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Abstract

In this paper, a common fixed point theorem for four mappings in cone metric spaces over Banach algebras is
proved without assuming the normality of underlying cone. The results of this paper unify, generalize and extend some
known results in cone metric spaces over Banach algebras. An example is presented which shows the significance of
the result proved herein.
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1. Introduction

The study of K-metric and K-normed spaces were introduced in the mid-20th century (Alipran-
tis & Tourky, 2007; Kantorovich, 1957; Vandergraft, 1967, Zabreiko, 1997). In these papers, the
set of real numbers was replaced by an ordered Banach space, as the codomain for a metric. In
2007, such spaces are reintroduced by (Huang & Zhang, 2007) under the name of cone metric
spaces. (Huang & Zhang, 2007) defined convergent and Cauchy sequences in cone metric spaces
in terms of interior points of underlying cone. Some basic versions of the fixed point theorems in
cone metric spaces can be found in (Huang & Zhang, 2007). (Abbas & G.Jungck, 2008) proved
some common fixed point results in these spaces. (Radenovié, 2009) obtained a coincidence point
theorem for two mappings in this new setting, which satisfy a new type of contractive condition.
The result of (Radenovi¢, 2009) was extended by (Rangamma & Prudhvi, 2012) for three map-
pings which satisfy a generalized contractive condition without exploiting the notion of continuity.
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In the papers (Radenovi¢, 2009) and (Rangamma & Prudhvi, 2012) the contractive conditions
were generalized by using the norm function. Notice that, the norm function is defined from the
Banach space into the set of real numbers, hence, the results of (Huang & Zhang, 2007) can not
be obtained by the results of (Rangamma & Prudhvi, 2012). Inspired by this fact, (Malhotra et al.,
2012) used a more competent function ¢ instead of the norm function || - ||. The benefit of using
the function ¢ was that, the new results generalize and unify the results of (Rangamma & Prudhvi,
2012) as well as (Huang & Zhang, 2007) and (Vetro, 2007). (Malhotra et al., 2012) defined a
function ¢ from a normal cone into another normal cone, and so, their results cannot be applied if
the cone is non-normal.

Some recent studies (see, (Cakalli e al., 2012; Du, 2010; Feng & Mao, 2010; Kadelburg et al.,
2011)) show that the fixed point results proved in cone metric space are direct consequences of
their usual metric versions. To overcome this drawback, recently, (Liu & Xu, 2013) improved the
concept of cone metric spaces by defining the cone metric with values in a Banach algebra, instead
of a Banach space, so that, the contractive conditions can involve the vector constants. The fixed
point results thus obtained cannot be derived by their usual metric versions which was shown by
an example in (Liu & Xu, 2013).

Inspired by the results of (Liu & Xu, 2013), in this paper, we prove some coincident and
common fixed point results for four mappings in cone metric spaces over Banach algebras with
solid cone which are not necessarily normal. We improve the definition of function ¢ used by
(Malhotra et al., 2012), by removing the normality condition from the domain and codomain cones
of ¢, as well as, we use a vector constant, instead the scalar in the contractive condition involving
the function ¢. Our result generalizes and unifies the results of (Liu & Xu, 2013), (Radenovic,
2009) and (Rangamma & Prudhvi, 2012) and several other results, in cone metric spaces over
Banach algebras.

2. Preliminaries

We first state some known definitions and facts which will be used throughout the paper.

Let E be a real Banach algebra with a unit e and a zero element Oz. A nonempty closed subset
P of E is called a cone if the following conditions hold:

(1) {0, eg} C P;

2)if a,pB € [0, 00), then aP + BP C P;

3)P*=PPcCP;

(4) PN (=P) = {0g}.

A cone P is called a solid cone if P° is nonempty, where P° stands for the interior of P.

We can always define a partial ordering <p with respect to P by x <p yif and only if y—x € P.
We shall write x <p y to indicate that y — x € P°. We shall also write || - || as the norm on E. A
cone P is called normal if there is a number K > 0 such that for all x,y € E, Og <p x <p y implies
llxll < Kliyll.

Throughout the paper, we consider the real Banach algebras.

