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Abstract
For positive invertible operators A, B and x € H, ||x|| = 1, we define the relative entropic normalized determinant D, (A|B) by
D, (A|B) = exp (A? (In(A"2BA™3)) A, x).
In this paper we show, among others, that

(Ax, x)
((AB‘le, x)

for all A, B> 0 and x € H with ||x|| = 1. Several other properties of D, (-|-) are also provided.

(Ax,x) (Ax,x)
) <D, (AB) < (<Bx’ x>)

(Ax, x)

Keywords: Positive operators, normalized determinants, inequalities.

2020 MSC: 47A63, 26D15, 46CO05.

1. Introduction

Let B(H) be the space of all bounded linear operators on a Hilbert space H, and I stands for the identity
operator on H. An operator A in B(H) is said to be positive (in symbol: A > 0) if (Ax, x) > 0 for all x € H.
In particular, A > 0 means that A is positive and invertible. For a pair A, B of selfadjoint operators the order
relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. Fujii & Seo (1998), Fujii er al. (1998), introduced the normalized determinant
A, (A) for positive invertible operators A on a Hilbert space H and a fixed unit vector x € H, namely ||x|| = 1,
defined by A (A) := exp(InAx, x) and discussed it as a continuous geometric mean and observed some
inequalities around the determinant from this point of view.

Some of the fundamental properties of normalized determinant are as follows, Fujii & Seo (1998).

For each unit vector x € H, see also Hiramatsu & Seo (2021), we have:
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(i) continuity: the map A — A,(A) is norm continuous;
(i1) bounds: <A‘1x, x>_1 < A (A) < (Ax, x);
(ii1) continuous mean: (A" x, x)l/” L Ax(A) for p | 0 and (APx, x)l/p TAA) forp TO;
(iv) power equality: A (A") = A (A) forall t > 0;
(v) homogeneity: A (tA) = tA(A) and A,(¢]) = ¢ for all ¢ > 0;
(vi) monotonicity: 0 < A < B implies A (A) < A,(B);
(vil) multiplicativity: Ay(AB) = A(A)A,(B) for commuting A and B;
(viii) Ky Fan type inequality: Ax(1 — @) A + aB) > A(A)' A (B)* for 0 < & < 1.

We define the logarithmic mean of two positive numbers a, b by

b— .
lnb—?na ifb # a,

L(a,b) := (1.1)
aifb =a.

In Fujii & Seo (1998) the authors obtained the following additive reverse inequality for the operator A
which satisty the condition 0 < mI < A < M1, where m, M are positive numbers,

MInm—-mlnM
0 < (Ax. x) — Ay(A) < L(m, M) [lnL(m,M)+ nﬂ"; many (1.2)
—m
forall x € H, ||x|| = 1.
We recall that Specht’s ratio is defined by Specht (1960)
1
B ifhe (0,1) U (1, 00),
eln(hm)
S (h) = (1.3)

lifh=1.

It is well known that lim,_1 S (h) = 1, S (h) = S (%) > 1for h > 0, h # 1. The function is decreasing on
(0, 1) and increasing on (1, 00).
In Fujii et al. (1998), the authors obtained the following multiplicative reverse inequality as well

(Ax, x) M
S sS(E) (1.4)

forO<ml <A< Mlandx € H, ||x|| = 1.
For the entropy function n (f) = —¢fInt, t > 0, the operator entropy has the following expression:

n(A) = -AlnA

for positive A.
For x € H, ||x]| = 1, we define the normalized entropic determinant 1,(A) by

nx(A) ;= exp(—(AlnAx, x)) = exp(n(A) x, x) . (1.5)
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Let x € H, ||x]| = 1. Observe that the map A — 71,(A) is norm continuous and since

exp (— (tAIn (tA) x, x))

=exp(—(tA(Int+1nA)x,x)) =exp(—((tAlnt+ tAInA) x, x))
=exp(—(Ax,x)tInt)exp (-t (Aln Ax, x))

=expln (t‘<A"’x>’) [exp (= (AlnAx, x))] ™",

hence
N(tA) = 7 [ (A)] (1.6)
fortr>0and A > 0.
Observe also that
(D) =1and n,(tI) ="' (1.7)

fort > 0.
In the recent paper Dragomir (2022) we showed among others that, if A, B > 0, then for all x € H, ||x|| =
landr€[0,1],

n:{((1 =) A +tB) > (1, (A)' ™ (7, (B))'.

