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Abstract

In this paper, we introduce the generalized Kannan type a-admissible mappings in the setting of cone metric
spaces equipped with Banach algebra. Our results generalize and extend the fixed point result for Kannan type
mappings in metric and cone metric spaces. An example is presented which illustrates our main result.
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1. Introduction

Huang and Zhang (Huang & Zhang, 2007) introduced the notion of cone metric spaces as a
generalization of metric spaces. They replaced the set of nonnegative real numbers by a subset of
a Banach space called the cone; and defined the metric as a vector-valued function. They obtained
some fixed point results in the setting of cone metric spaces with the assumption that the cone is
normal. Later, the assumption of normality of cone was removed by Rezapour and Hamlbarani
(Rezapour & Hamlbarani, 2008). Liu and Xu (Liu & Xu, 2013a) defined the cone metric spaces
with Banach algebra and defined the vector-valued metric into a subset of a Banach algebra. The
motivation for the work of Liu and Xu (Liu & Xu, 2013a) can be found in (Cakalli er al., 2012;
Kadelburg et al., 2011; Du, 2010; Feng & Mao, 2010). The results proved by Liu and Xu (Liu
& Xu, 2013a) demands the normality of the underlying cone. Later on, Xu and Radenovi¢ (Xu
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& Radenovic, 2014) showed that the condition of normality of cone can be removed, and so, the
results of Liu and Xu (Liu & Xu, 2013a) are also true in case of a non-normal cone.

Let (X,d) be a metric space and 7: X — X be a mapping satisfying the following condition:
there exists A € [0, 1) such that

d(Tx,Ty) < Ad(x,y) for all x,y € X. (1.1)

Then the mapping T is called a Banach contraction. The Banach’s contraction principle states
that a Banach contraction on a complete metric space has a unique fixed point, i.e., there exists a
unique point x* € X such that x* = Tx*. Kannan (Kannan, 1968, 1969) introduced the following
contractive condition: there exists A € [0, 1/2) such that

d(Tx,Ty) < Ald(x,Tx) +d(y,Ty)] forall x,y € X. (1.2)

Kannan (Kannan, 1968, 1969) showed that the conditions (1.1) and (1.2) are independent of each
other, and proved a fixed point result for the mapping satisfying the condition (1.2) instead the
condition (1.1).

Samet et al. (Samet et al., 2012) introduced a new type of mappings called @-admissible
mappings, and with the help of this new class of mappings they generalized several known results
of metric spaces. Very recently, Malhotra et al. (Malhotra et al., 2015) introduced the a-admissible
mappings in the setting of cone metric spaces equipped with Banach algebra and solid cones. They
generalized and extended several known results of metric and cone metric spaces by proving a
fixed point result for generalized Lipschitz contraction over cone metric spaces. The main result
of (Malhotra et al., 2015) was a generalization of Banach’s fixed point theorem. In this paper,
we introduce the notion of generalized Kannan type @-admissible mappings in the setting of cone
metric spaces equipped with Banach algebra which extend the concept introduced in (Malhotra
et al., 2015) and generalize the result of Kannan (Kannan, 1968, 1969) in cone metric spaces
equipped with Banach algebra.

2. Preliminaries

First, we state some known definitions and results which will be used in the sequel.
Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of multi-
plication is defined, subject to the following properties: for all x,y,z€ A,ae R

1. x(yz) = (xy)z

2. x(y+2z) =xy+xzand (x + y)z = xz + yz;
3. a(xy) = (ax)y = x(ay);

4. [yl < [x[ly]-

In this paper, we shall assume that the Banach algebra A has a unit, i.e., a multiplicative identity e
such that ex = xe = x for all x € A. An element x € A is said to be invertible if there is an inverse
element y € A such that xy = yx = e. The inverse of x is denoted by x~'. For more details we
refer to (Rudin, 1991).

