 be two scalars. Then for a given € > 0 we have

(keN: fllxe — LiI™) > ——, for some L, € C} € I
M,

{k e N: fillyx = Lo|P*) > L, forsome L, e C} € 1
M,

where M|, = D.max{1,sup|a|’*}, M, = D.max{1,sup|B|”*} and D = max{1,28~'} where H =
k k

suppr = 0. Let Ay = {k € N ¢ fi(lxx — Ly|P*) < ﬁ, for some L; € C} € £(1), A, = {k € N :

k

filyr = Lo|P*) < ﬁ, for some L, € C} € £(1) be such that A{, AS € I. Then

Az = {k e Nt filll@x + Byi) = filaLy + BLo)I™) < €} 2 {k € N : o™ fullxe — Li™) < 2_;4]'&'”'1)}

€
N LB fillye = Lal™) < ——|BI-. D).
{k € N |8 fllyx — Lol )<2M2|'B| }

Thus A = A{ N AS € I. Hence (ax; + Byx) € c!(F, p). Therefore c!(F, p) is a linear space. The rest
of the result follows similarly. ]

Theorem 2.2. Let (py) € l. Then m'(F, p) and m{(F, p) are paranormed spaces, paranormed by
g(x) = sup fi(lxl %) where M = max{1, sup p}.
k k

Proof. Let x = (x),y = (yx) € m!(F, p). (1) Clearly, g(x) = 0if and only if x = 0. (2) g(x) = g(-x)

is obvious. (3) Since £~ < 1 and M > 1, using Minkowski’s inequality and the definition of f

we have sup fi(|x, + yklpﬁk) < sup fk(lxklpﬁk) + sup f(lyklpﬁk) (4) Now for any complex A we have
k ! k

(A) such that A, — A, (k — oo). Let x; € m!(f, p) such that fi(|x; — L|”*) > €. Therefore,
Pk Pk Pk
g(xx—L) = sup fi(lxx—L|*) < sup fi(Ixe| ) +sup fi(IL|* ). Hence g(A,x,—AL) < g(A,x,)+g(AL) =
k k k

2,8(xx) + Ag(L) as (k — o0). Hence m!(F, p) is a paranormed space. The rest of the result follows
similarly. []
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Theorem 2.3. A sequence x = (x;) € m'(F, p) I-converges if and only if for every € > 0 there
exists N, € N such that {k € N : fi(|x; — xn %) < €} € m!(F, p).

Proof. Suppose that L = [ —limx. Then B, = {k € N : [x; — L|’* < 5} € m!(F, p). For all € > 0.
Fix an N € B.. Then we have |xy, — xi|?* < |xy, — L|”* +|L — x| < 5 + 5 = € which holds for all
k € B.. Hence {k € N : fi(|x;y — xn.|P*) < €} € m!(F, p).

Conversely, suppose that {k € N : fi(|xy — xn |P%) < €} € m!(F, p). That is {k € N : (|x; —
xy.|P) < €} € m!(F, p) for all € > 0. Then the set C. = {k € N : x; € [xy, — €, xy,_ + €]} €
m!(F, p) forall € >0. Let J. = [xy, — €, xy, + €]. If we fix an € > 0 then we have C. € m/(F, p)
as well as C< € m'(f, p). Hence C. N C< € m'(F, p). This implies that J = J. N J¢ # ¢ that is {k €
N : x; € J} € m!(F, p) that is diamJ < diamJ. where the diam of J denotes the length of interval
J. In this way, by induction we get the sequence of closed intervals J, = Ip 2 [} 2 ... 2 I; 2 ...
with the property that diaml; < idiamli_; for (k = 2,3,4,...) and {k € N : x; € I} € m/(F, p)
for (k = 1,2,3,...). Then there exists a & € NI; where k € N such that ¢ = I — limx. So that
fi(&) =1 —1lim fi(x), thatis L = I — lim fi(x). O

Theorem 2.4. Let H = sup p; < oo and I an admissible ideal. Then the following are equivalent.
k

(a) (xi) € ¢!(F, p);

(b) there exists(yy) € c(F, p) such that x; = Yy, for a.a.k.r1; (c) there exists(y;) € c(F, p) and
(xp) € c{)(F, p) such that x; = y; + zi for allk € N and {k € N : fi(lyx — L|’*) > €} € I ; (d) there
exists a subset K = {k; < ky....} of N such that K € £(I) and ’}1_)1‘{)10 Ji(lxg, = L|P) = 0.

Proof. (a) implies (b). Let (x;) € c!(F,p). Then there exists L € C such that {k € N :

fillxy — LIPY) > €} € 1. Let (m,) be an increasing sequence with m, € N such that {k < m, :

Jfi(lxx = L|P¥) > €} € 1. Define a sequence (yx) as yx = xi, for all k < m;. Form, < k < my,t € N.
) Xk if |x, — LIPx < l_l,

Yk = L, otherwise.

yi} €k <my: fi(lxe — LIP) > €} € 1. We get x; = yy, for a.akrl

Then (y;) € c(F, p) and form the following inclusion {k < m, : x; #

(b) implies (c).For (x;) € c!(F, p). Then there exists (yx) € c(F, p) such that x; = yy, for a.a.k.r.L

Xy — Y, ifkek, Then

Let K = {k € N : x; # y}, then k € 1. Define a sequence (z;) as z; = 0. otherwise

z € c{(F, p) and y; € c(F, p).

