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Abstract
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1. Introduction

Huang and Zhang (Huang & Zhang, 2007) introduced the notion of cone metric spaces as a
generalization of metric spaces. They replaced the set of nonnegative real numbers by a subset of
a Banach space called the cone; and defined the metric as a vector-valued function. They obtained
some fixed point results in the setting of cone metric spaces with the assumption that the cone is
normal. Later, the assumption of normality of cone was removed by Rezapour and Hamlbarani
(Rezapour & Hamlbarani, 2008). Liu and Xu (Liu & Xu, 2013a) defined the cone metric spaces
with Banach algebra and defined the vector-valued metric into a subset of a Banach algebra. The
motivation for the work of Liu and Xu (Liu & Xu, 2013a) can be found in (Cakalli et al., 2012;
Kadelburg et al., 2011; Du, 2010; Feng & Mao, 2010). The results proved by Liu and Xu (Liu
& Xu, 2013a) demands the normality of the underlying cone. Later on, Xu and Radenović (Xu
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& Radenović, 2014) showed that the condition of normality of cone can be removed, and so, the
results of Liu and Xu (Liu & Xu, 2013a) are also true in case of a non-normal cone.

Let pX, dq be a metric space and T : X Ñ X be a mapping satisfying the following condition:
there exists λ P r0, 1q such that

dpT x,Tyq ď λdpx, yq for all x, y P X. (1.1)

Then the mapping T is called a Banach contraction. The Banach’s contraction principle states
that a Banach contraction on a complete metric space has a unique fixed point, i.e., there exists a
unique point x˚ P X such that x˚ “ T x˚. Kannan (Kannan, 1968, 1969) introduced the following
contractive condition: there exists λ P r0, 1{2q such that

dpT x,Tyq ď λrdpx,T xq ` dpy,Tyqs for all x, y P X. (1.2)

Kannan (Kannan, 1968, 1969) showed that the conditions (1.1) and (1.2) are independent of each
other, and proved a fixed point result for the mapping satisfying the condition (1.2) instead the
condition (1.1).

Samet et al. (Samet et al., 2012) introduced a new type of mappings called α-admissible
mappings, and with the help of this new class of mappings they generalized several known results
of metric spaces. Very recently, Malhotra et al. (Malhotra et al., 2015) introduced the α-admissible
mappings in the setting of cone metric spaces equipped with Banach algebra and solid cones. They
generalized and extended several known results of metric and cone metric spaces by proving a
fixed point result for generalized Lipschitz contraction over cone metric spaces. The main result
of (Malhotra et al., 2015) was a generalization of Banach’s fixed point theorem. In this paper,
we introduce the notion of generalized Kannan type α-admissible mappings in the setting of cone
metric spaces equipped with Banach algebra which extend the concept introduced in (Malhotra
et al., 2015) and generalize the result of Kannan (Kannan, 1968, 1969) in cone metric spaces
equipped with Banach algebra.

2. Preliminaries

First, we state some known definitions and results which will be used in the sequel.
Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of multi-

plication is defined, subject to the following properties: for all x, y, z P A, a P R

1. xpyzq “ pxyqz;
2. xpy` zq “ xy` xz and px` yqz “ xz` yz;
3. apxyq “ paxqy “ xpayq;
4. }xy} ď }x}}y}.

In this paper, we shall assume that the Banach algebra A has a unit, i.e., a multiplicative identity e
such that ex “ xe “ x for all x P A. An element x P A is said to be invertible if there is an inverse
element y P A such that xy “ yx “ e. The inverse of x is denoted by x´1. For more details we
refer to (Rudin, 1991).

The following proposition is well known (Rudin, 1991).
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Proposition 2.1. Let A be a real Banach algebra with a unit e and x P A. If the spectral radius
ρpxq of x is less than one, i.e.,

ρpxq “ lim
nÑ8

}xn
}

1
n “ inf

ně1
}xn
}

1
n ă 1

then e´ x is invertible. Actually,

pe´ xq´1
“

8
ÿ

i“0

xi.

A subset P of A is called a cone if

1. P is non-empty, closed and tθ, eu Ă P, where θ is the zero vector of A;
2. a1P` a2P Ă P for all non-negative real numbers a1, a2;
3. P2 “ PP Ă P
4. P

Ş

p´Pq “ tθu.

For a given cone P Ă A, we can define a partial ordering ĺ with respect to P by x ĺ y if and only
if y´ x P P. The notation x ! y will stand for y´ x P P˝, where P˝ denotes the interior of P.

