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operator. Certain properties of this class are discussed.
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1. Introduction

Let H denote the family of continuous complex valued harmonic functions which are harmonic
in the open unit disk U = {z:z€ Cand |z] < 1} and let A be the subclass of H consisting of
functions which are analytic in U. A function harmonic in U may be written as f = h + g, where
h and g are members of A. We call & the analytic part and g co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense-preserving in U is that |’ (2)| > |g'(2)|
(see Clunie and Sheil-Small (Clunie & Sheil-Small, 1984)). To this end, without loss of generality,
we may write

) =z+ ) aand g) = ) bid. (1.1)
k=2 k=2

Let S H denote the family of functions f = h + g which are harmonic, univalent, and sense-
preserving in U for which f(0) = £.(0) — 1 = 0. The subclass S H of S H consists of all functions
in § H which have the additional property f:(0) = 0.

*Corresponding author
Email addresses: serkan.cakmak64@gmail.com (Serkan Cakmak), syalcin@uludag.edu. tr (Sibel
Yal¢in), sahsene@uludag. edu. tr (Sahsene Altinkaya)



52 S. Cakmak et al. /| Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 51-62

In 1984 Clunie and Sheil-Small (Clunie & Sheil-Small, 1984) investigated the class S H as
well as its geometric subclasses and obtained some coefficient bounds. Since then, there have
been several related papers on S H and its subclasses. Also note that S H reduces to the class S of
normalized analytic univalent functions in U, if the co-analytic part of f is identically zero.

For f € §, the differential operator D" (n € Ny = N U {0}) of f was introduced by Sdldgean
(Salagean, 1983). For f = h + g given by (1.1), Jahangiri et al. (Jahangiri et al., 2002) defined the
modified Sdldgean operator of f as

D"f(z) = D"h(z) + (-1)"D"g(2),
where N .
D'h(z) = z+ Z K'aZr, D"g(z) = Z K'b.7".
k=2 =2

Next, for functions f € A, Al-Oboudi (Al-Oboudi, 2004) defined multiplier transformations.
Forn € Ny, > 1 and f € S H° of the form (1.1), Yasar and Yal¢in (Yasar & Yalcin, 2012) defined
the modified Al-Oboudi operator D : SH° — S H° by

DSf(z) = D°f(2) = h(z) + g(2),
Df@) =(1-)D°f(2) + AD' f(z), A>1, (1.2)

Df() = D} (D' f(2). (1.3)
If f is given by (1.1), then from (1.2) and (1.3) we see that (see (Yasar & Yalcin, 2012))

Dih@) =2+ ) [Ak=1+11"a,
k=2

D} @) = ) [+ 1) = 11" b,
k=2

Dif(2) = D} h(2) + (1D} g

or
Dif@ =2+ ) [Ak=D+ 11" ad + (=1 Y [+ 1) = 11" b (1.4)

=2 =2
When A = 1, we get modified Salagean differential operator (Jahangiri ez al., 2002). If we take

the co-analytic part of f = h+ g of the form (1.1) is identically zero, D', f reduces to the Al-Oboudi
operator (Al-Oboudi, 2004).

The Hadamard product (or convolution) of functions fjand f; of the form

fi@ =2+ aud+ ) byt (@eUi={1,2)
k=2 k=2
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is defined by
k
(A )@ =2+ ) anand + ) biubyud (z€U)
k=2 k=2

Also if f is given by (1.1), then we have
Dif@) i =f@)*(012) + @) % ..+ ($12) + h:2),

n times

= h(2) * ¢1(2) * oo % $1(2) + 8(2) * $2(2) * .. % Pa(2).

n times n times

where
A-D2+z A-DZ2+(1 -2z
TS () = - .
(1-2) (1-2)
We say that a function f : U — C is subordinate to a function g : U — C, and write
f(2) < g(2), if there exists a complex valued function w which maps U into itself with w(0) = 0,

such that

(/’1(2) =

f(@) =gw(@) (zel).