(c) implies (d).Let Py = {k € N : fi(Ix|?) > e} € I and K = P{ = {k; < kp < k3 < ...} € £(]).
Then we have lim fi(|x;, — L|P#) = 0.

(d) implies (a). Let K = {k; < ky < k3 < ...} € £() and lim fi(|xz, — L|"*») = 0. Then for any
€ > 0, and Lemma 1.9, we have {k € N : fi(|lxy — L|?*) > €} C K° U {k € K : fi(|xy — LI*) > €}.
Thus (x;) € c!(F, p). O

Theorem 2.5. Let (py) and (qi) be two sequences of positive real numbers. Then mé(F, p) 2
my(F, q) if and only zf%{lrlr(l inf % > 0, where K¢ C N such that K € I.
€
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Proof. Let lk1r1r<1 inf ‘Z—’; > 0. and (x;) € mé(F, q). Then there exists S > 0 such that p; > Bgy, for
€

all sufficiently large k € K. Since (x;) € mé(F, q), for a given € > 0, we have By = {k € N :
Je(lxk|?*) > €} € I Let Gy = K° U By. Then Gy € I. Then for all sufficiently large k € Gy,
{k e N: filxe™) > €} C{k € N: fi(|x}*®) > €} € I. Therefore (x) € m{(F, p). O

Theorem 2.6. Let (pi) and (qi) be two sequences of positive real numbers. Then mé(F, q) 2

mé(F, p) if and only zf%{lr}{l inf Z—f{ > 0, where K¢ C N such that K € I.
€

Proof. The proof follows similarly as the proof of Theorem 2.5. L

Theorem 2.7. Let (pi) and (qx) be two sequences of positive real numbers. Then mi(F,q) =
m{(F, p) if and only U‘Erlr(l inf Z—’k‘ > 0, and %{1111;1 inf ;qT],Z > 0, where K C N such that K¢ € I.
€ €

Proof. On combining Theorem 2.5 and 2.6 we get the required result. ]

Theorem 2.8. Let h = ir/:f pr and H = sup py. Then the following results are equivalent.
k
(a) H< ooand h > 0. (b) C(I)(F,p) = C(I).

Proof. Suppose that H < co and h > 0,then the inequalities min{1, s} < s?* < max{1, s"} hold for
any s > 0 and for all £k € N. Therefore the equivalent of (a) and (b) is obvious. O]

Theorem 2.9. Let F = (f;) be a sequence of modulii. Then c{(F, p) C ¢!(F, p) C IL(F, p) and the
inclusions are proper.

Proof. Let (x;) € c!(F, p). Then there exists L € C such that  — lim fi(Jx; — L|”*) = 0. We have
Je(xelPF) < %fk(lxk — LIP¥) + %fk(lLlpk). Taking supremum over k both sides we get (x;) € I/ (F, p).
The inclusion c{(F, p) C ¢/(F, p) is obvious. Hence c(F, p) C ¢!(F, p) C IL(F, p). O

Theorem 2.10. If H = sup p; < oo, then for a sequence of moduli F, we have I', ¢ M(m'(F, p)),
where the inclusion may lﬁe proper.

Proof. Let a € I',. This implies that sup|a;| < 1 + K. for some K > 0 and all k. Therefore
x € m!(F, p) implies sip Sfellagxg|Pv) < (1k+ K sgp fi(lx|PF) < oo. which gives I/, ¢ M(m!(F, p)).

To show that the inclusion may be proper, consider the case when p; = % for all k. Take a; = k for

all k. Therefore x € m!(F, p) implies sup fi(|arxi|P*) < sup fk(lkli) sup fr(|xx|P*) < co. Thus in this
k k k

case a = (a) € M(m!(F, p)) while a ¢ I,. H

Acknowledgments. The authors would like to record their gratitude to the reviewer for his careful reading and
making some useful corrections which improved the presentation of the paper.
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Abstract

In this paper we wish to establish a few inequalities related to fuzzy complex numbers which extend some standard
results.

Keywords: Fuzzy set, fuzzy number, fuzzy complex number, fuzzy complex conjugate number.
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1. Introduction, Definitions and Notations

The idea of fuzzy subset u of a set X was primarily introduced by L.A. Zadeh (Zadeh, 1965)
as a function u : X — [0, 1]. Fuzzy set theory is a useful tool to describe situations in which the
data are imprecise or vague. Fuzzy sets handle such situation by attributing a degree to which a
certain object belongs to a set. Among the various types of fuzzy sets, those which are defined
on the universal set of complex numbers are of particular importance. They may, under certain
conditions, be viewed as fuzzy complex numbers.

A fuzzy set zy is defined by its membership function u (z | Zf) which is a mapping from the
complex numbers C into [0, 1] where z is a regular complex number as z = x + iy, is called a fuzzy
complex number if it satisfies the following conditions :

1. u (z | zf) 1S continuous;

2. An a-cut of z; which is defined as z§ = {z | ,u(z | Zf) > a}, where 0 < @ < 1, is open,
bounded, connected and simply connected; and

3. z} = {z | 1 (z | zf) = 1} 1s non-empty, compact, arcwise connected and simply connected.