Also we have the bounds
—(Ax,x)

M < u(A) < (Ax, x)y~Ae0 (1.8)
(Ax. x) = MAA) = 345 : :

where A > 0and x € H, ||x]| = 1.

Definition 1.1. For positive invertible operators A, B and x € H with ||x|| = 1 we define the relative entropic
normalized determinant D, (A|B) by

D, (AIB) := exp (S (A|B) x, x) = exp <A% (ln (A—%BA—%))A%x, x>,
where the relative operator entropy S (A|B), is defined by
S (A|B) := A? (m (A—%BA—%))A%.
We observe that for A > 0,
Dy (Allg) = exp(S (Allg) x, x) = exp (- (AInAx, x)) = n.(A),
where 1,(+) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp (S (1g|B) x, x) = exp(In Bx, x) = Ay(B),

where A.(+) is the normalized determinant.
Motivated by the above results, in this paper we show, among others, that

( (Ax, x)
(Ax, x)

(Ax,x) (Ax,x)

B
_Axx <D, (AB) < [{BEX
(AB~'Ax, x)

for all A, B > 0 and x € H with ||x]| = 1. Several other properties of D, (:|-) are also provided.
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2. Relative entropic normalized determinant

Kamei and Fujii Fujii & Kamei (1989b), Fujii & Kamei (1989a) defined the relative operator entropy
S (A|B), for positive invertible operators A and B, by

S (AIB) = A? (1n (A—%BA—%))A%, @.1)

which is a relative version of the operator entropy considered by Nakamura-Umegaki Nakamura & Umegaki
(1961).
In general, we can define for positive operators A, B

S (A|B) :=s- lim S (A + &ly|B)
-0+

if it exists, here 1y is the identity operator.
For the entropy function i (f) = —tInt, the operator entropy has the following expression:

n(A)=-AlnA =S (Al|lg) >0

for positive contraction A. This shows that the relative operator entropy (2.1) is a relative version of the
operator entropy.
For A = 1y in (2.1) we have
S(ylB)=InB

for positive contraction B.

Following (Furuta et al., 2005, p. 149-p. 155), we recall some important properties of relative operator
entropy for A and B positive invertible operators:
(i) We have the equalities

S (AIB) = -A'? (InA'?B~'A'?) A = B'y (B~'2AB™') B'/%; (2.2)
(i1) We have the inequalities
S(AIB) < A(In||B]|—InA) and S (A|B) < B - A; (2.3)
(iii) For any C, D positive invertible operators we have that
SA+BIC+D)=S(AIC)+S (BID);

(iv) If B < C then
S (A|B) < S (A|IC);

(v) If B,, | Bthen
S (AlBy) | S (AlB);

(vi) For @ > 0 we have
S (aAlaB) = aS (A|B) ;

(vii) For every operator T we have

T*S (AIB)T < S (T*AT|T*BT).
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(viii) The relative operator entropy is jointly concave, namely, for any positive invertible operators A, B, C,
D we have
SCA+A-1)B[tC+(1-1)D) >1S (A|C) + (1 —1)S (B|D)

for any ¢ € [0, 1].

For other results on the relative operator entropy see Dragomir (2015b), Dragomir (2015a), Furuichi
(2015), Kim (2012), Kluza & Niezgoda (2014), Moslehian et al. (2013) and Nikoufar (2014).