The cone P is called normal if there exists a number K ą 0 such that for all a, b P A,

a ĺ b implies }a} ď K}b}.

The least positive value of K satisfying the above inequality is called the normal constant (see
(Huang & Zhang, 2007)). Note that, for any normal cone P we have K ě 1 (see (Rezapour &
Hamlbarani, 2008)). In the following we always assume that P is a cone in a real Banach algebra
A with P˝ ‰ φ (i.e., the cone P is a solid cone) and ĺ is the partial ordering with respect to P.

The following lemmas and remark will be useful in the sequel.

Lemma 2.1 (See (Kadelburg et al., 2010)). If E is a real Banach space with a cone P and if a ĺ λa
with a P P and 0 ď λ ă 1, then a “ θ.

Lemma 2.2 (See (Radenović & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if θ ĺ u ! c for each θ ! c, then u “ θ.

Lemma 2.3 (See (Radenović & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if }xn} Ñ 0 as n Ñ 8, then for any θ ! c, there exists n0 P N such that, xn ! c for all n ą n0.

Remark (See (Xu & Radenović, 2014)). If ρpxq ă 1 then }xn} Ñ 0 as n Ñ 8.

Definition 2.1 (See (Liu & Xu, 2013a,b; Huang & Zhang, 2007)). Let X be a non-empty set.
Suppose that the mapping d : X ˆ X Ñ A satisfies:

1. θ ĺ dpx, yq for all x, y P X and dpx, yq “ θ if and only if x “ y.
2. dpx, yq “ dpy, xq for all x, y P X.
3. dpx, yq ĺ dpx, zq ` dpz, yq for all x, y, z P X.
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Then d is called a cone metric on X, and pX, dq is called a cone metric space over the Banach
algebra A.

Definition 2.2 (See (Huang & Zhang, 2007)). Let pX, dq be a cone metric space, x P X and txnu

be a sequence in X. Then:

1. The sequence txnu converges to x whenever for each c P A with θ ! c, there is n0 P N such
that dpxn, xq ! c for all n ą n0. We denote this by lim

nÑ8
xn “ x or xn Ñ x as n Ñ 8.

2. The sequence txnu is a Cauchy sequence whenever for each c P A with θ ! c, there is n0 P N
such that dpxn, xmq ! c for all n,m ą n0.

3. pX, dq is a complete cone metric space if every Cauchy sequence is convergent in X.

It is obvious that the limit of a convergent sequence in a cone metric space is unique. A
mapping T : X Ñ X is called continuous at x P X, if for every sequence txnu in X such that
xn Ñ x as n Ñ 8, we have T xn Ñ T x as n Ñ 8.

Definition 2.3 (See (Samet et al., 2012)). Let X be a nonempty set and α : X ˆ X Ñ r0,8q be a
function. We say that T is α-admissible if px, yq P X, αpx, yq ě 1 ùñ αpT x,Tyq ě 1.

Now, we define the generalized Lipschitz contractions on the cone metric spaces with a Banach
algebra (see also, (Liu & Xu, 2013a)).

Definition 2.4. (Malhotra et al., 2015) Let pX, dq be a complete cone metric space over a Banach
algebra A, P the underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Then the mapping
T : X Ñ X is said to be generalized Lipschitz contraction if there exists k P P such that ρpkq ă 1
and,

dpT x,Tyq ĺ kdpx, yq

for all x, y P X with αpx, yq ě 1. Here, the vector k is called the Lipschitz vector of T.

Malhotra et al. (Malhotra et al., 2015) proved a fixed point result for such generalized con-
traction. Here, we prove a Kannan’s version of the result of Malhotra et al. (Malhotra et al.,
2015).

Now we can state our main results.

3. Main results

First, we define generalized Kannan type contractions in cone metric spaces with Banach al-
gebra.

Definition 3.1. Let pX, dq be a complete cone metric space over a Banach algebra A, P the under-
lying solid cone and α : X ˆ X Ñ r0,8q be a function. Then the mapping T : X Ñ X is said to be

generalized Kannan type contraction if there exists k P P such that ρpkq ă
1
2

and,

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs (3.1)

for all x, y P X with αpx, yq ě 1. Here, the vector k is called the Kannan-Lipschitz vector of T.
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The following theorem is the main result of this paper.

Theorem 3.1. Let pX, dq be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Suppose, T : X Ñ X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(i) T is α-admissible;
(ii) there exists x0 P X such that αpx0,T x0q ě 1;

(iii) T is continuous.

