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Abstract

In this paper we study some results concerning the Hadamard product of certain classes related to uniformly
starlike and convex univalent meromorphic functions with positive coefficients.
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1. Introduction

Throughout this paper, let the functions of the form

[ee)

p@) =ciz= Y el (1> 056, 20), (1.1)

n=2

and .
W@ =diz= ) d?"  (di>0:d, 2 0) (1.2)

n=2

which are analytic and univalent in the unit disc
U={z:zeCand |7 < 1};

also, let

f@=243" a2 (a>0:a,20) (13)
< n=1
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a |\ n
@)=+ a2 (@0 > 05,2 0), (1.4)
z n=1
by <~ "
8@ ==+>"b"  (by>0:b,20), (1.5)
Z n=1
g.(z):@Jrib 2" (bo; > 0;b,; > 0) (1.6)
J z - n,j ,J sUn,j = . .

which are analytic and univalent in the punctured unit disc
U'={z:zeCand 0 < |7 < 1}.

A function f(z) € X is meromorhpically starlike of order « if

—Re{zﬁg)}>a(zeU*;OSa< 1. (1.7)

A function f of the form (1.3) is said to be in the class UZS ;(a, ) of meromorphic uniformly g
-starlike functions of order « if it satisfies the condition:

2f'(@) 2f'(2)
—Re{ 10 +a} >/3' I +1

Also, a function f of the form (1.3) is said to be in the class UZCy(a, 8) of meromorphic uniformly
B -convex functions of order « if it satisfies the condition:

(zeU;0<a<1;8>0). (1.8)

—Re{l " Z]]:(g) +a/} >,8'2 + Z]]:;S)'(z cU0<a<1;8>0). (1.9)

It follows from (1.8) and (1.9) that
feUZCy(a,B) & —zf € UZS (a,p). (1.10)

The classes UXS j(a,pB) and UZCo(a,pB) have been studied by (Aouf et al., 2014), (Atshan &
Kulkarni, 2007), and others. We note that

(1) UZS (@, 0) = S (a) and UZCy(a,0) = C,(a) (see (Aouf & Silverman, 2008), with n = 1);
(i1) UZS j(@,0) = Z,8 (a,y) and UXCy(a,0) = Z£,C,(a,y) (also see (R. M. El-Ashwah & Hassan,
2013), withn=p =7y = 1);

(iii) UZS (@, 0) = Z§ ) (@) and UZCy (@, 0) = K, (@, B) (see (Mogra, 1991)).

Lemma 1.1. Let the function f defined by (1.3). Then f € UZS; (a, ) if and only if

D n(1 +B) + (@ +B)la, < (1 - @), (1.11)

n=1
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Lemma 1.2 (3). Let the function f defined by (1.3). Then f € UXCy («a,B) if and only if

(9]

D nln(1+B) + (@ +Pla, < (1 - a)ap. (1.12)

n=1

Definition 1.1. Let the function f defined by (1.3). Then f € UXS,, (o, ) if and only if

(89

D n"[n(1 +B) + (o + B)lay < (1 - a)ap, (1.13)

n=1
where (0 < 8 < o), (0 < @ < 1) and m any positive integer number.

We note that UXS | (@, 8) = UZCy (o, ) and UZS (@, B) is equivalent to UXS (@, ) . Further,
UXS,, (a,p) c UZS, (a,p) if m > r > 0, the containment beign proper. Whence, for any positive
integer m, we have the inclusion relation

USS o (@, B) C USS oy (@, ) C ... C USS, (a0, B) € USCy (@, f) USS; (. ).

Also, we note that for nonnegative real number m the class UXS ,, (@, ) is nonempty as the func-
tions of the form

[ee)

a (1 - 0y )
10=2% ) ot T B+ @ BT

n=1

where gy > 0, and } 1, < 1, satisfy the inequality (1.13). For the functions

n=1

+ian,jz”(an,j20;j: 1,2). (1.14)

n=1

N =

fi@ =

We denote by (f; * f») (z) the Hadamard product (or convolution) of functions f; (z) and f; (z), that
is

1 (o]
(hsf)@=—+ ;an,lan,zz”. (1.15)

Similarly, we can define the Hadamard product of more than two functions. The quasi-Hadamard
product of two or more functions ¢(z) and ¥(z) given by (1.1) and (1.2), (see (Kumar, 1987)).