Observe that, if we replace in (2.2) B with A, then we get

S (BIA) = AI/ZU(A_I/ZBA‘I/Z)AUZ
= Al/2 (_A—I/ZBA—I/Z In (A_I/ZBA_UZ))AUZ,

therefore we have
A2 (A7V2BAT 2 In (AT 2BAT2)) AV = -5 (BIA) (2.4)

for positive invertible operators A and B.
It is well know that, in general S (A|B) is not equal to S (BJA) .
In Uhlmann (1977), A. Uhlmann has shown that the relative operator entropy S (A|B) can be represented

as the strong limit
AfB- A
S (AIB) = 5-lim 2B =4 2.5)
t—0 1
where ,
Af,B = A2 (A7V2BATI2Y A2, v € 10,1]

is the weighted geometric mean of positive invertible operators A and B. For v = % we denote AfB.
This definition of the weighted geometric mean can be extended for any real number v.
For B = 1y we have
Aﬁv ly=A =
while for A = 15 we get
1yfy,B = B"

for any real number v.
For ¢ > 0 and the positive invertible operators A, B we define the Tsallis relative operator entropy (see
also Furuichi et al. (2004)) by

T:(A|B) := AﬁLt_A
We then have
T (Ally) = Al =4 AHI_A, >0
and B -1,
T,(1y4|B) := ,t>0
for A, B > 0.

The following result providing upper and lower bounds for relative operator entropy in terms of 7} (|-)
has been obtained in Fujii & Kamei (19895b) for 0 < ¢ < 1. However, it hods for any 7 > 0.

Theorem 2.1. Let A, B be two positive invertible operators, then for any t > O we have

T, (AIB) (A;B)™' A < S (A|B) < T, (A|B). (2.6)
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In particular, we have for t = 1 that
(1n - AB™')A < S (AIB) < B - A, Fujii & Kamei (1989b) (2.7)

and for ¢t = 2 that | |
—1)2 -1
E(lH—(AB ))AsS(AlB)sE(BA B-A). 2.8)

The case t = % is of interest as well. Since in this case we have
T]/z (A|B) =2 (AﬁB - A)

and
T2 (AIB) (A$12B) ' A =2 (14 - A(A8B) ) A,

hence by (2.6) we get
2(1y - A(A#B) ')A < S (AIB) < 2(AHB - A) < B- A (2.9)
We have the following fundamental properties for the relative entropic normalized determinant:
Proposition 2.1. Assume that A, B > 0 and x € H with ||x|| = 1.

1. We have the upper bound

D, (AIB) < exp (Bx, x)
* T exp(Ax, x)’

2. For any C, D positive invertible operators we have that
D.(A+ B|C+ D) > D, (A|C)D,(B|D); (2.10)

3. If B< C then
Dy (AlB) < D, (A|C);

4. If B, | B then
D, (A|B,) | D, (A|B);

5. For a > 0 we have
D, (eAlaB) = [Dy (A|B)]".

The proof follows by the properties “(ii)-(iii)” above.

Corollary 2.1. For A, B> 0, a, 8 > 0 and x € H with ||x]| = 1, we have

nx(A + B) . a(Ax,x)ﬁ(Bx,x)

n:(A)n(B) ~ (o + ﬁ)((A+B)x,x>' 2.1

In particular, for « = B = 1, we get
ny(A+ B) S 1

N:(A)n(B) — 2{A+B)xx)’ (2.12)
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Proof. Observe that
D, (Alely) = exp<A%(1n(A—%a1HA-%))A%x,x>
= exp <A% (Inaly - lnA)A%x, x>
= exp({Ax, x)Ina — (AlnAx, x)) = In.(A).
Then by (2.10) for C = aly and D = 1y we have
D, (A + Bl(a+p) 1) > Dy (Alaly) Dy (B|B1x),

namely
(a +ﬁ)((A+B)x,x) T]x(A + B) > a(Ax,x>nx(A)ﬁ<Bx,x>nx(B)

and the inequality (2.11) is obtained.
Also, we have:
Corollary 2.2. For C,D > 0,v, 8 > 0 and x € H with ||x]| = 1, we have

[Ax(c + D)]‘}"HS S (')/ + 6)'}’+6
[AO) [AD)P —  y&

In particular, for y = § = 1, we get
2
[A(C + D)] S 4
A(C)A«(D)

Proof. Observe that

D 1410 = exp (/1 (1n (174 C 12 )) 1 )

=exp(y(InC —Iny)x, x) = exp (y{InCx, x) — In (y"))
_exp(y{InCx.x) _ (ALO)
Cepn() oy )7

By (2.10) we have
Dy ((y +6) 14IC + D) = Dy (y14|C) D (614ID) ,

namely

AC + D)\ (ALO) (MDY’
5] =P )

Proposition 2.2. Assume that A, B > 0 and x € H with ||x|| = 1.