Then T has a fixed point x˚ P X.

Proof. Let x0 P X such that αpx0,T x0q ě 1 and define a sequence txnu in X such that xn “ T xn´1

for all n P N. If xn “ xn`1 for some n P N, then x˚ “ xn is a fixed point for T . Assume that
xn ‰ xn`1 for all n P N. Since T is α-admissible we have

αpx0, x1q “ αpx0,T x0q ě 1 ùñ αpT x0,T 2x0q “ αpx1, x2q ě 1.

By induction, we get
αpxn, xn`1q ě 1 for all n P N. (3.2)

Since T is generalized Kannan type contraction with Kannan-Lipschitz vector k, we have

dpxn, xn`1q “ dpT xn´1,T xnq

ĺ krdpxn´1,T xn´1q ` dpxn,T xnqs

“ krdpxn´1, xnq ` dpxn, xn`1qs

i.e.,
pe´ kqdpxn, xn`1q ĺ kdpxn´1, xnq.

Since ρpkq ă
1
2
ă 1, e´ k is invertible, therefore it follows from the above inequality that

dpxn, xn`1q ĺ kpe´ kq´1dpxn´1, xnq “ λdpxn´1, xnq ĺ λndpx0, x1q (3.3)

where λ “ kpe´ kq´1. Since pe´ kq´1 “
ř8

i“0 ki we have

ρppe´ kq´1
q “ ρ

˜

8
ÿ

i“0

ki

¸

ď

8
ÿ

i“0

ρpki
q ď

8
ÿ

i“0

rρpkqsi “
1

1´ ρpkq
.

Therefore,

ρpλq “ ρ
`

kpe´ kq´1
˘

ď ρpkqρ
`

pe´ kq´1
˘

ď
ρpkq

1´ ρpkq
ă 1 (since ρpkq ă

1
2

) .
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Thus, for n ă m it follows from the inequality (3.3) that

dpxn, xmq ĺ dpxn, xn`1q ` dpxn`1, xn`2q ` ¨ ¨ ¨ ` dpxm´1, xmq

ĺ λndpx0, x1q ` λn`1dpx0, x1q ` ¨ ¨ ¨ ` λm´1dpx0, x1q

“ pe` λ` ¨ ¨ ¨ ` λm´n´1
qλndpx0, x1q

ĺ

˜

8
ÿ

i“0

λi

¸

λndpx0, x1q

“ pe´ λq´1λndpx0, x1q.

Since ρpλq ă 1, by Remark 2 we have }λn} Ñ 0 as n Ñ 8. Therefore, by Lemma 2.3 it follows
that: for every c P A with θ ! c there exists n0 P N such that

dpxn, xmq ĺ pe´ λq´1λndpx0, x1q ! c

for all n ą n0. It implies that txnu is a Cauchy sequence. By completeness of X, there exists x˚ P X
such that xn Ñ x˚ as n Ñ 8. Since T is continuous, it follows that xn`1 “ T xn Ñ T x˚ as n Ñ 8.
By the uniqueness of limit we get x˚ “ T x˚, that is x˚ is a fixed point of T.

In the above theorem, we use the continuity of the mapping T. We now show that the assump-
tion of continuity can be replaced by another condition.

Theorem 3.2. Let pX, dq be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Suppose, T : X Ñ X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(i) T is α-admissible;
(ii) there exists x0 P X such that αpx0,T x0q ě 1;

(iii) if xn is a sequence in X such that αpxn, xn`1q ě 1 for all n and xn Ñ x P X as n Ñ 8, then
αpxn, xq ě 1 for all n P N.

Then T has a fixed point x˚ P X.

Proof. By proof of theorem 3.1, we know that the sequence txnu, where xn “ T xn´1, n P N is
a Cauchy sequence in complete cone metric space pX, dq. Then, there exists x˚ P X such that
xn Ñ x˚ as n Ñ 8. On the other hand, from (3.2) and hypothesis (iii), we have

αpxn, x˚q ě 1, for all n P N. (3.4)

Since T is a generalized Kannan type contraction, using (3.4) we obtain

dpx˚,T x˚q ĺ dpx˚, xn`1q ` dpxn`1,T x˚q
“ dpx˚, xn`1q ` dpT xn,T x˚q
ĺ dpx˚, xn`1q ` krdpxn,T xnq ` dpx˚,T x˚qs
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i.e.,

dpx˚,T x˚q ĺ pe´ kq´1
rdpx˚, xn`1q ` kdpxn,T xnqs

“ pe´ kq´1dpx˚, xn`1q ` λdpxn,T xnq.