Furthermore, if the function g is univalent in U, then we have the following equivalence:

@) <g @) < f(0) = g(0) and f(U) C g(U).

Denote by S H(4,n, A, B) the subclass of S H° consisting of functions f of the form (1.1) that
satisfy the condition
D" f(2) PR
D'f(z) 1+BZ

where D} f () is defined by (1.4).

By suitably specializing the parameters, the classes S H’(1, n, A, B) reduces to the various sub-
classes of harmonic univalent functions. Such as,

(i) SH°(1,4,A,B) = Hy(A, B), 1 € Ny = N U {0} (Dziok et al. (2016)),

(i) SH°(1,1,A, B) = S3,(A, B) N S H® ((Dziok, 2015a)),

(i) SH(A4,n,2a — 1,1) = SH(A,n,) N S H (Yasar & Yalcin, 2012),

(iv) SH°(1,n,2a — 1,1) = H%(n, @) (Jahangiri et al., 2002),

(v) SH°(1,0,2a - 1,1) = S 1o(@) ((Jahangiri, 1999), (Silverman, 1998), (Silverman & Silvia,
1999)),

(vi) SH(1,1,2a - 1,1) = S0 (@) ((Jahangiri, 1999)),

(vii) SH(A,n,2a — 1,1) = SH(A, 1 — A, n, @) ((Bayram & Yalcin, 2017)).

Making use of the techniques and methodology used by Dziok (see (Dziok, 2015a), (Dziok,
2015b)), Dziok et al. (Dziok et al., 2016), in this paper we find necessary and sufficient conditions,
distortion bounds, radii of starlikeness and convexity, compactness and extreme points for the
above defined class S H%(1, n, A, B).

_B<A<B<I (1.5)
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2. Main Results

First, we provides a necessary and sufficient convolution condition for the harmonic functions
in S H°(A,n, A, B).

Theorem 2.1. For z € U\{O},let f € SH®. Then f € SH(A,n, A, B) if and only if

Dif@*¢ez)#0 (€Cli=1),
where
[(A-B)+A(1+B)]|>+(B-A){z
(1-2)?
[-A(1+B)+B-A) )7 +[220(1 + B + (A - B) ]z
(1-73)> '

Proof. Let f € SH°. Then f € SH(A,n, A, B) if and only if the condition (1.5) holds or equiva-
lently

¢z =

—-(=1"

DTVQ)¢1+A§
D! f(z) ~ 1+B¢

leCll=1. 2.1

Now for

Dif(2) =D3f(z)*( S i)

1-z 1-%

and

D" f(2) = Dif 2+ (1) + 9:))
the inequality (2.1) yields

(1+ B D' f(z) — (1 + AD) D' f(2)

(1+BD[A-D2+z] (1+B)|A-DZ+1-207]
= D'f(2)* - + —
(1-2) (1-32)
_HUQH{U;ADZ+U+A?Z}
-z -z
A-B A(1+B +(B-A
_ Dﬁf(z)*{[( )+ ((1+_Z§))2]z +( )z
_[2—/1(1+B§)+(B+A)§]Zz+[—2+2/l(1+B§)+(B—A){]Z}
(1-32)

= Dif@* @) #0.
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A sufficient coefficient for the functions in f € S H %A, n,A, B)is provided in the following.

Theorem 2.2. Let f = h+ g be so that h and g are given by (1.1).Then f € SH’(A,n, A, B), if

D (Milal + Nilbi) < B - A (2.2)
k=2
where
My=[(k=1)A+1]"[A(k—=1)(B+ 1)+ B—A] (2.3)
and
Ny=[k+1)A-1]"[Ak+1)(B+1)+A - B]. 2.4)

Proof. 1t is easy to see that the theorem is true for f(z) = z. So, we assume that a; # 0 or by # 0
for k > 2. Since My > k(B — A) and N, > k(B — A) by (2.2), we obtain

H@I-1g @ = 1= ) kladle™ = > kibel I
k=2 k=2
> 1=z ) (klal + klby)
k=2
<
> 1- M Ny |b
> B_Akzz;( k lar| + Ni |bil)
> 1—|z/>0.

