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Abstract

The main object of this paper is to give an application of a linear operator H,, 7 (1) f(z) involving the general-

ized hypergeometric function. We define subclasses of the meromorphic function class X, ,, by means of operator
Hy,g.s(1) f(2)-
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1. Introduction and definitions

Let X, ,, denote the class of functions of the form:

fla)=z27"+ 2 a (peN={1,2.1}), (1.1)
k=m

which are analytic and p-valent in the punctured unit disc U* = {z: z€ Cand 0 < |z| < 1} =
U\{0}. We alsodenote X,,_, =X, .

A function f € £, , is said to be in the class £S % (@) of meromorphically p-valent starlike functions
of order a in U if and only if

2f (2)
f(z)

<—a (zeU;0<a<p). (1.2)
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Also a function f € X,,, is said to be in the class XC,(@) of meromorphically p-valent convex of
order @ in U if and only if

w1+ L@, (zeU;0<a<p). (1.3)
f(z)
It is easy to observe from (1.2) and (1.3) that
2f (2) e
f(2) € 2Cy(0) = ——= e X5 (a). (1.4)
For a function f € X, ,,, we say that f € 2K, (B, @) if there exists a function g € £S5 () such that
%(Zf((§)> < B (zeU;:0<a.f<p). (1.5)
8\Z

Functions in the class ZK),(8, @) are called meromorphically p-valent close-to-convex functions
of order 8 and type a. We also say that a function f € X, is in the class ZK7 (B, @) of meromor-
phically quasi-convex functions of order 8 and type « if there exists a function g € XC,(a) such
that

w (R g (ze U;0<a,B < p). (1.6)
g (2)
It follows from (1.5) and (1.6) that
f(2) € IK*(B,a) < Y p(z) e 3K, (B, ),

where XS ¥ (@) and ZC () are, respectively, the classes of meromorphically p-valent starlike func-
tions of order @ and meromorphically p-valent convex functions of order @ (0 < a < p)(see Aouf
(Aouf, 2008) and Frasin (Frasin, 2012)).

For a function f(z) € Z,,,, given by (1.1) and g(z) € X, ,, defined by

a0
g(z) =z7"+ Z biz*,
k=m
we define the Hadamard product (or convolution) of f(z) and g(z) by

fR)+gx) = (f+8)z) =27+ > aid = (g+ f)(2) (peN).

k=m

For real or complex numbers

ay, ... and By,....B; (Bj ¢ Z, =1{0,—1,-2,..}; ]
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we consider the generalized hypergeometric function ,F s(ag, ..., @, P, -, Bs; 2) by (see, for exam-

ple, (Kiryakova, 2011, p.19))

F (a, a ﬁ :8 'Z) _ i (a1>k"'(at1)k Z_k
qt s 1o eees Lbgs P15 -5 P> = (ﬂl)k.“(ﬁs_)k .k!
(g<s+1;q,seNg=Nu{0};ze U),
where (), is the Pochhammer symbol defined, in terms of the Gamma function I, by
(g)v =

I'(0) 6—1)..(0+v—1) (veN;0€C).

Corresponding to the function ¢, (a1, ..., @, Bi, ..., Bs; 2) given by

¢p(a,1’ sy aq;ﬁl’ ’ﬁs’z) = Z_p qu(ala sy aq;ﬁl’ $ﬁs’z) b

we introduce a function ¢, (a1, ..., @4 B, ..., Bs; z) defined by

1
Z”(l — Z)u+p

(u> —p;ze U%).

¢p(al’ eeey aq;ﬁla ---’ﬁs;Z) * ¢p,,u<al9 eeey aq;ﬁla ---’ﬁs;Z) =

We now define a linear operator Hy ' (@1, ..., @3 B1s s Bs) : Zpu — Zpm DY

HZis(al’ ""aq;ﬁl’ ’ﬁs)f(z) = ¢p,ﬂ(al7 ~-"a'q;ﬁl9 --wﬁs;Z) * f(Z)

(cx,»,,Bj eC\Zyii=1,..,q,j=1,..,8 ;4> —p,f€X, iz € U*) .

For; convenience, we write

Hl”,f;fs(al, s @3 B, s Bs) = H,’;f;fs(al)

and

H () = B (@) (4> —p).

If f(z) is given by (1.1), then from (1.7), we deduce that

0

H () f(z) =277+ ).

= (@1) pske--(@g) pri

(1 + P)psk(B1) ke (Bs)pik

It is easily follows from (1.8) that

’

2 (Hyt (@) f(2)) = (u+ p)Hpi () f(2) — (u+ 2p)Hyt! (1) f(2).