The following proposition is well known (Rudin, 1991).
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Proposition 2.1. Let A be a real Banach algebra with a unit e and x € A. If the spectral radius
po(x) of x is less than one, i.e.,

1
<]

. 1 .
p(x) = lim [l¥"[* = inf |lx*

then e — x is invertible. Actually,

A subset P of A is called a cone if

1. P is non-empty, closed and {6, e} < P, where @ is the zero vector of A;
2. aiP + a,P c P for all non-negative real numbers a;, a;;
3. P=PPcP
4. P(\(—P) = {0}.
For a given cone P — A, we can define a partial ordering < with respect to P by x < y if and only

if y — x € P. The notation x « y will stand for y — x € P°, where P° denotes the interior of P.
The cone P is called normal if there exists a number K > 0 such that for all a,b € A,

a < b implies |a| < K|b|.

The least positive value of K satisfying the above inequality is called the normal constant (see
(Huang & Zhang, 2007)). Note that, for any normal cone P we have K > 1 (see (Rezapour &
Hamlbarani, 2008)). In the following we always assume that P is a cone in a real Banach algebra
A with P° # ¢ (i.e., the cone P is a solid cone) and < is the partial ordering with respect to P.

The following lemmas and remark will be useful in the sequel.

Lemma 2.1 (See (Kadelburg et al., 2010)). If E is a real Banach space with a cone P and if a < Aa
withae Pand 0 < A< 1,thena = 0.

Lemma 2.2 (See (Radenovi¢ & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if 6 < u < c for each 6 < c, thenu = 6.

Lemma 2.3 (See (Radenovi¢ & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if | x,|| — 0 as n — o, then for any 6 < c, there exists ny € N such that, x, < c for all n > ny.

Remark (See (Xu & Radenovié, 2014)). If p(x) < 1 then ||x"|| — 0 as n — oo.

Definition 2.1 (See (Liu & Xu, 2013a,b; Huang & Zhang, 2007)). Let X be a non-empty set.
Suppose that the mapping d: X x X — A satisfies:

1. 8 <d(x,y)forall x,y € X and d(x,y) = 6 if and only if x = y.
2. d(x,y) =d(y,x) forall x,y € X.
3. d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.
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Then d is called a cone metric on X, and (X, d) is called a cone metric space over the Banach
algebra A.

Definition 2.2 (See (Huang & Zhang, 2007)). Let (X, d) be a cone metric space, x € X and {x,}
be a sequence in X. Then:

1. The sequence {x,} converges to x whenever for each ¢ € A with 6 « c, there is ny € N such
that d(x,, x) < ¢ for all n > ny. We denote this by lim x, = x or x, — xasn — 0.

n—0o0
2. The sequence {x,} is a Cauchy sequence whenever for each ¢ € A with 6 « ¢, thereis ny € N
such that d(x,, x,,) < ¢ for all n,m > ny.

3. (X,d) is a complete cone metric space if every Cauchy sequence is convergent in X.

It is obvious that the limit of a convergent sequence in a cone metric space is unique. A
mapping 7: X — X is called continuous at x € X, if for every sequence {x,} in X such that
X, — xasn — oo, we have Tx, — Txasn — o0.

Definition 2.3 (See (Samet ez al., 2012)). Let X be a nonempty set and @: X x X — [0,0) be a
function. We say that T is a-admissible if (x,y) € X, a(x,y) > 1 = «(Tx,Ty) > 1.

Now, we define the generalized Lipschitz contractions on the cone metric spaces with a Banach
algebra (see also, (Liu & Xu, 2013a)).

Definition 2.4. (Malhotra er al., 2015) Let (X, d) be a complete cone metric space over a Banach
algebra A, P the underlying solid cone and @: X x X — [0, 00) be a function. Then the mapping
T: X — X is said to be generalized Lipschitz contraction if there exists k € P such that p(k) < 1
and,

d(Tx,Ty) < kd(x,y)

for all x,y € X with @(x,y) > 1. Here, the vector & is called the Lipschitz vector of T.

Malhotra et al. (Malhotra et al., 2015) proved a fixed point result for such generalized con-
traction. Here, we prove a Kannan’s version of the result of Malhotra et al. (Malhotra et al.,
2015).

Now we can state our main results.

3. Main results

First, we define generalized Kannan type contractions in cone metric spaces with Banach al-
gebra.