(For detail on the set z; as mentioned above, one may see (Buckley, 1989)).

Using this concept of fuzzy complex numbers, J. J. Buckley (Buckley, 1989) shown that fuzzy
complex numbers is closed under the basic arithmetic operations. In paper (Buckley, 1989) we
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also see the development of fuzzy complex numbers by defining addition and multiplication from
the extension principle which has been shown in terms of a-cuts.

We now review some definitions used in this paper.

Definition 1.1. (Buckley, 1989)The complex conjugate z; of z; is defined as

ul(zlz) =u(zlz),

where z = x — iy is the complex conjugate of z = x + iy. The complex conjugate z; of a fuzzy
complex number zy is also a fuzzy complex number because the mapping z = x +iy —» z=x— iy
is continuous.

Definition 1.2. (Buckley, 1989)The modulus |z f| of a fuzzy complex number z; is defined as

,u(rl |zf|) = sup {u(z | Zf) |z = r},

where r is the modulus of z.
Similarly we may define the modulus of a real fuzzy number R/ as follows:

w(lal | |Ry]) = suplue(a | Ry) llal = aifa > 0,la| = 0if a = 0 and |a| = —aif a < 0}.

Now in the following, we define two special types of fuzzy complex numbers 7 and nzy of the
fuzzy complex number z¢, for any complex number z € z; andn € R .

Definition 1.3. Fuzzy complex numbers Z; and nzy are defined as
wz | Zp) = u@ | zp)

and
u(z | nzg) = p(n.z | z¢).

In particular when n = 2, we have
pzlzp) =puE 1zp) and p(z|2z) = p.z | z) -
It can be easily verified that
G #2702y and 2z #zp + 27, but 2z +2p) = 225 + 225,

From the definition of fuzzy complex number one may easily verify that z and nzy are also fuzzy
complex numbers when z; is a fuzzy complex number. It should be noted that the significance of
Definition 1.3 is completely different from the definitions of additions and multiplications of fuzzy
complex numbers as mentioned in (Buckley, 1989).

In this paper we wish to establish a few standared inequalities related to fuzzy complex num-
bers.
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2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. (Buckley, 1989) Let zy, and zy, be any two fuzzy complex numbers. Suppose A =
25 +2p and M = zjy, .24, respectively. Then for 0 < a < 1, A* = S and M® = P holds where

S = {Zfl +2p [ (z1,22) €25 Xz?z}

and
P* = {2525 | (21.20) € 2 x 2.

Also zy, + z5, and z4,.2y, are fuzzy complex numbers.
The following lemma may be deduced in the line of Lemma 2.1 and so its proof is omitted.

Lemma 2.2. Let 24,25, 25, ..., 25, be any n number of fuzzy complex numbers. Also let A = zj, +
2+ 2+t 2p and M = 25,25 .25...2y, respectively. Then for 0 < a < 1, A* = §% and M* = P*
holds where

S = {Zfl +zp 2+t 2 1 (21,22,23, 0, 20) € z‘;l X z‘;-z X z‘;é X .. X z}’}

and
P = {zf1 ZpyZfyenZf, | (21522523 oo Zn) € z?l X z% X z% X ... X z;}

Lemma 2.3. (Buckley, 1989) If zy is any fuzzy complex number then

¥ |
fes|” = |25
where 0 < a < 1 and |Zf| is a truncated real fuzzy number.

Lemma 2.4. (Kaufmann & Gupta, 1985) If M and N be any two real fuzzy numbers then
(M +N)* =M"+N*

andif M > 0,N > 0 then
(M -N)* = M- N°.

Lemma 2.5. (Buckley, 1989) Let zy be a fuzzy complex conjugate number of a fuzzy complex
number zy. Then
Zr =1y

where 0 < a < 1.



S. K. Datta et al. / Theory and Applications of Mathematics & Computer Science 4 (1) (2014) 106113 109

3. Theorems
In this section we present the main results of the paper.
Theorem 3.1. Let z;, and zy, be any two fuzzy complex numbers. Then
len = 2n] = |en| = [zs] -
Proof. The meaning of the inequality is that the interval |z h—zZ f2|a is greater that or equal to the

interval (|Zfl| - |Zf2|)a forO<a<l1.
Now from Lemma 2.1 and Lemma 2.3, we get that

[en = 2al" =|(en —20) | = k5~ il = (o~ 1z e i = 1.2). (3.1
Again in view of Lemma 2.4, we obtain from Lemma 2.3 that
(Jenl = al)” = leal” = lenl” = e | = %) = {leil = leal 1 20 € 240 = 1,2}, (3.2)

Hence the result follows from (3.1) and (3.2) and in view of
21 = 22| 2 |z1] = |22l -
This proves the theorem. []

J. J. Buckley (Buckley, 1989) proved the following results:
Theorem A (Buckley, 1989) Let zj and zy, be any two fuzzy complex numbers. Then

(D). |en =zl <] +|za]  and @) |z5.25|=|2n|2s] -

But he (Buckley, 1989) remained silent about the question when the equality holds in the in-
equality (1) of Theorem A. In the next two theorems, we wish to generalise the results of Theorem
A and find out the condition for which |z =2 f2| = |z f1| + |z f2| holds respectively.