(a) We have
D, (A|B) < [|BI“4** n.(A)

(aa) For every operator T with Tx # 0, we have

[D . (A|B)]”Tx”2

17l

< D, (T*AT|T*BT).

13

(2.13)

(2.14)

(2.15)

(2.16)
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(aaa) Forevery C,D >0
D, (tA+ (1 — 1) BltC + (1 — t) D) > [D, (A|O)]' [Dx (BID)]'™ 2.17)
forallte[0,1].
Proof. a. By taking the inner product over x € H with ||x|| = 1 in (ii) we get

D, (AIB) = exp{(S (A|B) x,x) < exp{(In||B||A — AlnA) x, x)
= exp (In||B|| {Ax, x) — (A In Ax, x))
= exp (In |B[*) exp (- (A In Ax, x))
= IBII* n(A)

and the statement is proved.
aa. If we take the inner product over x € H with ||x|| = 1 in (vii) then we get

exp(T*S (AIB) Tx, x) < exp (S (T*AT|T*BT) x, x) = D (T*AT|T*BT).

Also, if Tx # 0,

exp(T*S (A|IB)Tx, x) = exp{(S (A|B) Tx, T x)

Tx Tx
exp<||Tx||ZS<A|B>— —>

[Tl 1T
T x|
Tx Tx
=|ex S(AlB)—,—>)
( p< Tl 1T

B

_ [DA (A|B)]”Tx”2

]
which proves the statement.
aaa. If we take the inner product over x € H with ||x|| = 1 in (viii), then we get for all 7 € [0, 1] that
D,(tA+(1-0BtC+(1-1D)
=exp{(S A+ -0 BJtC+ (1 —-1)D)x,x)
> exp{[tS (AIC) + (1 — 1) S (B|D)] x, x)
=exp (S (A|C) x, x) + (1 — 1) (S (B|D) x, x)]
= (exp (S (AIC) x, x))' [exp (S (BID) x, x)]'™"
= [Dx (AIO)]' Dy (BID)]'™

and the statement is proved. O

We define the logarithmic mean of two positive numbers a, b by

an:ilna ith #a,
L(a,b) =
aifb=a.

The following Hermite-Hadamard type integral inequalities hold:
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Corollary 2.3. With the assumptions of Proposition 2.2,
1
f Dy(tA+ (1 -1 B|tC + (1 — 1) D)dt > L(Dy (A|B), D, (C|D)).
0

and

2|2

1
x(A+B C+D)Zf [Dx((l—I)A+tB|(l_t)C+tD)]l/2
0

X [Dy (tA + (1 — 1) B|tC + (1 — 1) D)]"/? d.

Proof. 1f we take the integral over ¢ € [0, 1] in (2.17), then we get

1 1
f D,(tA+ (1 -1)B|tC + (1 —1)D)dt > f (D, (A|O)] [D, (BID)]'™" dt
0 0

= L(D, (A|C), D, (B|D))

for all A, B, C, D > 0, which proves (2.18).
We get from (2.17) for ¢t = 1/2 that

A+BC+D
D557

) > [Dy (AIC)]Y2 Dy (BID)]'2.

15

(2.18)

(2.19)

If wereplace Aby (1 -1)A+tB,BbytA+(1 -1 B,Cby (1 —¢)C+1tD and D by tC + (1 — t) D we obtain

2 | 2
>[D,(1-0)A+tB|(1-1)C+1tD)]"?

X [Dy (1A + (1 = 1) BltC + (1 — 1) D)]'/2.

A+BC+D
D )

By taking the integral, we derive the desired result (2.19).
By the use of Theorem 2.1 we can also state:
Proposition 2.3. Assume that A, B > 0 and x € H with ||x|| = 1. Then for any t > 0 we have
exp (T, (A|B) (Af,B)”' Ax, x) < D, (AB) < exp(T; (A|B) x, x).

