-

sl Theory and Applications of

" &q Mathematics & Computer Science

(ISSN 2067-2764, EISSN 2247-6202)
,}\ / http://www.uav.ro/applications/se/journal/index.php/tamcs

Theory and Applications of Mathematics & Computer Science 5 (1) (2015) 62-70

On BV, I-convergent Sequence Spaces Defined by an Orlicz
Function

Vakeel. A. Khan®*, Mohd Shafig®, Rami Kamel Ahmad Rababah?

“Department of Mathematics A.M.U, Aligarh-202002, India

Abstract

In this article we study OBV(I,(M ), BVZ.(M) and CX,BV(I,(M ) sequence spaces with the help of BV, space see (Mur-
saleen, 1983b) and an Orlicz function M. we study some topological and algebraic properties of these spaces and
prove some inclusion relations.
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1. Introduction and Preliminaries

Let N, R and C be the sets of all natural, real and complex numbers respectively. We denote
w={x=(x):x €RorC}

the space of all real or complex sequences. Let ¢, ¢ and ¢, denote the Banach spaces of
bounded, convergent and null sequences respectively with norm ||x|| = sup | x; | .
k

Let v be denote the space of sequences of bounded variation. That is,

v:{x:(xk):ilxk—xk_l I< oo, x; :o}, (1.1)

k=0

v is a Banach Space normed by ||x]| = ] | xx — xx—1 | (Mursaleen, 1983b). Let o be an injective
k=0

mapping of the set of the positive integers into itself having no finite orbits. A continuous linear
functional ¢ on £ is said to be an invariant mean or o-mean if and only if:
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1. ¢(x) > 0 where the sequence x = (x;) has x; > 0 for all &,
2. ¢(e) =1 wheree ={1,1,1,...},
3. ¢(Xom) = ¢(x) forall x € €.

If x = (x¢), write Tx = (T'xx) = (Xyx))- It can be shown that
V, = {x = (x) : lim #,,4(x) = L uniformly ink, L = o — lim x} (1.2)

where m > 0,k > 0.
Xk + Xo(k)--- T Xgmk)

tm(x) = and7_1; =0, (1.3)

m+1

where o ,(k) denote the m™-iterate of o(k) at k. In case o is the translation mapping, that is,
o(k) = k+1, o-mean is called a Banach limit (Banach, 1932) and V/,, the set of bounded sequences
of all whose invariant means are equal, is the set of almost convergent sequences.The special case
of (1.2) in which o(k) = k + 1 was given by (Lorentz, 1948), (Theorem 1), and that the general
result can be proved in a similar way. It is familiar that a Banach limit extends the limit functional
on c in the sense that

¢(x) = limx, forall x € c. (1.4)

Remark. In view of above discussion we have ¢ C V.

Theorem 1.1. A o-mean extends the limit functional on c in the sense that ¢(x) = lim x for all
x € ¢ if and only if o has no finite orbits. That is, if and only if for all k > 0, j > 1, o/(k) # k.

Put
G (X) = Lyp(x) = Lo (%), (1.5)

assuming that 7_; ;(x) = 0.
A straight forward calculation shows that (Mursaleen, 1983a)

LN ey I -
¢m,k(x) :{ m(m+1) ng ](x<r(k) Xo (k)), if(m > 1), } (16)

Xy if(m = 0)
For any sequence x, y and scalar A, we have ¢,, (X +y) = ¢y (X) + @i (y) and @y, 4 (AX) = Ay, 1 (X).

Definition 1.1. A sequence x € ¢, is of o-bounded variation if and only if
(1) 2 | dmi(x) | converges uniformly in k.

(i1) l:im tm 1 (x), which must exist, should take the same value for all .

Subsequently invariant means have been studied by (Mursaleen, 1983b,a; Ahmad & Mur-
saleen, 1986; Raimi, 1963; Khan & Ebadullah, 2013, 2012; Schafer, 1972) and many others.
(Mursaleen, 1983b) defined the sequence space BV,, the space of all sequences of o -bounded

variation as BV, = {x € {s : X | $ni(x) |< oo, uniformly in k}.
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Theorem 1.2. (Fast, 1951) BV, is a Banach space normed by || x ||= sup Y | ¢pmi(x) |-
k

Definition 1.2. (see[23]) A function M : [0, ) — [0, o) is said to be an Orlicz function if it
satisfies the following conditions;

(i) M is continuous, convex and non-decreasing,

(i) M(0) = 0, M(x) > 0 and M(x) — oo as x — oo,

Remark. (see (Tripathy & Hazarika, 2011)) If the convexity of an Orlicz function is replaced by
M(x +y) < M(x) + M(y), then this function is called modulus function.