Therefore f is sense preserving and locally univalent in U. For the univalence condition, consider
71,22 € U so that z; # z». Then

4-%

k
< > g <k k=2,

m=1

21 — 22

k

—1 _k—
D, aa”
m=1

Hence

5 k _ k
f@) = /@) 2ol -3)

|- [8G@) ~ 8)
h(z1) — W(z2)

B h(zy) — h(z2)

o0
(21 —22) + X a (Z’f - Z'ﬁ)
(=2

> kbl Y 2 by
e I [ L)
1= 3 klal 1- 3 2 gy
k=2 k=2

which proves univalence.
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On the other hand, f € SH %A, n, A, B)if and only if there exists a complex valued function w;
w(0) = 0, [w(z)| < 1 (z € U) such that

D''f(2)  1+4Aw(@)
D) f(z) 1+ Bw()

or equivalently

n+1 —_ D"
' l)A f(Z) l)ﬁf(z) <1, (Z c l]). (2.5)

BDY f(z) — AD/ f(2)
The above inequality (2.5) holds, since for |z| = r (0 < r < 1) we obtain

D} f(z) - Dif(2)| - |BD, f(z) - AD£(2)|

Z(k— DA[k=1D A+ 1]”akzk—(—1)"Z(k+ DAL+ 1D A= 17" bzt
k=2 k=2

(B—A)z+Z[(k— DAB+B—Al[(k— DA+ 11" az"
k=2

—(—1)"2[(k+ DAB+A — Bl [(k+ 1) A= 11" bz
k=2

IA

Dk=D ALk = DA+ 1" gl * + " (k+ D ALK+ D A= 11" bl * = (B = Ayr
k=2 k=2

+Z[(k— DAB+B-A][(k-=1)A+ 1]"|ak|rk+Z[(k+ DAB+A—Bl[(k+1)A— 17" |b r*

k=2 k=2

IA

r {Z (M lay] + N lbid) ™" = (B - A)} <0,

k=2
therefore f € S H%(A,n, A, B), and so the proof is complete. ]

Next we show that the condition (2.2) is also necessary for the functions f € H to be in the
class SHY(4,n,A, B) = T" N S H°(4,n, A, B) where T" is the class of functions f = h+g € SH°
so that

[oe)

f=h+g=2-) lalZ+ (D" ) IlZ e ). 26)
k=2

k=2

Theorem 2.3. Let f = h + g be defined by (2.6). Then f € SHYA,n,A,B) if and only if the
condition (2.2) holds.
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Proof. The ”if” part follows from Theorem 2.2. For the ”only-if” part, assume that f € § Hg(/l, n,A,B),
then by (2.5) we have

Dzo] (k=D)AL(k—1)A+ 171" |ag|* +(k+ 1) ALk+ 1D A- 11" by |2
k=2

= < 1.
(B-A)z— 3, [(k=1)AB+B-A][(k—1)A+1]"|ag|* +[(k+1)AB+A—B][(k+1)A—11"|b; [2*
k=2
For z = r < 1 we obtain
(k= DAL= DA+ 1| agl+ =+ DAL+ DA= 1] el
— = < 1.
B-A- ¥ {[(k=1)AB+B—A[(k=1)A+11"|a|+[(k+ 1) AB+A-B][(k+ 1)A—11"|by [k~
k=2
Thus, for M) and N; as defined by (2.3) and (2.4), we have
(o8]
D IMilad + Nelbdll *H < B=A (0 <7< 1), 2.7)

k=2

Let {0} be the sequence of partial sums of the series

D My lagl + Nelbil]
k=2

Then {0} is a nondecreasing sequence and by (2.7) it is bounded above by B — A. Thus, it is
convergent and

[e9)

