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Abstract
The main object of this paper is to give an application of a linear operator Hm,µ

p,q,spα1q f pzq involving the general-
ized hypergeometric function. We define subclasses of the meromorphic function class Σp,m by means of operator
Hm,µ

p,q,spα1q f pzq.
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1. Introduction and definitions

Let Σp,m denote the class of functions of the form:

f pzq “ z´p
`

8
ÿ

k“m

akzk
pp P N “ t1, 2, ...uq , (1.1)

which are analytic and p-valent in the punctured unit disc U˚ “ tz : z P C and 0 ă |z| ă 1u “
Uzt0u. We also denote Σp,1´p “ Σp .
A function f P Σp,m is said to be in the class ΣS ˚ppαq of meromorphically p-valent starlike functions
of order α in U if and only if

<

˜

z f
1

pzq
f pzq

¸

ă ´α pz P U; 0 ď α ă pq . (1.2)
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Also a function f P Σp,m is said to be in the class ΣCppαq of meromorphically p-valent convex of
order α in U if and only if

<

˜

1`
z f

2

pzq
f 1pzq

¸

ă ´α pz P U; 0 ď α ă pq . (1.3)

It is easy to observe from (1.2) and (1.3) that

f pzq P ΣCppαq ô ´
z f

1

pzq
p

P ΣS ˚ppαq . (1.4)

For a function f P Σp,m, we say that f P ΣKppβ, αq if there exists a function g P ΣS ˚ppαq such that

<

˜

z f
1

pzq
gpzq

¸

ă ´β pz P U; 0 ď α, β ă pq . (1.5)

Functions in the class ΣKppβ, αq are called meromorphically p-valent close-to-convex functions
of order β and type α. We also say that a function f P Σp,m is in the class ΣK˚p pβ, αq of meromor-
phically quasi-convex functions of order β and type α if there exists a function g P ΣCppαq such
that

<

˜

pz f
1

pzqq
1

g1pzq

¸

ă ´β pz P U; 0 ď α, β ă pq . (1.6)

It follows from (1.5) and (1.6) that

f pzq P ΣK˚p pβ, αq ô ´
z f

1

pzq
p

P ΣKppβ, αq ,

where ΣS ˚ppαq and ΣCppαq are, respectively, the classes of meromorphically p-valent starlike func-
tions of order α and meromorphically p-valent convex functions of order α p0 ď α ă pq(see Aouf
(Aouf, 2008) and Frasin (Frasin, 2012)).
For a function f pzq P Σp,m, given by (1.1) and gpzq P Σp,m defined by

gpzq “ z´p
`

8
ÿ

k“m

bkz k ,

we define the Hadamard product (or convolution) of f pzq and gpzq by

f pzq ˚ gpzq “ p f ˚ gqpzq “ z´p
`

8
ÿ

k“m

akbkzk
“ pg ˚ f qpzq pp P Nq.

For real or complex numbers

α1, ..., αq and β1, ..., βs pβ j R Z´0 “ t0,´1,´2, ...u; j “ 1, 2, ..., sq,
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we consider the generalized hypergeometric function qFspα1, ..., αq; β1, ..., βs; zq by (see, for exam-
ple, (Kiryakova, 2011, p.19))

qFspα1, ..., αq; β1, ..., βs; zq “
8
ÿ

k“0

pα1qk...pαqqk

pβ1qk...pβsqk
.
zk

k!

pq ď s` 1; q, s P N0 “ NY t0u; z P Uq,

where pθqν is the Pochhammer symbol defined, in terms of the Gamma function Γ, by

pθqν “
Γpθ ` νq

Γpθq
“

"

1 pν “ 0; θ P Czt0u “ C˚q,
θpθ ´ 1q...pθ ` ν´ 1q pν P N; θ P Cq.

Corresponding to the function φppα1, ..., αq; β1, ..., βs; zq given by

φppα1, ..., αq; β1, ..., βs; zq “ z´p
qFspα1, ..., αq; β1, ..., βs; zq ,

we introduce a function φp,µpα1, ..., αq; β1, ..., βs; zq defined by

φppα1, ..., αq; β1, ..., βs; zq ˚ φp,µpα1, ..., αq; β1, ..., βs; zq “
1

zpp1´ zqµ`p

pµ ą ´p; z P U˚
q.

We now define a linear operator Hm,µ
p,q,spα1, ..., αq; β1, ..., βsq : Σp,m Ñ Σp,m by

Hm,µ
p,q,spα1, ..., αq; β1, ..., βsq f pzq “ φp,µpα1, ..., αq; β1, ..., βs; zq ˚ f pzq (1.7)

`

αi, β j P CzZ´0 ; i “ 1, ..., q, j “ 1, ..., s ; µ ą ´p, f P Σp,m; z P U˚
˘

.