Definition 2.1. (Liu & Xu, 2013) Let X be a nonempty set and E be a Banach algebra. A mapping
d: X x X — E is called a cone metric if it satisfies:
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(1) Og <p d(x,y), forall x,y € X, d(x,y) = Og if and only if x = y;

(1) d(x,y) = d(y, x) for all x,y € X;

(ii1) d(x,y) <p d(x,z) + d(z,y) for all x,y € X.

In this case, the pair (X, d) is called a cone metric space over Banach algebra E. If the cone P
is normal then (X, d) is called a normal cone metric space.

Definition 2.2. (Dordevi¢ et al., 2011) A sequence {u,} in a P is said to be a c-sequence in P if for
each ¢ >p O (i.e., O <p ), there exists N € N such that u,, <p c forall n > N.

Definition 2.3. (Huang et al., 2017) Let (X, d) be a cone metric space over Banach algebra E and
{x,} be a sequence in X. We say that

(i) {x,} converges to x € X if {d(x,, x)} is a c-sequence and in this case we write x, — x as
n— oo.

(i1) {x,} is a Cauchy sequence if {d(x,, x,,)} is a c-sequence for n,m, i.e., for each ¢ >p O,
there exists N € N such that d(x,, x,,) <p c for all n,m > N.

(ii1) (X, d) is complete if every Cauchy sequence in X is convergent.

It is obvious that the limit of a convergent sequence in a cone metric space (X, d) over Banach
algebra E is unique.

Lemma 2.1. (Jankovic et al., 2011) Let E be a Banach algebra and u,v,w € E. Then
(HDu<<pwifu<pv<<pworu<<pv=<pw;,
(2) u =0g if O <p u <p c for each ¢ >p Of.

The following results are well known and will be used in the sequel.

Lemma 2.2. Let E be a Banach algebra and u € E. Then the spectral radius of u is equal to
. 1
pQu) = lim [lu[].

Lemma 2.3. Let E be a Banach algebra and k € E. If p(k) < A, for some A > 0 then deg — k is

invertible in E, moreover, (leg — k)™ = Y2, A’%
Lemma 2.4. (Huang et al., 2016) Let P be a cone in a Banach algebra E, {u,} and {v,} be two
c-sequences in P, and a, 8 € P be vectors, then {au, + Bv,} is a c-sequence in P.

Lemma 2.5. (Huang & Radenovic, 2015) Let P be a cone and k € P with p(k) < 1. Then {k"} is a
c-sequence in P.

Let X be a nonempty set and f, g be two self-maps on X and x,z € X. Then x is called co-
incidence point of pair (f,g) if fx = gx, and z is called point of coincidence of pair (f, g) if
fx = gx = z. The pair (f, g) is called weakly compatible if f and g commutes at their coincidence
point, i.e. fgx = gfx, whenever fx = gx for some x € X.

For results on weakly compatible mappings in cone metric spaces, see (Jankovic et al., 2010;
Jungck et al., 2009).

Now we can state our main results.
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3. Main Results

Let E, B be two real Banach algebras, P and C be solid cones in E and B respectively. Let
“<p” and “<¢” be the partial orderings induced by P and C in E and B respectively, O and Op are
the zero vectors of E and B respectively; and ex and e are the units of E and B respectively.

The following definition of function ¢ is an improved version of the definition used by (Mal-
hotra et al., 2012) (see, also, (Khan et al., 2015)). Let ¢ : P — C be a function satisfying:

(i) if a,b € P with a <p b then ¢[a] <¢ k¢[b], for some positive real k;
(11) ¢la + b] =¢ ¢la] + ¢[b] forall a,b € P;
(ii1) the sequence {¢[a,]} is c-sequence in C if and only if the sequence {a,} is a c-sequence in P.

We denote the set of all such functions by ®(P, C), i.e., ¢ € O(P, C) if ¢ satisfies all above proper-
ties. It is clear that ¢[a] = Op if and only if a = O.