Theorem 3.2. Let zy,,25,,24,, ..., 2r, be any n number of fuzzy complex numbers. Then
(©).
(i1). |Zfl.Zf2.Zf3...an| = |Zf1| |Zf2| |Zf3|

Proof. In view of Lemma 2.1, it follows from Theorem A that

Vo a4 e e O o an| < |Zf1| + |Zf2| + |Zf3| + ...+ |an| and

Zfa

|%+%+%+m+%ﬁkdﬂ%+%+m+%

<lzp| +|en| + |ep + - + 24,
< |Zf1| + |Zf2| + |Zf3| + |Zf4 + ...+ an|

< |Zf1| + |Zf2| + |Zf3| + ...+

Zfa

This proves the first part of the theorem.
Similarly with the help of Lemma 2.1 and the equality |sz Z f2| = |z f1| |z 5|, one can easily establish
the second part of the theorem. O]
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Remark. In view of Lemma 2.2, Lemma 2.3 and Lemma 2.4 it can also be shown that the intervals
|sz +2p t2pt+ .t an|a and |sz Zfy 2yl “ are less than or equal to the intervals

(1|Zf1| + |Zf2| + |Zf3| + ...+ |an|)a and (|Zf1| |Zf2| |Zf3| |an

)a respectively in Theorem 3.2 for 0 < o <

Theorem 3.3. Let zy and zy, be any two fuzzy complex numbers such that |sz + Zf2| = |Zfl| + |Z f2|
then either arg 7; — arg z, is an even multiple of m or j—; is a positive real number where z; and 7,
are any two members of zy, and zj, respectively.

Proof. The meaning of the equality is that the interval |z a+ 2 |a is equal to the interval (|z 0 | + |z 5 |)a
forO<a <.

Thus |Zf1 +Zf2| = |Zf1| + |Zf2| Le, |Zf1 +Zf2|a = (|Zf1| + |Zf2|)a Le., |Zf1 + Zf2|a = (|Zf1|(Z + |Zf2|a)
Le, |2 +25| = (5| + [G|1e, o+l =lul+ |zl |z € 2, i = 1,2; which is only possible
when either argz; — argz, is an even multiple of 7 or ;—; is a positive real number. Hence the
theorem follows. O]

Theorem 3.4. If z;, and z;, are any two fuzzy complex numbers with |zf1 + zfz| = |Zf1 - zf2| , then
arg z; and arg z, differ by 5 or %” where 7, and z, are any two members of zy, and zj, respectively.

Proof. The meaning of the equality is that the a-cuts of |zf] + zf2| is equal to the corresponding

a-cuts of |sz - zf2| forO0<a<1.
Now in view of Lemma 2.1 and Lemma 2.3, we obtain that

|Zf1 +Zf2|a = ‘(Zfl +zf2)a = |Z% +z?2| = {Izl +2llz €z, i= 1,2}. (3.3)
Similarly,

en =2l = |z = 26) | = |5 - 2l = {m - =l 1z e 2= 1.2). 3.4
Therefore from (3.3) and (3.4) it follows that |z + 25| = |z, — 25| which implies that |z; + z,| =

lz1 — 22| | z; € zf’ﬂ,i = 1,2 which is only possible when arg z; and arg z, differ by g or 37”
Thus the theorem is established. O]
Theorem 3.5. Let z;, and zy, be any two fuzzy complex numbers. Then

ESARY AR A

Proof. For 0 < a <1, we have

e =2l = |(en £ 2) | = | 2 5] = {ln 2wl 1z e 2,0 = 1,2). (3.5)
We also deduce that
lenl = esll” = (el = eal)'| = lleal” = eal] = lle5 | = [l = {leal = zall 1 2 € 256 = 1,2},

(3.6)
Hence the theorem follows from (3.5) and (3.6) and in view of the following inequality :

121 £ 20| > [|z1] = |z2]] -
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Theorem 3.6. If z;, and zy, are any two fuzzy complex numbers, then

2 |sz + Zf2| > (|Zf1| + |Zf2|) éﬁ ﬁ
1 J2

. . . (42 .
Proof. In order to prove this theorem, we wish to show that the interval (2 |z nt+2z f2|) is greater

|

Zh + Zh
fal * Ral
From Lemma 2.3 and Lemma 2.4, we get that

@ « N
{(|Zf1| + |Zf2|) } = {(|Zf1| + |Zf2|)a } _ {(|Zf1 |a " |Zf2|a) (i + Zh )
[enl el

@ (04
X . N
[Zi) + ( Zf ) } = {(|Z%| + |Z(;'2|) (Zfl |Zf1| 1) " (Zf2 |Zf2| 1) ‘}
s o
(Z% |Z.(;1|_1) + (Z?z |Z?z|_l)‘} = {(lle +|z2]) |[—

} forO<a<1.

than or equal to the interval {(lZf1| + |Z f2|)

Zh L 2h
A

A 2h
A

_ {<|zz| )
={( 1 +1=2)

|zei=1, 2} (3.7)

IZ1| |Z2|
Since
<2
2z + 22| = (|z| + |Z2|) — t
Iz | [I1N
in view of Definition 1.2 and Definition 1.3, the theorem follows from (3.3) and (3.7). O