@+ v) :{ (1 (v =0;0e C\{0} = C*),
0

azr (u>—p;ze U").

(1.7)

(1.8)

(1.9)
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From the identity (1.9), we readily have

¢ (Hp (@) £(2)) = (et p— DHPE (@) f(2) — (u+2p — DHES (@) fz) (110)

and

2 (H (@) £(2)) = (et p+ DHE () f() = (u+2p + DHPE () f(2). (111
The linear operator H

vas(@1) was introduced by Patel and Palit (Patel & Palit, 2009) .

We note that the linear operator H),;';() is closely related to the Choi-Saigo-Srivastava oper-
ator (Choi et al., 2002) for analytic functions and is essentially motivated by the operators defined
and studied in (Cho & Noor, 2006) ( see also, (Dziok & Srivastava, 1999), (Dziok & Srivastava,
2003), (Srivastava, 2007) and (Srivastava & Karlsson, 1985)).

Specializing the parameters u, ;(i = 1,2,...q),8;(j = 1,2, ...s),q and s we obtain the follow-
ing :

@ Hy5 (p,pip)f(2) = Hyy (P + 1. p3p)f(2) = [f(2);

N . /
(i) szll(p,p;p)f(z) — M

(iii) Hm21(p—|—l pp)f(z) = %’

Z
(iv) H" P(c + 1,1;0)f(2) = Jep(f)(2) = =5 §etP7 f(0)dt (¢ > 0,z € U*), this integral
0

p.1,1
operator is defined by

Z

o
D@ = 255 f £ (e 0:F € Xp),
0
Z
V) Hyyy(p+ 1, ps p)f =%(S) PP f(n)de s (peNyze U*);
(vi) H' o (@ 1ia)f(2) = m = D""P71f(z) (n > —p), the operator D"*P~! studied by

Ganigi and Uralegaddi (Ganigi & Uralegaddi, 1989), Yang (Yang, 1995), Aouf (Aouf, 1993), Aouf
and Srivastava (Aouf & Srivastava, 1997) and Uralegaddi and Patil (Uralegaddi & Patil, 1989);

(vii) H}5' (e, p + usa) f(z) = Ly(a, c) f(z) (a,c € R\Z; u > —p) (see Liu (Liu, 2002));

(viii) H121( + 1L,n+ Liu)f(z) = L,f(z) (0> 0;n > —1) (see Yuan et al. (Yuan er al.,
2008)).

We also observe that, form = 0, p = 1 replacing u by u—1, we have the operator HY gsl@)f(2) =

H, ,s(a1)f(z) defined by Cho and Kim (Cho & Kim, 2007).

The object of the present paper is to investigate some properties of meromorphic p- valent
functions by the above operator H, () f(z) given by (1.8).

Definition 1.1. Let H the set of complex valued functions h(r, s, t) : C3 — C such that

h(r, s, t) is continuous in a domain D < C3;

(1,1,1)e D and |h(1,1,1)] < 1;
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. 1 +p—1. 1 2 +p—1.
I’l 616, + M 14 619 + 6, + M P etO+
H+Dp H+p pu+p pu+p+1 p+p+1

1 (u+p—1)0e? + [6 + B — 6%
0+ , >
ptp+l (ut+p+ )+ u+p—Du+p+e?+ (u+p+1)s

whenever

. 1 1, 1 2 -1,
(e"’, GHEEPZ ey 5, GREP ey
p+p  pEp p+p ptp+1l p+p+1
1 5t (u+p—1)0e" + [6 + B — 6% cD
ptp+1l (wtp+)+pt+p—DE+p+1)e?+ (u+p+1)0
with R(B = 6(6 — 1)) for real 8, § = 1 and A > 0.

2. The Main Result

In order to prove our main result, we recall the following lemma due to Miller and Mocanu
(Miller & Mocanu, 1978).

Lemma 2.1. Let w(z) = a+wyz" + .......be analyticin U = {z : z€ Cand |z| < 1} withw(z) # a

andn = 1. If zo = rpe” (0 < rg < 1) and |w(zo)| = |max \w(z)|. Then
z|<ro

w (z0) = 6w(zo) 2.1)
and
R P COR S (2.2)
w'(z0)
where § is a real number and
w(zo) — af’ Iw(zo)| — |al

w(z0)|* — laf” ~w(zo)| + lal

Theorem 2.1. Let h(r, s,t) € H and let f € X,,, satisfies

( Hot (@) f(2) Hpst (a0 f(2) Hpt 2(“‘)f(z>> cDc

(2.3)

’