For; convenience, we write

Hm,µ
p,q,spα1, ..., αq; β1, ..., βsq “ Hm,µ

p,q,spα1q

and
H1´p,µ

p,q,s pα1q “ Hµ
p,q,spα1q pµ ą ´pq.

If f pzq is given by (1.1), then from (1.7), we deduce that

Hm,µ
p,q,spα1q f pzq “ z´p

`

8
ÿ

k“m

pµ` pqp`kpβ1qp`k...pβsqp`k

pα1qp`k...pαqqp`k
akzk

pµ ą ´p; z P U˚
q. (1.8)

It is easily follows from (1.8) that

z
`

Hm,µ
p,q,spα1q f pzq

˘1

“ pµ` pqHm,µ`1
p,q,s pα1q f pzq ´ pµ` 2pqHm,µ

p,q,spα1q f pzq. (1.9)
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From the identity (1.9), we readily have

z
`

Hm,µ´1
p,q,s pα1q f pzq

˘1

“ pµ` p´ 1qHm,µ
p,q,spα1q f pzq ´ pµ` 2p´ 1qHm,µ´1

p,q,s pα1q f pzq (1.10)

and

z
`

Hm,µ`1
p,q,s pα1q f pzq

˘1

“ pµ` p` 1qHm,µ`2
p,q,s pα1q f pzq ´ pµ` 2p` 1qHm,µ`1

p,q,s pα1q f pzq. (1.11)

The linear operator Hm,µ
p,q,spα1q was introduced by Patel and Palit (Patel & Palit, 2009) .

We note that the linear operator Hm,µ
p,q,spα1q is closely related to the Choi-Saigo-Srivastava oper-

ator (Choi et al., 2002) for analytic functions and is essentially motivated by the operators defined
and studied in (Cho & Noor, 2006) ( see also, (Dziok & Srivastava, 1999), (Dziok & Srivastava,
2003), (Srivastava, 2007) and (Srivastava & Karlsson, 1985)).

Specializing the parameters µ, αipi “ 1, 2, ...qq, β jp j “ 1, 2, ...sq, q and s we obtain the follow-
ing :

(i) Hm,0
p,2,1pp, p; pq f pzq “ Hm,1

p,2,1pp` 1, p; pq f pzq “ f pzq;

(ii) Hm,1
p,2,1pp, p; pq f pzq “ 2p f pzq`z f

1
pzq

p ;

(iii) Hm,2
p,2,1pp` 1, p; pq f pzq “ p2p`1q f pzq`z f

1
pzq

p`1 ;

(iv) Hm,1´p
p,1,1 pc ` 1, 1; cq f pzq “ Jc,pp f qpzq “ c

zc`p

z
ş

0
tc`p´1 f ptqdt pc ą 0; z P U˚q, this integral

operator is defined by

Jc,pp f qpzq “
c

zc`p

z
ż

0

tc`p´1 f ptqdt pc ą 0; f P Σp,mq ,

(v) Hm,0
p,2,2pp` 1, p; pq f pzq “ p

z2p

z
ş

0
t2p´1 f ptqdt ; pp P N; z P U˚q;

(vi) H1´p,n
p,2,1 pa, 1; aq f pzq “ 1

zpp1´zqn`p “ Dn`p´1 f pzq pn ą ´pq, the operator Dn`p´1 studied by
Ganigi and Uralegaddi (Ganigi & Uralegaddi, 1989), Yang (Yang, 1995), Aouf (Aouf, 1993), Aouf
and Srivastava (Aouf & Srivastava, 1997) and Uralegaddi and Patil (Uralegaddi & Patil, 1989);

(vii) Hm,µ
p,2,1pc, p` µ; aq f pzq “ Lppa, cq f pzq pa, c P RzZ´0 ; µ ą ´pq (see Liu (Liu, 2002));

(viii) Ho,µ
1,2,1pµ ` 1, n ` 1; µq f pzq “ In,µ f pzq pµ ą 0; n ą ´1q (see Yuan et al. (Yuan et al.,

2008)).
We also observe that, for m “ 0, p “ 1 replacing µ by µ´1, we have the operator H0

1,µ,q,spα1q f pzq “
Hµ,q,spα1q f pzq defined by Cho and Kim (Cho & Kim, 2007).

The object of the present paper is to investigate some properties of meromorphic p- valent
functions by the above operator Hm,µ

p,q,spα1q f pzq given by (1.8).