[59)

(0 + Q) = cidiz= Y cudy" (1.16)

n=2

In this paper, we can discuss certain results concerning the Hadamard product of functions in the
classes UXS (@, B) , UXS , (@, B) and UZCy (@, B) .
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2. Main results

Theorem 2.1. Let the functions fi(z) defined by (1.4) be in the class UXCy (a, ) for every i =
1,2,...,m, and suppose that the functions g;(z) defined by (1.6) be in the class UZS ;(a,p) for
every j = 1,2, ...,q. Then the Hadamard product (fi * fo * ... * fi, * g1 * &2 * ...8,)(2) belongs to the
class ULS ypig-1 (@, ) .

Proof. It is sufficient to show that

2 {nz”””_] {n(1+p) + (o +p)} ﬁ[ Qi 111[ bn,j:|} <(l-o llﬂl[ ao,i 111[ bo,,] . (@D
n= i= Jj= i= =
Since fi(z) € UXCy (a,B), we get
i nn(1+p6)+(@+pP)la,; < (1 -a)ag; (=1,2,..,m). (2.2)
n=1
Therefore,
1-e) 2.3)

Wi S A+ B+ @+ B

which implies that
ani <N %ag; (i=1,2,..,m). (2.4)

Similarly, for g;(z) € UXS (a,8) , we obtain

D In(1+B) + (@ + B)lby; < (1= @by, (2.5)
n=1

for j =1,2,...,q. Hence we have
buj <n'bo; (j=1,2,...9). (2.6)

Using (2.4) fori=1,2,...,m, (2.6) for j = 1,2,...,q — 1, and (2.5) for j = g, we have

[ m q
{ 1+ + @+ [ Jaui ] | b’””

[ m q-1
{n2m+q—l {I’l(l +ﬁ) + (Q +ﬂ)} n—2mn—(l/—1) n aoi bO,j] bn,q}

e

n=1

Me

B
—_

m—1 q—1
ao,i

I
| ——

ad m q
bo,,-] D+ B+ @+ Pbug| < (1 =) [ aoi [ [ bo.s

i J=1 n=1 i=1 j=1

Hence (fi * fo*...% fru* g1 %82 %...8,)(2) € UXS 9141 (@, B) . The proof of Theorem 1 is completed.
O
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Theorem 2.2. Let the functions fi(z) defined by (1.4) be in the class UXCy(a, ) for every i =
1,2,...,m, then the Hadamard product (f| * f> * ... * f,,)(z) belongs to the class UXS ,,,_ (@, 5) .

Proof. 1t is sufficient to show that

m
| |an1

i=1

> {nz'" Ha(l +B) + (@ + B)

n=1

} <(1-a [H ao,i] . 2.7)

i=1

, the mequahtles (2.1) and (2.2) hold for every i = 1,2,.
2,. —1,and (2.1) fori = 1,2, ...,m, we have

{nz’”“ (n(1+p) + @+ ] | an,l-]}

L i=1

Since fi(z) € UXCy (o, B)
Using (2.2) fori =1,

Mz

n=1

NgE

r m—1
{n2m—l {n(l +ﬁ) + (a/ +ﬁ)} n—z(m—l) 1—[ aO,i:| an’m}
L i=1

] -

m

Il
[

1 00 m
ao,,-] D ntn(1 + ) + @+ B awn] < (1 =) | | aos.
n=1

i=1

Hence (f1 * f5 * ... * f,)(2) € UZS 2,,-1 (@, B) . The proof of Theorem 2 is completed. O

i=1

Theorem 2.3. Let the functions fi(z) defined by (1.4) be in the class UXS | (a,p) for every i =
1,2, ...,m, then the Hadamard product (f * f> * ... * f,,)(z) belongs to the class UXS ,,_1 (a,B) .

Proof. Since fi(z) € UZS [ (a, ) , we have
D (1 +B) + (@ + B)lay; < (1 - ay;, (2.8)
=1

. . (1—(1/)
for every i = 1,2, ..., m. Therefore, we obtain a,; < AT+ HaiB)

ap,; which implies that
an; <nlag; (i=1,2,..,m). (2.9)
Using (2.9) fori=1,2,...,m -1, and (2.8) fori = 1,2, ..., m, we have

%WWM+m+w+m}rh4}

L i=1

1M 1D

[ m—1
< {nm_l {n(1 +B) + (@+p)}|n"" n aO,i] Cln,m}
| i=1
m—1 0 m
= [ ao,i Z [(n(1+B) +(@+P)}awm] < (1 -a) 1_[ ao,i.
i=1 pr) i=1
Hence (fi * f> * ... * fu)(z) € UZS ,._1 (@, B) , which completes the proof of Theorem 3. O

Remark. Taking 8 = 0 in our main results, we obtain the results obtained by Mogra (Mogra, 1991).
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