Definition 3.1. Let (X, d) be a complete cone metric space over a Banach algebra A, P the under-
lying solid cone and @: X x X — [0, c0) be a function. Then the mapping 7: X — X is said to be

generalized Kannan type contraction if there exists k € P such that p(k) < 3 and,

d(Tx,Ty) < kld(x,Tx) +d(y, Ty)] 3.1

for all x,y € X with a(x,y) > 1. Here, the vector k is called the Kannan-Lipschitz vector of 7.



S.K. Malhotra et al. /| Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 1-13 5
The following theorem is the main result of this paper.

Theorem 3.1. Let (X,d) be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and a: X x X — [0,00) be a function. Suppose, T: X — X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(1) T is a-admissible;

(ii) there exists xo € X such that a(xy, Txo) > 1;
(iii) T is continuous.

Then T has a fixed point x* € X.

Proof. Let xy € X such that a(x, Txy) > 1 and define a sequence {x,} in X such that x,, = Tx,_;
foralln € N. If x, = x,4; for some n € N, then x* = x, is a fixed point for 7. Assume that
X, # x,.1 for all n € N. Since T is @-admissible we have

a(xo, x1) = a(x0, Txp) =1 = a(Txp, T?x0) = a(x,x) > 1.

By induction, we get
@(xy, X,41) =1 forall neN. (3.2)

Since T is generalized Kannan type contraction with Kannan-Lipschitz vector k, we have
d(xn’ anrl) = d(Txnfla Txn)

k[d(xn_l, TXn—l) + d(xn, Txn)]
k[d(xp—1, %) + d(xpy Xn11)]

IA

i.e.,

(e — k)d(xp, Xp11) < kd(x,-1, x).

1
Since p(k) < 3 < 1, e — k is invertible, therefore it follows from the above inequality that

d(Xp, Xpi1) < k(e — k) d(x,_1,x,) = Ad(x,_1, x,) < "d(x0,x1) (3.3)

where A = k(e — k)~!. Since (e — k)~' = >} k' we have

plle—1") :p(ZH>< plK) < YJo(k)] = —

= = pk)

Therefore,

p(1) = p(kle—k)™") <pk)p((e—k)")
p(k)

. 1
1_—}0(]{) <1 (since p(k) < 5).
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Thus, for n < m it follows from the inequality (3.3) that

d(Xp X)) < d(xp Xng1) +d(Xpi1, Xna2) + -+ d(Xp_1, Xm)
< A'd(xq,x1) + A" d(x0, x1) + -+ " d(x0, x1)
= (e + A+ + /lm_n_l)/lnd(X(),xl)

(i /ll> /l”d(xo, xl)

= (e— ) '2"d(x0, x1).

IA

Since p(1) < 1, by Remark 2 we have |1"|| — 0 as n — co. Therefore, by Lemma 2.3 it follows
that: for every ¢ € A with 8 « c there exists ny € N such that

d(Xp, Xp) < (e — )" A% (x0, x1) < €

for all n > ny. It implies that {x,} is a Cauchy sequence. By completeness of X, there exists x* € X
such that x,, — x* as n — o0. Since T is continuous, it follows that x,,,; = Tx, — Tx* asn — 0.
By the uniqueness of limit we get x* = Tx*, that is x* is a fixed point of 7. ]

In the above theorem, we use the continuity of the mapping 7. We now show that the assump-
tion of continuity can be replaced by another condition.

Theorem 3.2. Let (X,d) be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and a: X x X — [0,90) be a function. Suppose, T: X — X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(1) T is a-admissible;
(ii) there exists xo € X such that a(xo, Txy) = 1;
(iii) if x, is a sequence in X such that a(x,, x,+1) = 1 forall n and x, — x € X as n — 0, then
@(x,,x) = 1 foralln e N.

Then T has a fixed point x* € X.