Definition 1.1. Let H the set of complex valued functions hpr, s, tq : C3 Ñ C such that

hpr, s, tq is continuous in a domain D Ă C3;

p1, 1, 1q P D and |hp1, 1, 1q| ă 1;



64 B. A. Frasin et al. / Theory and Applications of Mathematics & Computer Science 6 (1) (2016) 60–68

ˇ

ˇ

ˇ

ˇ

h
ˆ

eiθ,
1

µ` p
`
µ` p´ 1
µ` p

eiθ
`

1
µ` p

δ,
2

µ` p` 1
`
µ` p´ 1
µ` p` 1

eiθ
`

1
µ` p` 1

δ`
pµ` p´ 1qδeiθ ` rδ` β´ δ2s

pµ` p` 1q ` pµ` p´ 1qpµ` p` 1qeiθ ` pµ` p` 1qδ

˙
ˇ

ˇ

ˇ

ˇ

ě 1

whenever
ˆ

eiθ,
1

µ` p
`
µ` p´ 1
µ` p

eiθ
`

1
µ` p

δ,
2

µ` p` 1
`
µ` p´ 1
µ` p` 1

eiθ
`

1
µ` p` 1

δ`
pµ` p´ 1qδeiθ ` rδ` β´ δ2s

pµ` p` 1q ` pµ` p´ 1qpµ` p` 1qeiθ ` pµ` p` 1qδ

˙

P D

with<pβ ě δpδ´ 1qq for real θ, δ ě 1 and λ ą 0.

2. The Main Result

In order to prove our main result, we recall the following lemma due to Miller and Mocanu
(Miller & Mocanu, 1978).

Lemma 2.1. Let wpzq “ a`wnzn` .......,be analytic in U “ tz : z P C and |z| ă 1u with wpzq ‰ a
and n ě 1. If z0 “ r0eiθ p0 ă r0 ă 1q and |wpz0q| “ max

|z|ďr0

|wpzq| . Then

zw
1

pz0q “ δwpz0q (2.1)

and

<p

#

1`
z0w

2

pz0q

w1
pz0q

+

q ě δ, (2.2)

where δ is a real number and

δ ě n
|wpz0q ´ a|2

|wpz0q|
2
´ |a|2

ě n
|wpz0q| ´ |a|
|wpz0q| ` |a|

.

Theorem 2.1. Let hpr, s, tq P H and let f P Σp,m satisfies
˜

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

,
Hm,µ`1

p,q,s pα1q f pzq
Hm,µ

p,q,spα1q f pzq
,

Hm,µ`2
p,q,s pα1q f pzq

Hm,µ`1
p,q,s pα1q f pzq

¸

P D Ă C3 (2.3)
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and
ˇ

ˇ

ˇ

ˇ

ˇ

h

˜

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

,
Hm,µ`1

p,q,s pα1q f pzq
Hm,µ

p,q,spα1q f pzq
,

Hm,µ`2
p,q,s pα1q f pzq

Hm,µ`1
p,q,s pα1q f pzq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă 1 (2.4)

for all z P U and for some m P N.Then we have
ˇ

ˇ

ˇ

ˇ

ˇ

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 1 pz P U; µ ą ´p, 0 ď α ă p; p P Nq.

Proof. Let
Hm,µ

p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

“ wpzq. (2.5)

Then it follows that wpzq is either analytic or meromorphic in U, wp0q “ 1 and wpzq ‰ 1. Differ-
entiating (2.5) logarithmically and multiply by z, we obtain

z
`

Hm,µ
p,q,spα1q f pzq

˘1

Hm,µ
p,q,spα1q f pzq

´

z
´

Hm,µ´1
p,q,s pα1q f pzq

¯1

Hm,µ´1
p,q,s pα1q f pzq

“
zw

1

pzq
wpzq

.

Using the identities (1.6) and (1.10) , we have

Hm,µ`1
p,q,s pα1q f pzq

Hm,µ
p,q,spα1q f pzq

“
1

µ` p
`
µ` p´ 1
µ` p

wpzq `
1

µ` p
zw

1

pzq
wpzq

. (2.6)

Differentiating (2.6) logarithmically and multiply by z, we obtain

z
´

Hm,µ`1
p,q,s pα1q f pzq

¯1

Hm,µ`1
p,q,s pα1q f pzq

´
z
`

Hm,µ
p,q,spα1q f pzq

˘1

Hm,µ
p,q,spα1q f pzq

“

z
”

1
µ`p `

µ`p´1
µ`p wpzq ` 1

µ`p
zw
1
pzq

wpzq

ı
1

1
µ`p `

µ`p´1
µ`p wpzq ` 1

µ`p
zw1 pzq
wpzq

(2.7)