Remark. It M is an Orlicz function,then M(Ax) < AM(x) forall Awith0 < A < 1.

An Orlicz function M is said to satisfy A, — Condition for all values of u if there exists a
constant K > 0 such that M(Lu) < KLM(u) for all values of L > 1(see (Tripathy & Hazarika,
2011)).

(Lindenstrauss & Tzafriri, 1971) used the idea of an Orlicz function to construct the sequence

space {yy = {x e w: ) M('%k") < oo, for some p > 0}. The space £}, becomes a Banach space with
k=1

the norm
| x|

| x ||I=inflp > 0 : Z M(T) <13, (1.7)
k=1
which is called an Orlicz sequence space. The space € is closely related to the space ¢, which is
an Orlicz sequence space with M(t) = t* for 1 < p < oo.

Later on, some Orlicz sequence spaces were investigated by (Hazarika & Esi, 2013; Maddox,
1970; Parshar & Choudhary, 1994; Bhardwaj & Singh, 2000; Et, 2001; Tripathy & Hazarika,
2011) and many others.

Initially, as a generalization of statistical convergence (Fridy, 1985), the notation of ideal con-
vergence (I-convergence) was introduced and studied by (P. Kostyrko & Wilczynski, 2000). Later
on, it was studied by (Khan & Ebadullah, 2013), (Hazarika & Esi, 2013; T. Saldt & Ziman, 2004,
2005) and many others.

Here we give some preliminaries about the notion of I-convergence.

Definition 1.3. A sequence x=(x;) € w is said to be statistically convergent to a limit L € C if
for every € > 0, we have lilgn %l{n € N:|xx—L| = ¢,n < k}| = 0, where vertical lines denote the

cardinality of the enclosed set.

Definition 1.4. Let N be the set of natural numbers. Then a family of sets I C 2" (power set of N)
is said to be an ideal if:

1) I is additivei.e YA, Be I = AUB € I,

2) I is hereditaryi.e VA€ land BC A= Bel.

Definition 1.5. A non-empty family of sets £(/) C 2" is said to be filter on N if and only if
1) ®© ¢ £(1),

2)V A, Be £(I) we have AN B € £(1),

3) VAe£(I)and A C B= B e £(]).
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Definition 1.6. An Ideal I C 2" is called non-trivial if  # 2V,
Definition 1.7. A non-trivial ideal 7 C 2" is called admissible if {{x} : x € N} C I.

Definition 1.8. A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J # [
containing / as a subset.

Definition 1.9. For each ideal I, there is a filter £(/) corresponding to /.
e £(/) ={K C N : K€ I}, where K = N\ K.

Definition 1.10. A sequence x = (x;) € w is said to be /-convergent to a number L if for every
€>0,theset{keN:|xx—L|>¢€} el
In this case, we write [ — lim x;, = L.

Definition 1.11. A sequence x = (x;) € w is said to be I-null if L = 0. In this case, we write
I —-limx; =0.

Definition 1.12. A sequence x = (x;) € w is said to be /-cauchy if for every € > 0 there exists a
number m = m(e) such that {k e N : |x; — x,,| > €} € I.

Definition 1.13. A sequence space E is said to be solid(normal) if (a;x;) € E whenever (x;) € E
and for any sequence(ay) of scalars with | @, |[< 1, for all k € N.

Definition 1.14. A sequence space E is said to be symmetric if (x,)) € E whenever x; € E. where
mis a permutation on N.

Definition 1.15. A sequence space isE said to be sequence algebra if (x;) * (y¢) = (x¢.0x) € E
whenever (x;), (yx) € E.

Definition 1.16. A sequence space E is said to be convergence free if (y;) € E whenever (x;) € E
and x; = 0 implies y, = 0, for all k.

Definition 1.17. Let K = {k; < k, < k3 < k4 < ks...} C N and E be a Sequence space. A K-step
space of E is a sequence space /li ={(x,) € w: (xx) € E}.

Definition 1.18. A canonical pre-image of a sequence (x,) € A% is a sequence (y;) € w defined
by

[ x. ifkeKk,
Y= 0, otherwise.

A canonical preimage of a step space A% is a set of preimages all elements in A%.i.e. y is in the
canonical preimage of A% iff y is the canonical preimage of some x € A%.

Definition 1.19. A sequence space E is said to be monotone if it contains the canonical preimages
of its step space.

Remark. If I = I, the class of all finite subsets of N. Then, / is an admissible ideal in N and /;
convergence coincides with the usual convergence.
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Definition 1.20. If / = I; = {A € N : 6(A) = 0}. Then, I is an admissible ideal in N and we call
the I5-convergence as the logarithmic statistical convergence.