In particular, we have for t = 1 that

exp (Ax, x) < D.(AIB) < exp (Bx, x)
exp(AB~1Ax, x) exp (Ax, x)

and for t = 2 that

1

2 ex
] <D,(AB) < [

exp (Ax, x)
< exp (Ax, x)

P <BA‘IBx, x> ];
(AB-1)* Ax, x>

We have the following bounds for the normalized entropic determinant.

(2.20)

(2.21)

(2.22)
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Corollary 2.4. Assume that A > 0 and x € Hwith||x|| = 1. If a, t > 0, then

A— —tAt+1
a4 exp <+x, x> (2.23)

< 1x(A)

atAl—t —A
< @A exp<—x,x )

t

In particular, for @ = 1, we get

A— At+l Al—t —A
exp<fx, x> <nx(A) < exp<fx, x>, (2.24)
forallt>0.
Fort =1, we get
a4 exp ((A - a7'A%) x, x) (2.25)
< 1x(A)

<V exp((aly — A) x, x),

forall a > 0.
Also, for @ =t = 1, we obtain

exp ((A — A%) x, x) < n(A) S exp((1y — A) x, x). (2.26)
Proof. 1If we take B = aly in (2.20), we get

exp (T; (Alal ) (Al (@11)) ™" Ax, x) < Dy (Alalp) (2.27)
<exp(T;(Alalgy) x, x) .

Observe that .
Aty (alp) = A" (A2 (a1y) A7) A2 = oA

and ol
Al (aly) — A Al — A
T, (Alaly) = 2@l A _ o .
t t
Also
_ AT A PN
T, (Alely) (A (1)) ' A = ———— (/A7) " A
A —A(a’AH) A
a t
A a,—tAH—l
- t
Then by (2.27) we get

A— —tAt+1 tAl—t_A
exp <+x, x> < " .(A) < exp <a—x, x>

and the inequality (2.23) is obtained. O
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We also have the following bounds for the normalized determinant.

Corollary 2.5. Assume that B > 0 and x € H with ||x|| = 1. If B, t > 0, then

1y —ﬁtB_t > ﬂ_lBt -1y >
o — X, x).

< A«(B) Sﬂexp< "

BeXp<

In particular, for B =1, we get

1y - B! B -1
exp<%x, x> <A«B) < exp< ; Hx, x> s

forallt> 0.
Fort =1, we get

Bexp((1n —BB™")x.x) < AuB) < Bexp((B7'B— 1) x.x),

forall 8 > 0.
Also, for =t =1, we obtain

exp <(1H - B_l)x, x> < Ax(B) <exp{((B—1g)x,x).
Proof. We have from (2.20) for A = S1y that
exp (T: (B1ulB) ((BLr) #:B)™" (B1w) x,x) < Dy (B11lB)
<exp(T;(Bly|B) x,x).

Observe that ,
BL kB = Bl (1) BELP) 1) = B,

and 1 B 1 l_tBt 1
T ((Bln)|B) = ® H)ﬁft ~Blu _B t_ﬂ "
Also,
l—IBt 81 B
T, (B1uIB) (B1x) #:B)~" (1) = ﬁ—tﬁﬂ B s
1-t pt -1
B —/3(,3 B ) 8
t
_B-pTBY
= t .
Then by (2.32) we get

t+1 p—t B -tpt
exp (Bl =BT BT\ _(ABY BB Bl
p . 5 p ;

By taking the power 1/8 we get

_ pt+l p—t 1-tpt _
exp</wx,x> Ad(B) <%M>,

which is equivalent to (2.28).