D" IMilayl + Ne i) = lim o7, < B~ A.
k=2
This gives the condition (2.2). O

In the following we show that the class of functions of the form (2.6) is convex and compact.
Theorem 2.4. The class S H‘%(/l, n,A, B) is a convex and compact subset of S H.
Proof. Let f; € SH)(A,n, A, B), where

f@) =2= ) la &+ (D" Y ] e U, reN). (2.8)
k=2 k=2

ThenO<np<1,let fi, > € SH%(/L n,A, B) be defined by (2.8). Then

k() nfi@) + A =mf2)

(o)

- Z (77 |a1,k| +(1—-n) |az,k|) 2

k=2

=0 ([pra] + (1= m) bas]) F
k=2
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and

Me

{Mk [77 |al,k| +(1-n |a2,k|] + Ny [7] |b1,k| +(1-n) |b2’k|]}

>~
I

2
= 772 {Mk |aie| + N |b1,k|} +(1-n Z {Mk |azs| + Ne |b2,k|}
k=2 k=2
< nB-A)+(1-nB-A)=B-A.
Thus, the function k = nf; + (1 — 1) f> belongs to the class S H?(/l, n,A, B). This means that the

class S H)(A,n, A, B) is convex.
On the other hand, for f; € SH(A,n,A,B), 1 € Nand |z < r(0 < r < 1), we get

@l <+ fla] + [pul)
k=2
< r+ Z {Mk |at,k| + Ny |bt,k|} rt
k=2
< r+(B-Ar.

Therefore, S H).(1, n, A, B) is locally uniformly bounded. Let

fl@)=z- Z |at,k|zk +(-1)" Z |b,,k|z_" (zeU, teN)
k=2 k=2

and let f = h + g be so that & and g are given by (1.1). Using Theorem 2.3 we obtain

D Melais] + Nelbial} < B - 4). (2.9)

k=2

If we assume that f; — f, then we conclude that |a,,k| — |ai| and |b,,k| — |blas k — oo (t €
N). Let {o} be the sequence of partial sums of the series ), {My |ai| + Ny |bi|}. Then {0} is a

k=2
nondecreasing sequence and by (2.9) it is bounded above by B — A. Thus, it is convergent and

3 Ml + Nelbuly = Jim o < B— A,
k=2

Therefore f € S H'}(/l, n,A, B) and therefore the class S Hg(/l, n,A, B) is closed. In consequence,
the class S H(;(/l, n, A, B) is compact subset of S H, which completes the proof. ]

We continue with the following lemma due to Jahangiri (Jahangiri, 1999).
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Lemma 2.1. Let f = h + g be so that h and g are given by (1.1). Furthermore, let

o [k - k +
Z{ %y + “|bk|}sl (e U)
l-a -«

k=2

where 0 < a < 1. Then f is harmonic, orientation preserving, univalent in U and f is starlike of
order a.

In the following theorems we obtain the radii of starlikeness and convexity for functions in the
class S H3(1,n, A, B).

Theorem 2.5. Let 0 < @ < 1, My and N, be defined by (2.3) and (2.4). Then

1

l -« M, N, T
* 0 _ : k k
ro(S Hy(A,n. A, B)) = inf [—B — min {k — a} (2.10)
Proof. Let f € SH?(/l, n,A, B) be of the form (2.6). Then, for |z] = r < 1, we get
Dif(z) - (1 +)f(2)
Dif(x)+ (1 -a)f(2)
—az- 3 (k=1-a)lad? = (-1)" T (k+ 1+ )bl
_ k=2 k=2
Q-a)z- Y k+1-a)lalzk - (-1 3 (k- 1+ ) bl T
k=2 k=2
@+ 3 k= 1—a)lad + (k+ 1+ )b}~
< k=2 '
2—a—- Y {k+1—a)|a]+ k—=1+a)|b} r*!
k=2
Note (see Lemma 2.1) that f is starlike of order « in U, if and only if
‘le(z) - (1+a)f(2) <l zeU.
Dif@+ 1 -a)f(2)
or N
Z{k_a|ak|+k+a|bk|}rk_l <1. @.11)
= -« 1-«a