Theorem 3.7. Let zy and zy, be any two fuzzy complex numbers. Then

= (2 |Z§1| -2 |Z?z|)

Proof. In view of Lemma 2.1, Lemma 2.3 and Lemma 2.4, we get for 0 < @ < 1 that
Zh T2 ’ ) = (Zfl +Zf2)2 ) = (Zfl "'Zfz)2 ) + (Zfl _Zf2)2 )
(2 +24) |
= (I + 2]+ Nz - 2)]) = i + 22|+ @ - 2212 e 2, = 1.2)
=l + 2P +la1 -2l |z e .i=1,2] . (3.8)
Analogously we also see that
Rl -2 = @R -2 = (2] =206 ]) = (2160 216 )

= 2| - 2|3| 1z e 2}.i= 1,2} = {2121 - 21eal” |z € 25,0 = 1,2} . (3.9)

+ ‘(Zfl - Zfz)2

‘(Zfl + Zf2)2

a

2 2

+ ‘(Zfl - Zfz) + ‘(Zfl - Zfz)

+

-2

Now in the line of Definition 1.3, it follows from (3.8)and (3.9) that the corresponding a-cuts are
equal. Hence the theorem follows as we obtain the equality of the two real fuzzy numbers. O]
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112
In the next theorem we establish a few properties of fuzzy complex conjugate numbers de-

pending on the concept of it.
Theorem 3.8. Let 2y be a fuzzy complex conjugate number of a fuzzy complex number z;. Then

D.zp =2z (2). (Zfl + Zfz) =25 £ 25, 3). (Zfl-ZfQ) =2 " s

@ (2)= L and ). || = ||
Proof. In view of Lemma 2.5 and for 0 < @ < 1, we obtain that
(éf) = (5) =7 = {z | forallz e z;'}.
Again
z? = {zl,u(zlzf) >a/} = {zl forallzez?}.

Since z = z, the first part of the theorem follows from above.
For the second part of the theorem, we have to prove that the a-cuts of (z hEz fz) are equal to

the corresponding a-cuts of 7, + z,.
Now it follows from Lemma 2.1 and Lemma 2.5 that

((an + Zfz))a =(zptzp) = (% +20) = {nEa lzei=12]

and 5 5 S .
(e £20) = (2) = (28) = () = () = {51 tnlzed,i=l, 2} :
Thus the second part of the theorem is established in view of z; + 2, = 71 + 2,.
We also observe that
(t20) =(nzn) = (@ 20) = [EE |z edi=1,2). (3.10)
(3.11)

We may also see that
(zr2p) = () () = 2% = {21.22 lesi=1, 2}.

Now from (3.10) and (3.11), we obtain that the corresponding a-cuts are equal. This proves the

third part of the theorem.
For the fourth part of the theorem, we deduce that

[ :
:{—1|z,~ez7_,z=1,2}
22 '

((i)) - (f) = () =4 ) = (5 6))

Zf

7 (@) - {— neis 1,2}_

| ) &) @) =5 (@) =5 2

<fi
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Hence the a-cuts of (%) are equal to the corresponding a-cuts of % which implies that the two
12 J2

fuzzy complex numbers are equal. Thus the fourth part of the theorem follows.
Again we have from Lemma 2.3 and Lemma 2.5 that

2" = |2 = {IZI | forallz e zf}

and . .
(|Zf|) = '(Zf) = |Z(; = {|z| | forallz e zf}.
Consequently the last part of the theorem follows in view of |z| = |Z| . [

4. Open Problem

As open problems, there are several scopes to investigate the theory of analyticity and sin-
gularity in case of functions of fuzzy complex variables; and analogously entire or meromorphic
functions of fuzzy complex variables may be defined. Naturally, the theory of different aspects of
growth properties of entire and meromorphic functions, comparative growth estimates of iterated
entire functions, results related to exponent of convergence of zeros of entire functions of fuzzy
complex variables etc. may also be studied afresh.
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Abstract

In this paper we study the action of a double infinite matrix A on f € H! (weighted Banach space, 1 < p < o0)
and on its wavelet coefficients. Also, we find the frame condition for A—transform of f € HJ whose wavelet series
expansion is known.

Keywords: Frames, Riesz basis, wavelet coefficients, Banach space and frame operators.
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1. Introduction

The mathematical background for today’s signal processing applications are Gabor (Feichtinger
& Strohmer, 1998), wavelet (Daubechies, 1992) and sampling theory (Benedetto & Ferreira,
2001). Without signal processing methods several modern technologies would not be possible,
like mobile phone, UMTS, xDSL or digital television. In other words, we can say that any ad-
vance in signal processing sciences directly leads to an application in technology and information
processing. A signal is sampled and then analyzed using a Gabor respectively wavelet system.
Many applications use a modification on the coefficients obtained from the analysis and synthesis
operations. If the coefficients are not changed, the result of synthesis should be the original signal,
i.e., perfect reconstruction is needed. One way is to analyze the signal using orthonormal basis.
For practical point of view it is noted that the concept of an orthonormal basis is not always useful.
Sometimes it is more important for a decomposing set to have other special properties rather than
guaranteing unique coefficients. This led to the concept of frames introduced by Duffin and Scha-
effer (Duffin & Schaeffer, 1952). Now a days it is one of most important foundations of Gabor
(Moricz & Rhoades, 1989), wavelet (S.T. Ali & Gazeau, 2000) and sampling theory (Aldroubi &
Grochenig, 2001). In signal processing applications frames have received more and more attention

Email address: d_kumar001@rediffmail.com (Devendra Kumar)
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(H. Bolcskei & Feichtinger, 1998; Kronland-Martinet & Grossmann, 1991; Munch, 1992; Sheikh
& Mursaleen, 2004).