Proof. By proof of theorem 3.1, we know that the sequence {x,}, where x, = Tx,_;, n € N is
a Cauchy sequence in complete cone metric space (X,d). Then, there exists x* € X such that
X, — x* as n — o0. On the other hand, from (3.2) and hypothesis (iii), we have

a(x,,x*) =1, forall neN. (3.4)

Since T is a generalized Kannan type contraction, using (3.4) we obtain

IA

d(x*, Tx*) d(x*, xu41) + d(Xp11, TX")
= d(x*,x,11) + d(Tx,, Tx*)

< d(x*, x,11) + k[d(x,, Tx,) + d(x*, Tx¥)]
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i.e.,
d(x*,Tx*) < (e—k)'[d(x*, x,p1) + kd(x,, Tx,)]
= (e— k) 'd(x*, x,01) + Ad(x,, Tx,).
By (3.3) we have d(x,, Tx,) = d(x,, X,1) < A"d(x0, x1), therefore
d(x*, Tx*) < (e — k) 'd(x*, x,11) + 2" 'd(x0, x1).

As x, — x* asn — o and p(1) < 1, for every ¢ € P with 6 « ¢ and for every m € N there exists

n(m) such that d(x, 1, x*) « b and A" d(x0, %) « 5= for all n > n(m). Therefore, it follows

2m

from the above inequality that

d(x*,Tx*) < i + ﬁ = % foralln > n(m),me N.

It implies that < — d(x*,Tx*) € P for all m € N. Since P is closed, letting m — o0 we obtain
0 — d(x*,Tx*) € P. By definition, we must have d(x*,Tx*) = 0, i.e., Tx* = x*. Thus, x* is a
fixed point of 7. ]

Next, we give an example which illustrates the above result.
Example 3.1. Let A = R? with the norm
[Cers x2) | = | + [oxal
Define the multiplication on A by
xy = (xiy1, xi1y2 + xy1) forall x = (xi,x2),y = (y1,)2) € A.

Then, A is a Banach algebra with unit e = (1,0). Let P = {(x;, x,) € R?: x;,x, > 0}. Then Pis a
positive cone.
Let X = [0, 1] x [0, 1] and define the cone metric d: X x X — P by

d((x1,%2), (y1,32)) = (|x1 = 1], |22 = yaf) € P.

Then, (X,d) is a complete cone metric space. Let Q@ n [0,1) = Q; and define the mappings
T:X—>Xanda: X x X — [0,0) by:

11 .
E’E > lfxl’xze(@l;
= 11
T<X],X2) Z, Z , ifxl = Xy = 1,
(x1,x),  otherwise.

and

1, if (x1, %0, y1,2 € Q1) or (x1,x € Q1,1 =y = 1);
@b ) = { 0 otheiwizse).)1 e b e Qe =
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Then, T is a generalized Kannan type contraction with Kannan-Lipschitz vector k = 3 0),

1 1
where p(k) = 3 < 5 Indeed, xi, x2, 1,2 € Q then (3.1) is satisfied trivially. If x;, x, € Q; and

y1 =y, = 1 then we have

d(T(x1,x2). T(y1.y2)) = d((%%)(%i))
()

(3+0) (a1 2. s 32) + (3020, 7032

IA

T is obviously an @-admissible mapping, and for every xi, x5, y1, > € Q; we have
a((x1, %), T(x1, %)) = 1.

Therefore, the conditions (i) and (ii) of Theorem 3.2 are satisfied. Finally, one can see that the
condition (iii) of Theorem 3.2 is satisfied. Thus, all the conditions of Theorem 3.2 are satisfied

11
and we conclude the existence of at least one fixed point of 7. Indeed, (5 5) and all the points
(x,1),x€ Q; and (1, x), x € Q are fixed points of 7.

Remark. Notice that, in the above example the results of Malhotra et al. (Malhotra et al., 2015)
3
are not applicable. Indeed, if x; = x, = 1 € Qand y; =y, = 1, then a((x1,x2), (y1,32)) = 1

arwsrn -+((34).(:2) - ()

) o) =a((33).00) = (3:3)

Therefore, there exists no k € P such that p(k) < 1 and the following inequality is satisfied:

and

Now

d(T (x1,x2), (y1,¥2)) < kd((x1, x2), (y1,¥2))-

This shows that T is not a generalized Lipschitz contraction, and so, the results of Malhotra et al.
(Malhotra et al., 2015) are not applicable here.

In the Example 3.1 we can see that the mapping 7 may have more than one fixed points. Let
us denote the set of all fixed points of T by Fix(T).