“

pµ` p´ 1qzw
1

pzq `
„

zw
1
pzq

wpzq `
z2w

2

pzq
wpzq ´

´

zw
1
pzq

wpzq

¯2


1` pµ` p´ 1qwpzq ` zw1 pzq
wpzq
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Using the identities (1.9) and (1.11) , we have

pµ` p` 1q
Hm,µ`2

p,q,s pα1q f pzq

Hm,µ`1
p,q,s pα1q f pzq

“ 1` pµ` pq
Hm,µ`1

p,q,s pα1q f pzq
Hm,µ

p,q,spα1q f pzq
`

pµ` p´ 1qzw
1

pzq `
„

zw
1
pzq

wpzq `
z2w

2

pzq
wpzq ´

´

zw
1
pzq

wpzq

¯2


1` pµ` p´ 1qwpzq ` zw1 pzq
wpzq

“ 1`

«

1` pµ` p´ 1qwpzq `
zw

1

pzq
wpzq

ff

`

pµ` p´ 1qzw
1

pzq `
„

zw
1
pzq

wpzq `
z2w

2

pzq
wpzq ´

´

zw
1
pzq

wpzq

¯2


1` pµ` p´ 1qwpzq ` zw1 pzq
wpzq

.

We claim that |wpzq| ă 1 for z P U. Otherwise there exists a point z0 P U such that max
|z|ďr0

|wpzq| “

|wpz0q| “ 1. Letting wpz0q “ eiθ and using Lemma 2.1 with a “ 1 and n “ 1, we have

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

“ eiθ,

Hm,µ`1
p,q,s pα1q f pzq

Hm,µ
p,q,spα1q f pzq

“
1

µ` p
`
µ` p´ 1
µ` p

eiθ
`

1
µ` p

δ,

Hm,µ`2
p,q,s pα1q f pzq

Hm,µ`1
p,q,s pα1q f pzq

“
2

pµ` p` 1q
`
pµ` p´ 1q
pµ` p` 1q

eiθ
`

1
pµ` p` 1q

δ

`
pµ` p´ 1qδeiθ ` rδ` β´ δ2s

pµ` p` 1q ` pµ` p` 1qpµ` p´ 1qeiθ ` pµ` p` 1qδ
,

where

β “
z2w

2

pzq
wpzq

and δ ě 1.

Further, an application of (2.2) in Lemma 2.1 given<p β ě δpδ´1q. Since hpr, s, tq P H , we have
ˇ

ˇ

ˇ

ˇ

ˇ

h

˜

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

,
Hm,µ`1

p,q,s pα1q f pzq
Hm,µ

p,q,spα1q f pzq
,

Hm,µ`2
p,q,s pα1q f pzq

Hm,µ`1
p,q,s pα1q f pzq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

h
ˆ

eiθ,
1

µ` p
`
µ` p´ 1
µ` p

eiθ
`

1
µ` p

δ,
2

µ` p` 1
`
µ` p´ 1
µ` p` 1

eiθ
`

1
µ` p` 1

δ`
pµ` p´ 1qδeiθ ` rδ` β´ δ2s

pµ` p` 1q ` pµ` p´ 1qpµ` p` 1qeiθ ` pµ` p` 1qδ

˙
ˇ

ˇ

ˇ

ˇ

ě 1
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which contradicts the condition (2.4) of Theorem 2.1. Therefore, we conclude that
ˇ

ˇ

ˇ

ˇ

ˇ

Hm,µ
p,q,spα1q f pzq

Hm,µ´1
p,q,s pα1q f pzq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 1 pz P Uq.

The proof is complete.

Letting µ “ 1, q “ 2, s “ 1, α1 “ p ` 1, α2 “ p and β1 “ p in Theorem 2.1, we have the
following result.

Corollary 2.1. Let hpr, s, tq P H and let f pzq P Σp,m satisfies
˜

2p f pzq ` z f
1

pzq
p f pzq

,
p
“

p2p` 1q f pzq ` z f
1

pzq
‰

pp` 1q r2p f pzq ` z f 1pzqs
,

p2p` 2qp2p` 1q f pzq ` 4pp` 1qz f
1

pzq ` z2 f
2

pzq
pp` 2qp2p` 1q f pzq ` z f 1pzq

¸

P D Ă C3

and
ˇ

ˇ

ˇ

ˇ

ˇ

h

˜

2p f pzq ` z f
1

pzq
p f pzq

,
p
“

p2p` 1q f pzq ` z f
1

pzq
‰

pp` 1q r2p f pzq ` z f 1pzqs
,

p2p` 2qp2p` 1q f pzq ` 4pp` 1qz f
1

pzq ` z2 f
2

pzq
pp` 2qp2p` 1q f pzq ` z f 1pzq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă 1

for all z P U. Then we have
ˇ

ˇ

ˇ

ˇ

ˇ

2p f pzq ` z f
1

pzq
p f pzq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 1 pz P Uq.
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