Frame provide stable expansions in Hilbert spaces, but they may be over complete and the
coefficients in the frame expansion need not be unique unlike in orthogonal expansions. This
redundancy is useful for the application point of view that is to noise reduction or for the re-
construction from lossy data (Daubechies, 1992; Duffin & Schaeffer, 1952; Matz & Hlawatsch,
2002). The construction of stable orthonormal basis are often difficult in a numerical efficient way
than the construction of frames which are more flexible. Sometimes it is reasonable to use the
frames to analyze additional properties of functions beyond the Hilbert space. These properties
are encoded in the frame coefficients. Wavelet frames encode information on the smoothness and
decay properties or phase space localization of functions by means of the magnitudes of the frame
coeflicients. The aim is to study these properties in Banach space norms. Moreover, to charac-
terize an associated family of Banach spaces of functions by the values of the frame coefficients
which play an important role in non-linear approximation and in compression algorithms (DeVore
& Temlyakov, 1996). However, in (Grochenig, 2004) Grochenig showed that certain frames for
Hilbert spaces extend automatically to Banach frames. Using this theory he derived some results
on the construction of non-uniform Gabor frames and solved a problem about non-uniform sam-
pling in shift-invariant spaces. Recently, Kumar (Kumar, 2013) studied the convergence of wavelet
expansions associated with dilation matrix in the variable L” spaces using the approximate iden-
tity. In an another paper Kumar (Kumar, 2009) studied the convergence of non-orthogonal wavelet
expansions in L”(R),1 < p < co.

The space L*(R) of measurable function f is defined on the real line R, that satisfies L O:o |f(x)]Pdx <
oo. The inner product of two square integrable functions f, g € L*(R) is defined as

< f.g>= f f)g(dx, IIfIF =< f,f>"*.

Every function f € L?(R) can be written as f(x) = 2 ike: Cikpjk(x) (z is the set of integers).
This series representation of f is called wavelet series. Analogous to the notation of Fourier
coeflicients, the wavelet coeflicients cj; are given by c;; = f_ o; FX)@jx)dx =< f,pjx >, @i =
212p(27x - k).
Now, if we define continuous wavelet transform as (W,(f))(b, a) = |a|™'/ f_ o; F(x) (%b)dx, fe

L*(R) then the wavelet coeficients are given by c;x = (W,(f)) (%, %) .

A sequence {x,} in a Hilbert space H is a frame if there exist constant ¢; and ¢;,0 < ¢; <
¢y < oo, such that c1||fI? < Y,e.l < frxn > [* < collfI, for all f € H. The supremum of all
such numbers c¢; and infimum of all such numbers ¢, are called the frame bounds of the frame.
The frame is called tight frame when ¢; = ¢, = 1. Any orthonormal basis in a Hilbert space H is
a normalized tight frame. The connection between frames and numerically stable reconstruction
from discretized wavelet was pointed out by (Grossmann et al., 1985). In 1985, they defined that
a wavelet function ¢ € L*(R), constitutes a frame with frame bounds ¢; and ¢, if any f € L*(R)
such that ¢ || f]]* < Diker| < frpix > > < ¢||fII>. Again, it is said to be tight if ¢; = ¢, and is said
to be exact if it ceases to be frame by removing any of its element. For more details see (Chui,
1992; Daubechies et al., 1986).
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2. Notations and Auxiliary Results

Let N and y be countable index sets in some R?> and both y and N are separated i.e.,
inf,, ney:mzn IMm — n| > 6 > 0, and likewise for N.
Weight Functions of Polynomial Growth. A weight is a non-negative continuous function
on RY. An s—moderate weight v is called polynomially grows, if there are constants C, s > 0 such
that v(z) < C(1 + [t])*.

Lemma 2.1. If f(x) = X jken Cixjk(X) is a wavelet expansion of f € L*(R?) with wavelet coeffi-
cients cjy = f_o:o FOix()dx =< f,p;x > and A(apunjr) = [(1 +|m— j)(1 +|n— k)175-%¢ for some
g > 0and j,k € Nym,n € y, then the operator A defined on finite sequences (C;x)jren by matrix
multiplication (A¢)py, = Z;’;O Direo AmnjkCjx extends to a bonded operator from IP(N) to ID(y) for
all p € [1, 0] and all s—moderate weights v.

Proof. To prove the result we have to show the boundedness of A from li(N) to l},()() and from
[>(N) to I;7(x). Then using the interpolation technique of [4] for weighted L —space, the lemma
holds for all p € [1, co].