Moreover, by Theorem 2.2, we have

M, N _
b }r’”sl.
{2l + == b

2,

k

=2
The condition (2.11) is true if

k—ark_l < Mk rk_l,
l-a B-A
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k+«a N
el Ik el =03
o k=23,

l1-« -

or if 1
1 -« . Mk Nk k-1

< k=2,3,..).

r_B—AIm {k—a’k+a} ( 3500)

It follows that the function f is starlike of order a in the disk U, where

. . 1l=a . {Mk Ny }
r: = inf min ,
¢ 2|B-A k—a k+a

1

k-1

The function

— B-A B-A
=h + — - k +(=1 n_ -k
Ji(@) = h(2) + 81(2) = z M- (-1 N ©
proves that the radius 7}, cannot be any larger. Thus we have (2.10). ]

Using a similar argument as above we obtain the following.

Theorem 2.6. Let 0 < @ < 1 and M, and N, be defined by (2.3) and (2.4). Then

. L l-a M N =
“(SHY(,n,A, B)) = inf : :
"o(SHr(4,n, 4, B)) }flz[B—Amm{k(k—a) k(k+a)}]

Our next theorem is on the extreme points of § H?(/l, n,A, B).

Theorem 2.7. Extreme points of the class S HX(A,n, A, B) are the functions f of the form (1.1)
where h = h; and g = g, are of the form

h(z) =2z, h((z)=z- %Zk,
_ 2.12)
gr(z) = (-D"%z" (zeU, k=>2).

Proof. Letgy =nfi+ (1 —n)fa where0 <n < 1land fi, f; € SH?(/L n,A, B) are functions of the
form

f@ == Jaw #+ 00 Y. bl F e U re1.2).
k=2 k=2

Then, by (2.12), we have

o1a] = [bas] = 22
and therefore a,, = a,, = 0forr € {2,3,...}and by, = b, = Ofort € {2,3,...}\ {k} . It follows that
g1(2) = f1(2) = f2(z) and g are in the class of extreme points of the function class S H?(/l, n,A, B).
Similarly, we can verify that the functions /,(z) are the extreme points of the class S H(;(/l, n,A, B).
Now, suppose that a function f of the form (1.1) is in the family of extreme points of the class

SH?(/L n,A, B) and f is not of the form (2.12). Then there exists m € {2, 3, ...} such that

B-A

O <lanl < o T D AT T A= DB+ D+ B=A]




S. Cakmak et al. /| Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 51-62 61

or

0 < |bl < B-4 .
[(m+DA-1]"[A(m+1)(B+1)+A - B]
If
B-A
0<la, < )
[(m-DA+1]"[A(m—-1)(B+ 1)+ B-A]
then putting
_Iaml[(m—1)/l+1]"[/l(m—1)(B+1)+B—A]
= B-A
and F—nh
¢=—",
-n

wehave 0 <np < 1, h, # ¢.
Therefore, f is not in the family of extreme points of the class S H?(/l, n,A, B). Similarly, if

B-A

O <l < DA T A+ DB D+ A—BI’

then putting
byl [m+1)A=1]"[A(m+1)(B+1)+A - B]
)7 =

B-A

and !
— N8m
="
-n
wehave 0 <n <1, g, # ¢.
It follows that f is not in the family of extreme points of the class S H(4,n, A, B) and so the
proof is completed. ]

Therefore, by Theorem 2.7, we have the following corollary.
Corollary 2.1. Let f € SH?(/L n,A,B)and |zl = r < 1. Then

B-A ,
AT D B Dra—B SW@l=r

. B—A )
A+ 1) AB+1)+A-B] "

The following covering result follows from Corollary 2.1.
Corollary 2.2. If f € SHY(A,n,A, B) then U, C f(U) where

B B-A
A+D'"[A(B+1)+A-B]

r=1
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