Hyt ) f(z) Hpgs(@)f(@) " Hys () f(2)
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and
A ( H () f(2) H ) () Hp 2(“'>f(Z)> <1 04
Hy () f(2) Hpas(@)f(2) T Hp (00 £(2)
for all z € U and for some m € N.Then we have
‘ﬁ%ﬂmV@ <1 (zeUsp>—-p,0<a<p;peN).
H,ys (o) f(z)
Proof. Let
Hﬁ%@ﬁf&):zw&> (2.5)

Hy () f(2)
Then it follows that w(z) is either analytic or meromorphic in U, w(0) = 1 and w(z) # 1. Differ-
entiating (2.5) logarithmically and multiply by z, we obtain

’

2 (H () f(2) ¢ <H%;1(C¥1)f(z)> W (2)
Hyg.s(@)f(2) H™ Y ay) f(2) w(z)

Using the identities (1.6) and (1.10) , we have

H™ o) f(z 1 +p—1 1 zw'(z
Hyos(a)f(z)  u+p  u+p p+p wi)
Differentiating (2.6) logarithmically and multiply by z, we obtain
mu+1 ' ’ +p—1 zw,(,) '
(M @)Q) mmere) el SEO ]
mu+1 - [_I’"»“c o 1 +p—1 1 ' (2) '
Hpg.s (Cl’l)f(Z) P58 (al)f(z> e + %W(Z) + T W)

, " ’ 2
/ w () |, 2w (2) w (2)
(:u +p— I)ZW (Z) + l w(z) + w(z) - ( w(z) ) ]

w (2)

L+ (u+p—1)w(z) + 55
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Using the identities (1.9) and (1.11) , we have

H 42 () f(2) Hya (1) f(2)
1) 2 - 1+
(u+p+ %$£Wmﬁk) m+p)pwwﬂﬂ@
(u+p—1zw'(2) + [ZW A (Z:I(S)Y]

1+ (/1+P_1 () w(z)

= 1+ [1 +u+p—Dw(z) + ZW/(Z)] +

/ " ’ 2
! w(z) | 2w (2) w (2)
(u+p—1zw (z) + [ wo T we) ( w(z) ) ]

w (2)

L+ (u+p—Dw(z) + 55

We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zo € U such that ‘rr|1ax lw(z)| =
Z|<ro

Iw(zo)| = 1. Letting w(zo) = € and using Lemma 2.1 with a = 1 and n = 1, we have

Hyy(a1) f(2) i
Hyr' @) f(2)
Hya () f(z) 1 p+p—1, 1
é%ﬂMﬂd T ourp | mtp w+u+pd
Hy (o) f(2) 2 (wtp=1) 4 1
HY () £(2) w+p+1)  (w+p+1)  (u+p+1)

N (p+p—1)5ei9+[5+ﬁf52]

w+p+ )+ p+p+)u+p—1e’+ (u+p+1)8

b

where

B = and o> 1.

Further, an application of (2.2) in Lemma 2.1 given R (3 = §(6 — 1). Since h(r, s,t) € H, we have

, ( Hyo(@)f(@) Hya (@) () Hzf;fﬁ(al)f@)
Hyii (@) f(2) Hpasl@)f(2) " Hpgd (o) £(2)

L1 +p—1. 1 2 +p—1,
:V<w’ LHEP—L N N ESNN
H+Dp H+p pu+p pu+p+1 p+p+1
1 5 (u+p—1)6e + [6 + B — 6% -
ptp+1 (ptp+ )+ tp-u+p+De?+u+p+1)s)|
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which contradicts the condition (2.4) of Theorem 2.1. Therefore, we conclude that

‘ Hy,y's(a) f(2) <1 (zeU).

Hygs (@) f(2)

The proof is complete. U

Lettingu = 1,g = 2,5 = 1,0y = p+ l,a, = p and §; = p in Theorem 2.1, we have the
following result.

Corollary 2.1. Let h(r, s,t) € H and let f(z) € Z,,, satisfies

2pf(z) +2f () pl2p+ Df(2) +2f (2)]
pf(m) " (p+1)[2pf(2) +zf (2]

(2p+2)2p + V)f () +4(p+ Vaf @O +2F @)\ _ e
(P +2)2p+ 1)f(2) +2f (2)

and

i 20f(2) +2f (2) P[P+ 1)f(2) +2f (2)]
pf(z) T (p+1)[2pf(2) +2f (2)]°

(2p +2)2p + 1)f(2) + 4(p + zf (2) + 22f’ <z>>

<1

(P+2)2p+1)f(2) +2f'(2)

forall z € U. Then we have

2pf(z) +2f (2)
pf(z)

<1l (zeU).
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