First we consider

Ml = D5 D @mpcix|vimmy < 37 37 [(1+lm = (1 +In— kD™~ lejxlvim, n)
m,n€y |jkeN m,n€y jkeN
< sup [ DA+ m = )1+ - k|>]‘“) x
m,ney

Jj.keN

( sup  [(1 +Jm = jD( + |n = kDI [v(j, k)]~ v(m, n)) X Z lc v k).

m,ney; j,keN J.keN

Using (Grochenig, 2004), Lemma 2.2 in above inequality we obtain

< sup (C(1+1j - k) (sup C+1j- k|)-5) X

JokeN jkeN

V(G T vm, mx > lejadv(i, k) = Clalln)-
J.keN
The first supremum in right hand side of above inequality is finite by (Grochenig, 2004),
Lemma 2.1] and second supremum in finite due to s—moderate and sub multiplicavity of the
weights. Now we have

lACklli=y = sup An jiC je| v(m, n)
m,ney jkeN
< sup Y [(1+ lm = JD(L+1n = kDT leulvim, m)
m,nE)(j’keN
< (Sup DA +m= D+ - k)]-d—e] X

m,ney JkeN
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sup (14 lm — jD(L +n = kD™ .v(m, m)v(j, k)™ | % (Sup ¢V k)) -
m,n ey J.keN
ke N

Again, using (Grochenig, 2004), Lemma 2.2 in above inequality we get

< (C sup (1 +1j - kl)‘d‘g) (sup(1 + 1 = k)~ *v(m, myv(j, k)™") x

Jj.keN

(sup lcjxlv(ji k)) < CC'lle;illis -

Jj.keN

Let {¢;« : j,k € N} be a Riesz basis of H with dual basis {?q;j,k : J,k € N} and v be a weight
function on R? of polynomial type. O

Definition 2.1. Assume that I(N) C [2(N). Then the Banach space H? is defined to be

Hl ={feH:f= ) cupi for cjxe L))
J.keN
with norm || f{|zz = llc;llz. It should be noted that ¢4 is uniquely determined, in fact, ¢ =<
frdjun >
By assumption I/(N) C 2(N), it means HY is a (dense) subset of H. On the other hand, if
0 SZ lﬁ and p < oo, we define H? to be the completion of the subspace H, of finite linear combi-

nations, i.e., Ho = {f = X jxen Cja®jx : supp c is finite }, with respect to the norm || f{|z» = ||c[[,p. If
p=coandlf ¢ I?, we take the weak completion of Hy to define HY. In these cases HY ¢ H.

Frame Operators and Localization of Frames. Let [ = {¢,,,, : m,n € x} be a frame for H
and S f = X5y < f>@Pmn > @mn be the corresponding frame operator. Each frame element has a
natural expansion with respect to the given Riesz basis as

Pmn = Z <‘10m,n’ 5j,k> ¢j,k = Z < ©m,ns ¢j,k > aj,k-

J.keN JkeN

The frame operator S is invertible on H. Our problem is how to extend the mapping properties
of § on Banach spaces H;. For this purpose we take f = Y. ;; fix¢;x such that

Sf = D <Fbmn>Pun= D, D fik <PiksPun > G

m,ney m,n€y jkeN

- Z Z Z fik < jses Omn > <(;0m,m$i,l> bii

m,ney i,leN jkeN

= Z [Z [Z < Qjks Pmn > <¢m,m$f,l>] fj,k) bi-

il Jk \mn
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Now let A = a;; be infinite matrix defined as

Qitjie = Z < @jk>Pmn > <90m,m$i,z> = <S¢j,k»$i,l>- (2.1)

m,ney

Define a mapping I such that T : H — B(N), (T'f)x = <f, aj’k> )

Since {¢;} 1s a Riesz basis, I" is invertible and an isometric isomorphism between H! and
I(N). Therefore, S = I'"'AT carries over to the Banach spaces HY. To study the behavior of frame
operator S on H?, it is sufficient to study the infinite matrix A on sequence space I2(N). For this
purpose we will use the following fundamental theorem of Jaffard [14].

Theorem A. Assume that the matrix G = (Gy )i ey satisfies the following properties:
(a) G is invertible as an operator on />(N), and
(b) |Gyl < C( + |k =1)7", k, 1 € N for some constant C > 0 and some r > d. Then the inverse
matrix H = G™! satisfies the same off-diagonal decay, that is
|Hyl < C'(1+k—1I)", k1€ N.
Using above theorem we can prove:

Theorem 2.1. Assume that the matrix A = (ayiji)is,jren Satisfies the following properties:

(a) A is invertible as an operator on I*(N), and
(b) laypl < CI(1 + i —jDA + |l =kDI™",i,1, j,k € N for some constant C > 0 and some r > d.

Then the inverse matrix T = A™! satisfies the same off-diagonal decay, i.e.,
|Tuj| < CTA +li = j)(A + 1= KkDI7, i, L, j.k € N.

Definition 2.2. The frame ' = {¢,,, : m,n € x} is said to be polynomially localized with respect
to Riesz basis {¢;,} with decay s > O (or simply s—localized), if

| < @mns Bjic > 1 < CLA + Im — jD(A + In — kD™
and
| < gom,,,,gj,k >|<C[(1+|m—jh)(1 +n—kD]*Vi,ke N and m,n € y.
Now we prove:

Proposition 2.1. Let [ = (@, : m,n € x) is an (s + d + &)—localized frame for € > 0,r > 0 and
1 < p < ocoThen

(i) the analysis operator defined by Cof = (< f\@mn >)mney is bounded from H} to Il ().
(ii) the synthesis operator defined on finite sequences by Dec = 3., e, CnnPmn €xtends to a
bounded mapping from I (y) to HY,.
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(iii) the frame operator S = S; = D.Cy = },1ne, < fr@Pmn > Pmn maps H into Hy, and the
series converges unconditionally for 1 < p < co.