Definition 1.21. If / = I, = {A C N : d(A) = 0}. Then, I is an admissible ideal in N and we call
the I,-convergence as the asymptotic statistical convergence.

Remark. If Iy —limx; = [, then I; — lim x; = L.

The following lemmas remained an important tool for the establishment of some results
of this article.

Lemma 1.1. (Tripathy & Hazarika, 2011). Every solid space is monotone.
Lemma 1.2. Let K e £(l)and M CN. If M ¢ I, then M N K ¢ 1.

Lemma 1.3. If I C2Nand M CN. IfM ¢ I, then MN N ¢ 1.

2. Main Results

Recently (Khan & Ebadullah, 2012) introduced and studied the following sequence space. For
m>0

BVé = {x =) ew:tkeN:| ¢, (x)—LI|>¢€}el forsomel e (C}. 2.1

In this article we introduce the following sequence spaces. For m > 0

BVL(M) = {x = (x) € w: I—1lim M("f”"”‘(:#) =0, for some L € C,p > 0}, (2.2)
0BVL(M) = {x =) €Ew:I—-1lim M("ﬁ’"ﬁ#) =0,p> 0}, (2.3)

«BVL(M) = {x =(x)€w:{keN:3K > ()s.t.M(ld”";ﬂ) >K)el,p> 0}, (2.4)
BV (M) = {x = (X) € w : sup M(%ﬁ#) < co,p > 0}. (2.5)

We also denote My, (M) = BVL(M) N o BVo(M) and g My, (M) = (BVL(M) N «BVy(M).
Throughout the article, if required, we denote ¢, (x)=x, ¢,,,(y)=y and ¢,,;(z)=z where
x,y,z are (xy), (yx) and (z;) respectively.

Theorem 2.1. For any Orlicz function M, the classes of sequence (BV.(M), BVL.(M), OM{‘?V(,(M )
and MgVU(M ) are the linear spaces.
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Proof. We shall prove the result for the space BV.(M), others will follow similarly.
For, let x = (x;),y = (W) € BV(’T(M ) be any two arbitrary elements and let @, 8 are scalars.
Now, since (xz), (yx) € BVé(M) = 1 some positive numbers L, L, € C and p;, p, > 0 such that

m - L
I -lim M(—l Pl ~ L ') -0, 2.6)
k P1
m - L
I - lim M(—l Pmil) ~ Lo ') =0 @7
k P2
= for any given € > 0, the sets
m - L
A = {k eN: M(M) > f} el 2.8)
P1 2
m - L
A, = {k eN: M(M) > f} el (2.9)
P2 2
Let
pz=max{2 | a|p,2|B]|p2} (2.10)
Since, M is non-decreasing and convex function, we have
M(l (ax; + By,) — (aL + BLy) I) -
L3 B
allx —L " — L x, — L ' — L
M(l Il & 1|)+M(|ﬁ”yk 2|)SM(| & 1|)+M(|yk 2|). @2.11)
P3 P3 P1 P2

Therefore, from (2.8), (2.9) and (2.11), we have {k e N:M (l((”“ﬁ hp_(aLith LZ)l) > e} C AjUAel

P3

implies that {k e N:M(“”k*ﬁyk);;““*ﬁ“)') > e} el. That is, I— lim M( '<”k+ﬁyk);3(“L'+ﬁL2>') — 0. Thus,

ax; + Byr € BVIL(M). But (xp), (yx) € BVL(M) are the arbitrary elements. Therefore, ax; + By €
BVL(M), for all (x), (yx) € BVL(M) and for all scalars @, 8. Hence, BV.(M) is linear. O

Theorem 2.2. Let My and M, be two Orlicz functions and satisfying A, — Condition, then
(a) X(M>) € X(M,M>),
(b) X(My) N (My) € X(M, + M) for X= oBV., BV., oMy, and M, .

Proof. (a) Let x = (x;) € ¢BV.(M,) be any arbitrary element= 3 p > 0 such that

I - lim Mz(

9 01

0
1.e.

I —1lim Mz(li) 0. (2.13)
o
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Let € > 0 and choose 6 with 0 < 6 < 1 such that M(r) < €, 0 <t < 6. Let us write y;, = Mz(‘)%)
and consider
11]£n M\(yx) = yélér’?eN M (y) + ykll(SI,?eN M, (yy). (2.14)

Now, since M, is an Orlicz function ,we have M,(Ax) < AM,(x) for all A with 0 < A < 1. Therefore,

lim Ml(yk)<M1(2) hm ()’k) (2.15)

Yk<6,ke

For y; > 9, we have y; < %k <1+ %k. Now, since M, is non—decreasmg and convex, it follows that
1 1 2
M) < Mi(1+2) < SMi@) + SMi(50). (2.16)