Next, to assure the uniqueness of fixed point of a generalized Kannan type contraction we use
the following property (see (Samet et al., 2012)):

Vx,yeFix(T)Ize X: a(x,z) = La(y,z) = 1. (H)
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Theorem 3.3. Adding condition (H) to the hypothesis of Theorem 3.1 (resp. Theorem 3.2) we
obtain the uniqueness of the fixed point of T.

Proof. Following similar arguments to those in the proof of Theorem 3.1 (resp. Theorem 3.2)
we obtain the existence of fixed point. Let the condition (H) is satisfied and x*, y* € Fix(7T') and
x* # y*. By (H) there exists z € X such that

a(x*,z) =1 and a(y*,z) = 1. (3.5)
Since T is a-admissible and x*, y* € Fix(T), therefore from (3.5) we obtain
a(x*,T"z) > 1 and a(y*,T"z) = 1. forall neN. (3.6)
Since T is generalized Kannan type contraction, using (3.6), we have

d(x*,T"z) = d(Tx*,T(T"'7))

k[d(x*, Tx*) + d(T" 'z, T(T"'2))]
kd(T" 'z, T"z)

kld(x*, T"'z) + d(x*,T"7)]

IA

IA

1.e.,
d(x*,T"z) < k(e — k) 'd(x*,T"'z) = Add(x*,T""'z) forall ne N.

Repetition of this process we obtain
d(x*,T"z) < 2"d(x*,Tz) forall neN.

where A = k(e — k)~! and p(1) < 1. Since p(4) < 1, by Remark 2 we have |1"| — 0 as n — o0,
and so,
["d(x*, T2)| < |A"[[ld(x*, T2)| — 0 as n — co.

Therefore, by Lemma 2.3 it follows that: for every ¢ € A with 6 « ¢ there exists ny € N such that
d(x*,T"z) < A"d(x*,Tz) < c.
it implies that
T"z — x* as n — .

Similarly we get
T"z — y* as n — oo.

Therefore, by uniqueness of the limit we obtain x* = y*. This finishes the proof. L



10 S.K. Malhotra et al. /| Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 1-13

4. Some consequences

In this section, we give some consequences of the results of previous section. The following
corollary is Theorem 3.3 of Xu and Radenovié (Liu & Xu, 2013a).

Corollary 4.1 (Theorem 3.3, Xu and Radenovi¢ (Liu & Xu, 2013a)). Let (X,d) be a complete
cone metric space over a Banach algebra A and P be the underlying solid cone with k € P where

1
plk) < 7 Suppose the mapping T : X — X satisfies the following condition :

d(Tx,Ty) < kld(x,Tx) +d(y,Ty)| forall x,yeX.

Then T has a unique fixed point in X. Moreover, for any x € X, the iterative sequence {T"x}
converges to the fixed point of X.

Proof. Define the function @: X x X — [0,00) by a(x,y) = 1forall x,y € X. Then, all the
conditions of Theorem 3.3 are satisfied, and so, the mapping 7" has a unique fixed point in X. [

Next, we derive the ordered and cyclic versions of Kannan’s contraction principle. In the next
theorems, we prove results of Ran and Reurings (Ran & Reurings, 2003), Liu and Xu (Liu & Xu,
2013a) and Nieto, Rodriguez-Lopez (Nieto & Rodriguez-Lopez, 2005) and Kirk et al. (Kirk ef al.,
2003) for Kannan’s mappings.

The following theorem is the Kannan’s version of the result of Ran and Reurings (Ran &
Reurings, 2003) in cone metric spaces when the cone metric is endowed with a Banach algebra.

Theorem 4.1. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T: X — X be a
continuous nondecreasing mapping with respect to = . Suppose that the following two assumptions
hold:

1
(i) there exists k € P such that p(k) < 5 and

d(Tx,Ty) < kld(x,Tx) + d(y,Ty)] for all x,y € X with x C y;

(i1) there exists xo € X such that xy © T xy.