Let (X, d) be a cone metric space with solid cone P and ¢ € ®(P,C). Then d(x,y) <p d(x,7) +
d(z,y) for all x,y, z € X, therefore

Pld(x, y)] =c k¢ld(x,2)] + k¢[d(z, y)]. 3.1

Example 3.1. Let E = L[0, 1] be the real Banach algebra of integrable functions f(x) such that
[ 1f(0ldx < oo with norm [|f]l = [ |£(x)ldx, the point-wise multiplication and the unit 1. Let
P =1{f € E: f(t) = 0,t € [0,1]} be the solid cone in E. Let B = CHIQ[O, 1] with the norm
LAl = Ilfllo + IIf'llcos point-wise multiplication and unit 1. Let C = {f € B: f(r) > 0, € [0, 1]}
be the solid cone in B. Define ¢: P — B by ¢[f] = fot f(x)dx, t € [0,1] for all f € P. Then
¢ € O(P,C)withk = 1.

Example 3.2. Let E be a Banach algebra with solid cone P. Define ¢: P — P by ¢[a] = a, for all
a € P.Then ¢ € ®(P,C)with E =B,P=Cand k = 1.

Example 3.3. Let E = R?>, P = {(a,b) : a,b € Rand a,b > 0} and B = R?,C = {(a,b,c) : a,b,c €
R and a, b,c > 0}, with coordinatewise multiplication and units (1, 1) and (1, 1, 1) respectively.
Then P and C are solid cones. Define ¢: P — C by ¢[(x,y)] = (x,y,ax + by), where a, b are
positive constants, then ¢ € ®(P,C) with k = 1.

Example 3.4. Let E be any real Banach algebra with normal cone P and normal constant K. Define
¢ : P — [0,00) by ¢[a] = ||a||, for all a € P. Then ¢ € O(P,C) with B =R, C = [0, 00) and k = K.

Example 3.5. Let E be the real vector space defined by
E={ax+b:a,beR,xe[l/2,1]}

with supremum norm and P = {ax+ b € E: a <0,b > 0}. Then E is a real Banach algebra with
point-wise multiplication and unit ez = 1 and P is a normal cone with normal constant K > 2
(see (Rezapour & Hamlbarani, 2008)). Let B = R? be with Euclidean norm, coordinate-wise
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multiplication, unit ez = (1,1) and C = {(a,b): a > 0,b > 0}. Then C is a normal cone with
normal constant K = 1. Define ¢: P — C by

¢lax + b] = (—a,b) forallax+b € P.
Then, ¢ € ®(P,C) with k = 1.

The following theorem is an improved version of the main results of (Radenovi¢, 2009),
(Rangamma & Prudhvi, 2012) and (Liu & Xu, 2013), and unifies and generalizes these results.

Theorem 3.1. Let (X, d) be a complete cone metric space over Banach algebra E and P be a solid
cone. Suppose that f, g, h,l be four self-maps of X, f(X) C I(X),g(X) C h(X) and the following
condition is satisfied: there exist ¢ € ®(P,C) and a € C such that p(a) < 1 and

old(fx, gy)] Zc agld(hx,ly)] for all x,y € X. (3.2)

If h(X), l(x) are closed subsets of X, and the pairs (f,h), (g,l) are weakly compatible, then the
mappings f, g, h and | have a unique common fixed point.

Proof. Suppose, xy be any arbitrary point of X. Since f(X) C [(X), there exists x; € X such that
fxo = Ix;. Again, as g(X) C h(X), there exists x, € X such that gx; = hx,. Continuing in this
manner, we obtain a sequence {z,} such that

on = fx2n = [xXp41,
2nt1 = gXonte1 = hXguen for all n > 0.
We shall prove that {z,,} is a Cauchy sequence in X.