Proof. (i) Assume that f = 3 ew fir®is | < fr@mn > | = | jken fik < Gjts @mn >| . In view of
Definition 2.4, we get < C 3 e |fi| [(1+Im—jD(1+n—kD] 7472 <CC’ 3 jyen | fisl (1+]j—K) 5742

If £ € HY, then | fllzr = ||(f3) ,-,keN||1£, oy @nd Lemma 2.1 gives that [IC. flly,, < CC’ {627 j,k€N||lc ™=
CClIf N

(ii) Now we have (D.¢)keny = <Zm,ne)( ConnPrmns :I;j,k> or

(Decrsant < 3 emal (o )| < € 3 lemall 1+ = 01+ = k1>
m,ney m,ney
< CC Y femal(1+1j = k)™ = CC (A%l .

m,ney

Now Lemma 2.1 (by interchanging N and x) gives ||D.cllzr = [|A%|clllipny < 1A lopllcllz -

(iii)) The boundlessness of frame operator S follows by combining (1) and (ii). For un-
conditional convergence of the series defining S, let £ > 0, choose Ny = Ny(e), such that
Il < £, @mn >mnoreny) Il < €. Then for any finite set Ni 2 Ny, from (i) and (ii), we obtain

Sf= D, <f-bmn> s

m,neN

< Cellopll < fs @mn > I < NCellop-£-

H}
Which implies that the series ., .e, < f>®mn > @ma converges unconditionally in HY. ]

Proposition 2.2. Assume that [ = {¢,,,, : m,n € x} is polynomially localized with respect to the
Riesz basis {¢;x} with decay s > d. Then

Al = lagil < C(A +|j—=kD)™ for i,l,jkeN.

Proposition 2.3. From (2.1) we get

lagul < C Z [(1+|m—=jDA +|n—=kDA + i —m))(1 + |l =nD]™*
m,ney
< cC Z[(l +li— DA+ -k <CC'C"(A+1j- k).
i,leN

3. Main Results
The following definition is due to Moricz and Rhoades (Moricz & Rhoades, 1989).

Definition 3.1. Let A = (a;jx) be a double non-negative infinite matrix of real numbers. Then,
A—transform of a double sequence x = {x;;} is Z;’;O Direo AmnjkX jx Which is called A—means or
A—transform of the sequence x = {x;}.
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Sheikh and Mursaleen (Sheikh & Mursaleen, 2004) study the frame condition by using the
action of frame operator A on non-negative infinite matrix in Hilbert space. In this paper our aim
is to extend these results on weighted Banach space in R,

Now we prove our main results:

Theorem 3.1. Let A = (ayj) be a double non-negative infinite matrix. If f(x) = X, ey Cmn®Pmn(X)
is a wavelet expansion of f € HY with wavelet coefficients c,,, =< f,@mn >, then the frame
condition for A—transform of f € HY is

cillfllzr < < cllfllgr

D, <Afonn>

m,ney

Ly
where {@,,,, : m,n € y} is an (s + d + g)—localized frame for e > 0,5 > 0and 1 < p < co.

Proof. We take f =} ;ien fix® x> then

DAL @ua> 12D > Afik < GitoPmn >| < D IAFll < Gt Pun > |
mney Jj.keN m,ney Jj.keN
<c )AL+ Im = DA+ =KD < CC Y ALl + 1 — k)
Jj.keN JkeN

If f € Hy, then || fllzr = I(fj4) jkenllr- Hence we get

D <Afigma>|| < CCAlI i < el fllag-

m,ney

P
Ly

Now, for any f € HY, define

-1 -1
f = Z <Af, Qun >|| f <Af,Qmn >= Z <Af,Qmn >|| <Af, Qmn >
m,ney l{,’ m,ney lg
then
D <Afigua>|| <1
m,ney l{,’
Hence, if there exists a positive constant @, such that
-1 -1
a
WMenally < |l > <Afsgma>| | Menally e\ > <Afogma>{ | Wl < {7
mney g m,ney " op

it follows that ||, < Af. @ >||zc] > c1ll fll-
Hence the proof is completed. []
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Theorem 3.2. If f = 3 ey CjxPjx and {pp,, - m,n € x} forms a frame with respect to Riesz basis
{¢jk}, then the a i are the wavelet coefficients of Af, where {d,} is defined as the A—transform of
{cjx} such that

diy = Z AiljkCj ks
J.keN

@jk = § dis < Pjxpis > -
iley

Proof. Using the definition of A—transform of f = >, ciipi; by assumption we get

<Af,pi; >= Z AijkCik < Pk iz >
Jj.keN

or

i, = i, Jikos i, - i, ks i, .
D <Afigu>= Y (A < Gt pir >= D diy < bisopis >

iley iley iley

Therefore, the wavelet coefficients of A f with respect to Riesz basis {¢;,} are given by

Qi = Z dig < Qjp>pin > .

iley
Hence the proof is completed. []
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