17

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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3. Several Bounds

We have the following bounds for the relative entropic normalized determinant:
Theorem 3.1. Assume that A, B > 0 and x € H with ||x|| = 1. Then for any s > 0 we have

54 exp ((Ax, x) - s (AB™ Ax, x)) 3.1)
< D, (A|B)

< §4%9 exp ((Bx, x) — s{Ax, x))‘

N

The best lower bound in the first inequality is

( (Ax, x)

(Ax,x)
— <D,(A|B), 32
(AB‘le,x)) “lB) ©2)

while the best upper bound in the second inequality is

(Ax,x)
{Bx, x>) (3.3)

D, (AlB) < ((Ax, >

Proof. We use the gradient inequality for differentiable convex functions f on the open interval

F@&Ot=-9>2fO-f)2fO0-5)

forall ¢, s € I.
If we write this inequality for the function In on (0, c0) , then we get

t
I ismr-ms>1-2
S t

forall ¢, s € (0, 00).
Using the functional calculus for positive operator 7 > 0, we get

1
T -1y >InT-lnsly > 1y—sT\.
)

for all s € (0, ).
1 1
If wetake T = A"2BA™2 > (, then we get

1
—ATIBATI — 1y > 1n(A-%BA—%) ~Insly > 1y - sA?B'AZ
S

for all s € (0, ).
1
If we multiply both sides by A2 > 0, then we get

1
“B—Az Al (ln (A—%BA—%))A% —(Ins)A > A—sAB™'A
S

for all s € (0, ).
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Now, if we take the inner product for x € H with ||x|| = 1, then we get
1
= (Bx, x) — (Ax, x) > (A% (ln (A-%BA—%))A%x, x> — (In s) (Ax, x)
s
> (Ax,x) — s <AB_1Ax, x>

for all s € (0, 00).
By taking the exponential, we derive

exp ((Bx, x) —Ss (Ax, x)) S exp (A% (ln (A‘%BA‘%))A%)C’ x>

exp [(In s) (Ax, x)]
> exp ((Ax, X)—s <AB‘1Ax, x>)

for all s € (0, o0), which is equivalent to (3.1).
Now, consider the function

£(5) = 54"V exp ((Ax, x) — s (AB™'Ax.x)), s € (0,0).
We have
1 (s) = (Ax, x)y sS4 Lexp ((Ax, Xy —s <AB_1Ax, x>)
- <AB_1Ax, x> sAxXD exp ((Ax, X)—s <AB_]Ax, x>)
= s T exp ((Ax, xXy—s <AB‘1Ax, x>)
x ((Ax,x) - (AB™'Ax, x) 5).

We observe that the function f is increasing on (0, <A (A

B~'Ax,x) (AB'Ax,x)’

(Ax, x) )_ ( (Ax, x) )<A"”‘>

sup f(s) = f((AB‘le, x) (AB~1Ax, x)

s€(0,00)

which gives the best lower bound in (3.1).
Now, consider the function

g(s):= §{AXX) exp(@ —{Ax, x)), s € (0, 0).

We have
¢ (5) 1= (Ax,2) 5450 exp (M ~Ax, x>)
+ A exp(<Bx’ x) (Ax. x)) (_ (Bxi x))
s s

= e eXP(w? o (Ax, x)) ((Ax, x) = <B);’ x))

_ S(Ax,x)—Z exp (@ —{Ax, x)) ((Ax, x) s — (Bx, x)) .
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) and decreasing on (M oo) . Therefore
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We observe that the function g is decreasing on (O, éfig) and increasing on (Eﬁxi , oo) . Therefore
i o) = o BER _ (Brn)
in ) = = ,
w0 T8\ Ay T (A )
which gives the best upper bound in (3.1). 0

Corollary 3.1. Assume that A > 0 and x € H with ||x|| = 1. Then for any s > 0 we have
54 exp ((Ax, xy—s <A2x, x>) (3.4)

1
< n(A) < s exp (— —{Ax, x)).
s

The best lower bound for n.(A) is obtained for s = <<AA;;’);>>, namely

(Ax,x)
A
O ) <na
(A%x, x)
The best upper bound for n,(A) is obtained for s = (Ax, x)™", namely
N(A) < (Ax, x)~40

Proof. If we take B = 1y in (3.1), then we get

1 - s(Ax,
s exp ((Ax, xXy—s <A2x, x>) < n(A) < 549 exp (M) )
s

which is equivalent to (3.4). ]

Corollary 3.2. Assume that B > 0 and x € H with ||x|| = 1. Then for any s > 0 we have

(Bx, x) — s)
[#5)

sexp(l - s<B‘1x, x>) < Ax(B) < sexp 3.5

-1
The best lower bound for A,(B) is obtained for s = <B‘1x, x> , namely

-1 -1
<B X, x> < A(B).
The best upper bound for Ay(B) is obtained for s = (Bx, x) , namely
Ay (A) < (Bx,x).