Note that, if there exists n € N such that z, = z,+1, €.8., SUPPOSE, Z2,, = Z24y+1, then it follows
from (3.2) that

¢[d(Z2no+2,22n0+1)] = ¢[d(fx2n0+2,gxzn0+1)]
<c  adld(hxopys2, X2py41)]

= adld(zang+15 Z2n,)]-

AS, Zon, = Zon,+1 the above inequality yields

dld(zang+25 Z2ng+1)] = 0p.

o ¢ - (D(R C) therefore the above equality implies that d(Z2n0+2’ Z2no+1) = O, 1.e., Lng+2 = Lng+1-
Similarly, we obtain that
LDny = Wnp+1 = LVng+2 = Wnp+3 = *°° -

Therefore, {z,} is a Cauchy sequence.
Now, suppose that z, and z,,; are distinct for all n € N. Then, for each n € N we obtain from
(3.2) that

Old(zan, 22ne1)] = OLd(f X2, gX2041)]
56‘ Q’¢[d(l’l)€2n, lx2n+l)]
= adld(zn-1,220)].
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Writing d,, = ¢[d(z,, z,+1)], we obtain
d>, <c ad,,_; foralln € N. (33)

Again, for each n € N we obtain from (3.2) that

dld(zons2, 22ne1)] = PlA(f X2n12, 8X0n41)]
<c apld(hxpia, [x2041)]
= adld(zan+1,220)]-

It follows from the above inequality that
dony1 <c ad,, for all n € N. (3.4)
It follows from (3.3) and (3.4) that
d, <c ad,_, for all n € N. 3.5
Repeated use of (3.5) that
dy Zc ady Zc @Pdyy Zc -+ Zc &'dy forall n € N, (3.6)
Let n,m € N and m > n, then by (3.1) and (3.6) we obtain

¢[d(zm Zm)] =c k¢[d(Zn, Zn+1)] + k¢[d(zn+l7 Zn+2)] +-t k¢[d(zm—1, Zm)]
= k[dn+dn+l +"'+dm—l]
=<c k[a”do + a””do + .-+ a’m_ldo]
= ka'leg+a+a*+ - +a" " d,
=<c ka" [Z Qi] d()
i=0
= ka"(eg—a) ' dp.

Since p (@) < 1, therefore, by Lemma 2.4 and Lemma 2.5, the sequence {ka" (ep — @) dy) is a
c-sequence in C. Hence, by Lemma 2.1 and the fact that ¢ € ®(P,C), we have, the sequence
{z,} = {hx,.,} is a Cauchy sequence.

Since X is complete, there exists w € X such that z, — w as n — oo. Since, 2, = Ix2,41 € I(X),
Zon+1 = hxonn € W(X) for all n € N and I(X), h(X) are closed subsets of X, there exist u, v € X such
that

w=lu=hv.

Therefore, from by (3.1) and (3.2) we obtain
Pld(fv.w)] =c kold(fv, gxans1)] + kpld(gx2n+1, W)]

<c kagld(hv,xy.1)] + kpld(gxrps1, W)]
= kagldw,20,)] + kpld(zon+1, W)].
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Since, z, — w as n — oo, the sequences {d(w, 2,)} and {d(z,+1,2)} are c-sequences in P. As,
¢ € O(P, C), the sequences P[{d(w, z2,)}] and ¢[{d(z2,+1, 2)}] are c-sequences in C. By Lemma 2.1,
Lemma 2.4 and the above inequality, the sequence {¢[d(fv,w)]} is a c-sequence in C. This shows
that the sequence {d(fv,w)} is a c-sequence in P, and so, we must have d(fv,w) = Og, i.e., fv = w.
Therefore

pldw,gw)] = ¢ld(fv,gu)]
=c aglf(hv, )]
= aglfw,w)]
= 93.
Hence, d(w, gu) = Og, i.e., w = gu. Thus
w=gu=Iu=hv=fv (3.7)
As, the pairs (f, h), (g,1) are weakly compatible it follows from (3.7) that fw = fhv = hfv = hw

and gw = glu = lgu = Ilw. Hence
gw=1Ilw=hw= fw. (3.8)

Using (3.2), (3.7) and (3.8) we obtain
pld(w,gw)l = @ld(fv, gw)]
<c ag¢ld(hv,Ilw)]
= agld(w,gw)].

Thus, ¢[d(w, gw)] <c adld(w, gw)]. Successive use of this inequality yields
$ld(w, gw)] <c adld(w,gw)] <c @*pld(w,gw)] <c --- Zc &"Pld(w, gw)].