By (3.3) we have dpxn,T xnq “ dpxn, xn`1q ĺ λndpx0, x1q, therefore

dpx˚,T x˚q ĺ pe´ kq´1dpx˚, xn`1q ` λn`1dpx0, x1q.

As xn Ñ x˚ as n Ñ 8 and ρpλq ă 1, for every c P P with θ ! c and for every m P N there exists
npmq such that dpxn`1, x˚q !

pe´kqc
2m and λn`1dpx0, x1q !

c
2m for all n ą npmq. Therefore, it follows

from the above inequality that

dpx˚,T x˚q ĺ
c

2m
`

c
2m

“
c
m

for all n ą npmq,m P N.

It implies that c
m ´ dpx˚,T x˚q P P for all m P N. Since P is closed, letting m Ñ 8 we obtain

θ ´ dpx˚,T x˚q P P. By definition, we must have dpx˚,T x˚q “ θ, i.e., T x˚ “ x˚. Thus, x˚ is a
fixed point of T.

Next, we give an example which illustrates the above result.

Example 3.1. Let A “ R2 with the norm

}px1, x2q} “ |x1| ` |x2|.

Define the multiplication on A by

xy “ px1y1, x1y2 ` x2y1q for all x “ px1, x2q, y “ py1, y2q P A.

Then, A is a Banach algebra with unit e “ p1, 0q. Let P “ tpx1, x2q P R2 : x1, x2 ě 0u. Then P is a
positive cone.

Let X “ r0, 1s ˆ r0, 1s and define the cone metric d : X ˆ X Ñ P by

dppx1, x2q, py1, y2qq “ p|x1 ´ y1|, |x2 ´ y2|q P P.

Then, pX, dq is a complete cone metric space. Let Q X r0, 1q “ Q1 and define the mappings
T : X Ñ X and α : X ˆ X Ñ r0,8q by:

T px1, x2q “

$

’

’

’

’

&

’

’

’

’

%

ˆ

1
2
,

1
2

˙

, if x1, x2 P Q1;
ˆ

1
4
,

1
4

˙

, if x1 “ x2 “ 1;

px1, x2q, otherwise.

and

αppx1, x2q, py1, y2qq “

"

1, if (x1, x2, y1, y2 P Q1) or (x1, x2 P Q1, y1 “ y2 “ 1);
0, otherwise.
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Then, T is a generalized Kannan type contraction with Kannan-Lipschitz vector k “
ˆ

1
3
, 0
˙

,

where ρpkq “
1
3
ă

1
2
. Indeed, x1, x2, y1, y2 P Q1 then (3.1) is satisfied trivially. If x1, x2 P Q1 and

y1 “ y2 “ 1 then we have

dpT px1, x2q,T py1, y2qq “ d
ˆˆ

1
2
,

1
2

˙

,

ˆ

1
4
,

1
4

˙˙

“

ˆ

1
4
,

1
4

˙

ĺ

ˆ

1
3
, 0
˙

rdppx1, x2q,T px1, x2qq ` dppy1, y2q,T py1, y2qqs.

T is obviously an α-admissible mapping, and for every x1, x2, y1, y2 P Q1 we have

αppx1, x2q,T px1, x2qq “ 1.

Therefore, the conditions (i) and (ii) of Theorem 3.2 are satisfied. Finally, one can see that the
condition (iii) of Theorem 3.2 is satisfied. Thus, all the conditions of Theorem 3.2 are satisfied

and we conclude the existence of at least one fixed point of T. Indeed,
ˆ

1
2
,

1
2

˙

and all the points

px, 1q, x P Q1 and p1, xq, x P Q1 are fixed points of T.

Remark. Notice that, in the above example the results of Malhotra et al. (Malhotra et al., 2015)

are not applicable. Indeed, if x1 “ x2 “
3
4
P Q1 and y1 “ y2 “ 1, then αppx1, x2q, py1, y2qq “ 1

and

dpT px1, x2q,T py1, y2qq “ d
ˆˆ

1
2
,

1
2

˙

,

ˆ

1
4
,

1
4

˙˙

“

ˆ

1
4
,

1
4

˙

.

Now

dppx1, x2q, py1, y2qq “ d
ˆˆ

3
4
,

3
4

˙

, p1, 1q
˙

“

ˆ

1
4
,

1
4

˙

.