Theorem 3.2. Assume that A, B > 0 with the property that 0 < mA < B < MA for some constants m,
M > 0and x € Hwith ||x|| = 1. Then

(Bx,x) (A% (Ax,x)
Axx) (Bx, x) ) ’
<D, (A|B) < 3.6
) soow (g3 “o
and
<B)C, X> _ <AX,X>_1
0< Ax.x) [D, (A|B)] (3.7)

Mlnm—mlnM
SL(m,M)[lnL(m,M)+ nmzma —1}.

M—-—m
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Proof. We observe that for x € H with ||x]| = 1

D, (A|B) = exp <A% (ln (A—fBA—%))

= exp <(ln (A—%BA—%))A%x,A%x>

12
A2x

exp[

which gives that

for x € H with [|x]| = 1.

(AAuzx/”Al/sz(A_I/ZBA_I/z)

1
A2x
1
2x b
1 2
-
X
) T\(Ax,x)
A2x
1
A2x

_lexp —<(ln(A_2BA_2)) Al x ’ Alx >
| Jats] [l

A
=|exp <(1n(A_éBA_;)) #,

)(Ax,x)

-1 _ _
(D, (A|B)|A%9 = Apig||arrey|(A 12pA=1/2y

21

(3.8)

Since 0 < mA < B < MB for the positive operators A, B is equivalent with 0 < m < A‘%BA‘% <M,
1 1
then by (1.4) for A'/2x/ |A!/2x|| and for the operator A~2 BA™2 we get

namely

1<

(A72BAT A2/ || A1 24| AV 2/ [|A12x]])

1 1
AAl/zx/”Al/zx”(A_iBA_f)

| < (Bx, x)

= <
(AX, XY Mg aa (A2 BAT2)

<S

G

which gives by (3.8) that

| < (Bx, x)

" (Ax, ) [Dy (A|B)]A50 T T

By taking the power (Ax, x) > 0 we get

From (1.2) we get

(Geg) ™
X, X

~ D:(AIB)

(I

0< <A—%BA—%A1/2X/ |42, A"2x/ ||A1/2x||>

_1 _1
—AAl/zx/HAl/zx”(A 2BA72)

<L(m,M) [lnL(m, M) +

MInm—-mInM
M—-m

1.

)
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namely
B .
<BXp (aBAe”
(Ax, x)
MInm—mln M
< L(m. M) |InLm, My + 220 =MAY
M-m
for x € H with ||x|| = 1. ]

Remark 3.1. Assume that B > 0 with the property that 0 < mly < B < M1y for some constants m, M > 0
and x € H with ||x|| = 1. Then by A = 1y in the above Theorem 3.2 we recapture the inequality (1.4) and
(1.2).

If we take B = 1y in Theorem 3.2, then for 0 < mA < 1y < MA for some constants m, M > 0 and x € H
with ||x]| = 1. Then

M —(Ax,x)
(<Ax, XS (Z)) < nul(A) < (Ax, x)~Ax0 (3.9)
and
0 < (Ax, 1) = [ ()4 (3.10)
Mlnm—min M
SL(m,M)[lnL(m,M)+ fmzmamy _q].
M—-m

If0 < nly <A < Nly, then by takingm = N™' and M = n~" we get 0 < mA < 1z < MA and by (3.9)
and (3.10) we obtain

N —(Ax,x)

[(Ax, S (—)] < nu(A) < (Ax, x)~A8D G.11)
n

and
0 < (Ax, 1) = [ (A)] 4" (3.12)
L(n,N) L(n,N) NInn—-nInN
< In + -1
nN nN N-n

for x € Hwith ||x|| = 1.
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