Then, T has a fixed point in X.
Proof. Define the mapping @,: X x X — [0, 0) by

I, ifxcy;
0, otherwise.

a(x,y) = {

Note that, the condition (i) implies that the mapping 7 a generalized Kannan type contraction
with Kannan-Lipschitz vector k, where p(k) < 5 Since T is nondecreasing it is an «,-admissible

mapping. The condition (ii) implies that, there exists x, € X such that a,(xy, Txy) = 1. Therefore,
all the conditions of Theorem 3.1 are satisfied, and so, the mapping 7 has a fixed pointin X. [
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The following theorem is the Kannan’s version of the result of Nieto, Rodriguez-Lopez (Nieto
& Rodriguez-Lopez, 2005) when the cone metric is endowed with a Banach algebra.

Theorem 4.2. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T: X — X be a
nondecreasing mapping with respect to = . Suppose that the following three assumptions hold:

1
(i) there exists k € P such that p(k) < 5 and

d(Tx,Ty) < kld(x,Tx) + d(y,Ty)] for all x,y € X with x C y;

(i1) there exists xo € X such that xo = T xo;
(iii) if {x,} is a nondecreasing sequence in X such that x, — x € X as n — o, then x, = x for

alln e N.
Then, T has a fixed point in X.

Proof. Define the mapping @,: X x X — [0, 0) similar to that as in the proof of Theorem 4.1.
Now, the proof follows from the Theorem 3.2. ]

Next, we define the cyclic contractions (see (Kirk et al., 2003)) in cone metric spaces.
Let X be a nonempty set, 7: X — X a mapping and A, A,,...,A,, be subsets of X. Then

m
X = [J A is a cyclic representation of X with respect to T if
i=1

1. A;,i=1,2,...,m are nonempty sets;
2. T(A) € A,,...,T(A,1) cT(A,),T(A,) < T(A)).

Remark. (See (Kirk er al., 2003)) If X = |J A; is a cyclic representation of X with respect to T,
i=1
then Fix(T) < () A;.

i=1
A cyclic contraction on a cone metric space is defined as follows.

Definition 4.1. Let (X, d) be a complete cone metric space over a Banach algebra A and P be the

underlying solid cone. Suppose, A, A,, ..., A, be subsets of X and ¥ = | J A;. A mapping T':
i=1

Y — Y is called a generalized cyclic Kannan type contraction with Kannan-Lipschitz vector k if

following conditions hold:

m
1. Y = [J A, is a cyclic representation of Y with respect to T’;
i=1

1
2. there exists k € P such that p(k) < 5 and

d(Tx,Ty) < k[d(x,Tx) +d(y,Ty)] 4.1)

forany xe A;,ye Ay (i =1,2,...,mwhere A, = A)).
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The following theorem is the Kannan’s version of the result Kirk et al. (Kirk ez al., 2003) when
the cone metric is endowed with a Banach algebra.

Theorem 4.3. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Suppose, A1,A,, ..., A,
be closed subsets of X and Y = |JA; and T: Y — Y be a generalized cyclic Kannan type

i=1
contraction with Kannan-Lipschitz vector k. Then, T has a unique fixed point in X.

Proof. Define the mapping a.: X x X — [0, 0) by:

(x,y) = I, if(x,y)eA; xA (i=1,2,...,mwhere A, | = A));
by = 0, otherwise.

First, by definition of the function @ and the cyclic representation, 7" is a.-admissible. Again,
by definition of the function a,, T is a generalized cyclic Kannan type contraction with Kannan-
Lipschitz vector k. Suppose for a sequence {x,} we have a.(x,, x,.1) = 1 forallnand x, — x eX
asn — oo0. Then,as Y = U A; is a cyclic representation with respect to 7, we must have x € ﬂ A;.

i=1 i=1
Therefore, a.(x,,x) > 1 for all n € N. Now, the proof of existence of fixed point of T follows

from Theorem 3.2. For uniqueness, if x*, y* € Fix(T), then by Remark 4 we have x*,y* € () A;.
i=1
Since each A;, i € {1,2,...,m} is nonempty, there exists z € Y such that x*,y* € A;,z € A;y for
some i € {1,2,...,m}, and so a.(x*,z) = @.(y*,z) = 1. Thus, the condition (H) is satisfied and
the uniqueness of fixed point follows from Theorem 3.3. ]

Acknowledgements. The authors are indebted to the anonymous referee and Editor for his/her
careful reading of the text and for suggestions for improvement in several places.
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