Therefore, there exists no k P P such that ρpkq ă 1 and the following inequality is satisfied:

dpT px1, x2q, py1, y2qq ĺ kdppx1, x2q, py1, y2qq.

This shows that T is not a generalized Lipschitz contraction, and so, the results of Malhotra et al.
(Malhotra et al., 2015) are not applicable here.

In the Example 3.1 we can see that the mapping T may have more than one fixed points. Let
us denote the set of all fixed points of T by FixpT q.

Next, to assure the uniqueness of fixed point of a generalized Kannan type contraction we use
the following property (see (Samet et al., 2012)):

@ x, y P FixpT q D z P X : αpx, zq ě 1, αpy, zq ě 1. (H)
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Theorem 3.3. Adding condition (H) to the hypothesis of Theorem 3.1 (resp. Theorem 3.2) we
obtain the uniqueness of the fixed point of T.

Proof. Following similar arguments to those in the proof of Theorem 3.1 (resp. Theorem 3.2)
we obtain the existence of fixed point. Let the condition (H) is satisfied and x˚, y˚ P FixpT q and
x˚ ‰ y˚. By (H) there exists z P X such that

αpx˚, zq ě 1 and αpy˚, zq ě 1. (3.5)

Since T is α-admissible and x˚, y˚ P FixpT q, therefore from (3.5) we obtain

αpx˚,T nzq ě 1 and αpy˚,T nzq ě 1. for all n P N. (3.6)

Since T is generalized Kannan type contraction, using (3.6), we have

dpx˚,T nzq “ dpT x˚,T pT n´1zqq
ĺ krdpx˚,T x˚q ` dpT n´1z,T pT n´1zqqs
“ kdpT n´1z,T nzq
ĺ krdpx˚,T n´1zq ` dpx˚,T nzqs

i.e.,
dpx˚,T nzq ĺ kpe´ kq´1dpx˚,T n´1zq “ λdpx˚,T n´1zq for all n P N.

Repetition of this process we obtain

dpx˚,T nzq ĺ λndpx˚,Tzq for all n P N.

where λ “ kpe ´ kq´1 and ρpλq ă 1. Since ρpλq ă 1, by Remark 2 we have }λn} Ñ 0 as n Ñ 8,
and so,

}λndpx˚,Tzq} ď }λn
}}dpx˚,Tzq} Ñ 0 as n Ñ 8.

Therefore, by Lemma 2.3 it follows that: for every c P A with θ ! c there exists n0 P N such that

dpx˚,T nzq ĺ λndpx˚,Tzq ! c.

it implies that
T nz Ñ x˚ as n Ñ 8.

Similarly we get
T nz Ñ y˚ as n Ñ 8.

Therefore, by uniqueness of the limit we obtain x˚ “ y˚. This finishes the proof.
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4. Some consequences

In this section, we give some consequences of the results of previous section. The following
corollary is Theorem 3.3 of Xu and Radenović (Liu & Xu, 2013a).

Corollary 4.1 (Theorem 3.3, Xu and Radenović (Liu & Xu, 2013a)). Let pX, dq be a complete
cone metric space over a Banach algebra A and P be the underlying solid cone with k P P where

ρpkq ă
1
2
. Suppose the mapping T : X Ñ X satisfies the following condition :

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X.

Then T has a unique fixed point in X. Moreover, for any x P X, the iterative sequence tT nxu
converges to the fixed point of X.

Proof. Define the function α : X ˆ X Ñ r0,8q by αpx, yq “ 1 for all x, y P X. Then, all the
conditions of Theorem 3.3 are satisfied, and so, the mapping T has a unique fixed point in X.

Next, we derive the ordered and cyclic versions of Kannan’s contraction principle. In the next
theorems, we prove results of Ran and Reurings (Ran & Reurings, 2003), Liu and Xu (Liu & Xu,
2013a) and Nieto, Rodrı́guez-López (Nieto & Rodrı́guez-López, 2005) and Kirk et al. (Kirk et al.,
2003) for Kannan’s mappings.

The following theorem is the Kannan’s version of the result of Ran and Reurings (Ran &
Reurings, 2003) in cone metric spaces when the cone metric is endowed with a Banach algebra.

Theorem 4.1. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T : X Ñ X be a
continuous nondecreasing mapping with respect to Ď . Suppose that the following two assumptions
hold:

(i) there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X with x Ď y;

(ii) there exists x0 P X such that x0 Ď T x0.

Then, T has a fixed point in X.

Proof. Define the mapping αr : X ˆ X Ñ r0,8q by

αrpx, yq “
"

1, if x Ď y;
0, otherwise.