As, p(a) < 1, the sequence {a"} is a c-sequence in C, and by Lemma 2.1, Lemma 2.4 we obtain
that the sequence {¢[d(w, gw)]} is a c-sequence in C. By definition, d(w, gw) is a c-sequence in P,
and so, d(w, gw) = Og, i.e., gw = w. Hence, we obtain from (3.8) that

w=gw=Iw=hw= fw. 3.9)

Thus, w 1s a common fixed point of the mappings f, g, s and /.
For uniqueness of fixed point, suppose w’ is a common fixed point of the mappings f, g, h and
[ 'and w and w’ are distinct. Then, we have

’

w=gw =lw=hw=fw.
Using (3.2) we obtain

pldw,w)] = ¢ld(fw,gw")]
<c a¢ld(hw,Iw")]
= agldw, w)].

Again, since p(@) < 1, the above inequality yields ¢[d(w, w")] = 0p. This shows that d(w, w") = O,
i.e., w = w'. This contradiction proves the uniqueness of common fixed point. O]
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The following corollary is a generalized version of Theorems 2.1 of (Rangamma & Prudhvi,
2012) and Theorem 2.1 of (Radenovic¢, 2009).

Corollary 3.1. Let (X, d) be a complete cone metric space over a Banach algebra E and P be solid
cone. Suppose that f, g, h are self-maps of X, f(X) U g(X) C h(X) and the following condition is
satisfied: there exists a number a € [0, 1) such that

ld(fx, gy)ll < alld(hx, hy)l for all x,y € X.

If h(X) is a closed subset of X, and the pairs (f, h), (g, h) are weakly compatible, then the mappings
f, g and h have a unique common fixed point.

Proof. Take B = R,C = [0, ), Ix = hx for all x € X, and ¢[a] = ||a|| for all @ € P, in Theorem
3.1. Then ¢ € ®(P,C) with k = K =normal constant of P and the result follows from Theorem
3.1. [

The following corollary is an improved and generalized version of (Huang & Zhang, 2007)
and (Liu & Xu, 2013).

Corollary 3.2. Let (X, d) be a complete cone metric space over a Banach algebra E and P be solid
cone. Suppose that f, g, h are self-maps of X, f(X) U g(X) C h(X) and the following condition is
satisfied: there exists a € C such that p(a) < 1 and

d(fx,gy) < ad(hx, hy) for all x,y € X.

If h(X) is a closed subset of X, and the pairs (f, h), (g, h) are weakly compatible, then the mappings
f, g and h have a unique common fixed point.

Proof. Take E = B, P = C and define ¢ : P — P by ¢[a] = a, for all a € P, in Theorem 3.1. Then
¢ € O(P,C) with k = 1 and the result follows from Theorem 3.1. O

Example 3.6. Let E = R? be the Banach algebra with the norm [|(x}, x)|| = |x;| + |x2| and the
multiplication defined by (x1, X2)(y1, y2) = (x1y1, X1y2 + x2y1) for all (x1, x»), (y1,y2) € R?. The unit
of Eiseg = (1,0). Let P = {(x1,x2): x1,x, > 0}. Then, P is a solid cone. Define ¢: P — P by
¢lal = a,foralla € P. Then ¢ € O(P,C)with E = B,P=Cand k = 1.
Let X = R?and letd: X X X — R be defined by
d((x1, x2), 1, y2)) = (Ix1 = y1l, [x2 = y2l).

Then, (X,d) is a complete cone metric space over Banach algebra E. Define the mappings
f.g h: X = Xby

J(x1, x2) = g(x1, x2) = (In(1 + [x1]), arctan(2 + |x2]) + 2ax1), g(x1, x2) = h(xy, x2) = (2x1, x2)
for all (x1,x;) € X, where a > 0. Then, it is easy to see that the condition (3.2) is satisfied with
1
a = (E,a). Obviously, A(X) is a closed subset of X and f(X) C h(X). It is easy to see that f and

h are weakly compatible. All the conditions of Theorem 3.1 are satisfied, hence f and % has a
unique common fixed point.

Acknowledgments. Authors are thankful to the Editor and Reviewer for their valuable sugges-
tions.
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