Note that, the condition (i) implies that the mapping T a generalized Kannan type contraction

with Kannan-Lipschitz vector k, where ρpkq ă
1
2

. Since T is nondecreasing it is an αr-admissible

mapping. The condition (ii) implies that, there exists x0 P X such that αrpx0,T x0q “ 1. Therefore,
all the conditions of Theorem 3.1 are satisfied, and so, the mapping T has a fixed point in X.
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The following theorem is the Kannan’s version of the result of Nieto, Rodrı́guez-López (Nieto
& Rodrı́guez-López, 2005) when the cone metric is endowed with a Banach algebra.

Theorem 4.2. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T : X Ñ X be a
nondecreasing mapping with respect to Ď . Suppose that the following three assumptions hold:

(i) there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X with x Ď y;

(ii) there exists x0 P X such that x0 Ď T x0;
(iii) if txnu is a nondecreasing sequence in X such that xn Ñ x P X as n Ñ 8, then xn Ď x for

all n P N.

Then, T has a fixed point in X.

Proof. Define the mapping αr : X ˆ X Ñ r0,8q similar to that as in the proof of Theorem 4.1.
Now, the proof follows from the Theorem 3.2.

Next, we define the cyclic contractions (see (Kirk et al., 2003)) in cone metric spaces.
Let X be a nonempty set, T : X Ñ X a mapping and A1, A2, . . . , Am be subsets of X. Then

X “
m
Ť

i“1
Ai is a cyclic representation of X with respect to T if

1. Ai, i “ 1, 2, . . . ,m are nonempty sets;
2. T pA1q Ă A2, . . . ,T pAm´1q Ă T pAmq,T pAmq Ă T pA1q.

Remark. (See (Kirk et al., 2003)) If X “
m
Ť

i“1
Ai is a cyclic representation of X with respect to T ,

then FixpT q Ă
m
Ş

i“1
Ai.

A cyclic contraction on a cone metric space is defined as follows.

Definition 4.1. Let pX, dq be a complete cone metric space over a Banach algebra A and P be the

underlying solid cone. Suppose, A1, A2, . . . , Am be subsets of X and Y “
m
Ť

i“1
Ai. A mapping T :

Y Ñ Y is called a generalized cyclic Kannan type contraction with Kannan-Lipschitz vector k if
following conditions hold:

1. Y “
m
Ť

i“1
Ai is a cyclic representation of Y with respect to T ;

2. there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs (4.1)

for any x P Ai, y P Ai`1 pi “ 1, 2, . . . ,m where Am`1 “ A1).



12 S.K. Malhotra et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 1–13

The following theorem is the Kannan’s version of the result Kirk et al. (Kirk et al., 2003) when
the cone metric is endowed with a Banach algebra.

Theorem 4.3. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Suppose, A1, A2, . . . , Am

be closed subsets of X and Y “
m
Ť

i“1
Ai and T : Y Ñ Y be a generalized cyclic Kannan type

contraction with Kannan-Lipschitz vector k. Then, T has a unique fixed point in X.

Proof. Define the mapping αc : X ˆ X Ñ r0,8q by:

αcpx, yq “
"

1, if px, yq P Ai ˆ Ai`1 pi “ 1, 2, . . . ,m where Am`1 “ A1);
0, otherwise.

First, by definition of the function α and the cyclic representation, T is αc-admissible. Again,
by definition of the function αc, T is a generalized cyclic Kannan type contraction with Kannan-
Lipschitz vector k. Suppose, for a sequence txnuwe have αcpxn, xn`1q ě 1 for all n and xn Ñ x P X

as n Ñ 8. Then, as Y “
m
Ť

i“1
Ai is a cyclic representation with respect to T, we must have x P

m
Ş

i“1
Ai.

Therefore, αcpxn, xq ě 1 for all n P N. Now, the proof of existence of fixed point of T follows

from Theorem 3.2. For uniqueness, if x˚, y˚ P FixpT q, then by Remark 4 we have x˚, y˚ P
m
Ş

i“1
Ai.

Since each Ai, i P t1, 2, . . . ,mu is nonempty, there exists z P Y such that x˚, y˚ P Ai, z P Ai`1 for
some i P t1, 2, . . . ,mu, and so αcpx˚, zq “ αcpy˚, zq “ 1. Thus, the condition (H) is satisfied and
the uniqueness of fixed point follows from Theorem 3.3.

Acknowledgements. The authors are indebted to the anonymous referee and Editor for his/her
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