Again, since M, satisfies A, — Condition, we have M;(y;) < %K %Ml (2) + %K %Ml (2). Thus,
M (y;) < K%Ml (2). Hence,

lgr]I(lNMl(yk) <max{l,K§ M1(2) hm (yk) (2.17)
yk>0,ke

Therefore, from (2.12), (2.13) and (2.14), we have I~lim M, (y,) = 0, i.e. I-lim M, M2 = 0

implies that (x;) € ¢BVL(M|M,). Thus, (BVL(M,) C (BVL(M|M,). Hence, X(M,) € X(M{M,)
for X=(BV/. For X = BV],X= oM}, and X = Mgy, the inclusions can be established similarly.
(b). Let x = (x;) € oBVL(M;) N (BVL(M,). Let € > 0 be given. Then there exists p > 0

such that the sets / — lim Ml(ld’"’"@) =0and I - limM (|¢"k(x)|) = 0. Therefore, I — lim M; +

Mz(—w””ﬁm') =1-1limM, (|¢’"k(x)|) + 1 —1lim M, (|¢mk(x)|) implies that / — lim M, + Mz(—w’”ﬁ(x)') = 0.

Thus, x = ()Ck) S OBVO.(M] + M,) Hence, ()BVé_(M]) N QBVé(Mz) c ()BV!.(M] + M,). For X = BVé_,
X= oMy, and X = M}, the inclusions are similar. O

For M,(x) = (x) and My(x) = M(x), ¥ x € [0, ), we have the following corollary.
Corollary 2.1. X € X(M) for X=(BV., BV., M}, and My,
Theorem 2.3. For any orlicz function M, the spaces (BV.(M) and OMII9VU. are solid and monotone.

Proof. Here we consider (BV}(M) and for oMy, the proof shall be similar. For, let (x;) €
BVL(M) be any arbitrary element. = Jp > 0 such that [ — lilgn M(W”+(x)l) = 0. Let (o) be a

sequence of scalars such that | @, |< 1,for all k € N.
Now, since M is an Orlicz function. Therefore,

M(Iakrzb,;k(x) I) o | M(I ¢m;(x) I) < M(Iqﬁmﬁ(x) I)

M(w) < M(M

), forall k € N,
o o
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implies that 7 — li,{n M(W) =0.

Thus, (axxx) €0 BVL(M). Hence (BV.L(M) is solid. Therefore, by lemma 1.1, (BVL(M) is
monotone. Hence the result. O

Theorem 2.4. For any orlicz function M, the spaces BV!(M) and Mg‘,{r are neither solid nor
monotone in general.

Proof. Here we give counter example for the establishment of this result. For, let us consider
I = Iy and M(x) = x, for all x € [0, ). Consider, the K-step space Bx(M) of B(M) as follows.
Let(x;) € B(M) and (y;) € Bg(M) be such that

_ | x, ifkiseven,
Ve = 0, otherwise.

Consider the sequence (x;) defined as x; = 1, forallk € N, then x; € BV!(M) and Mgv(r but its
K-step space pre-image does not belong to BV, (M) and My, . Thus, BV, (M) and M}, are not
monotone and hence by lemma(I) they are not solid. L

Theorem 2.5. For an Orlicz function M, the spaces (BV! (M) and BV!(M) are not convergence
free.

Proof. LetI = I; and M(x) = x for all x € [0, co). Consider the sequences (x;) and (y;) defined as
follows.

1
X = Eandyk:k, for all k € N.

Then, (x;) belongs to both € (BV! (M) and BV. (M) but (y;) does not belongs to both (BV.(M) and
BVL(M).
Hence, the spaces (BV.(M) and BV.(M) are not convergence free. O

Theorem 2.6. For an Orlicz function M, the spaces OBV(IT(M ) and BV(IT(M ) are sequence algebra.

Proof. Here we consider ¢BV.(M). For the other one, result is similar.
Let x = (xr),y = () € OBV(‘;(M) be any two arbitrary elements.
= dpy,p2 > 0 such that

I —lim M(M) =0
k p1
and
I —lim M(M) =0.
k P2

Let p = p1p, > 0. Then, it is obvious that I — li,fn M 0 implies that (x¢.yx) = (%) €

oBV!(M). Hence, (BV.(M) is a Sequence algebra. O]

|¢m,k(x)¢m,k (Y)l _
(Hasdasy

Theorem 2.7. Let M be an Orlicz function. Then, OBV(IT(M) C BV(IT(M ) C OOBV(IT(M ).



70 Vakeel. A. Khan et al. / Theory and Applications of Mathematics & Computer Science 5 (1) (2015) 62—70

Proof. Let M be an Orlicz function. Then, we have to show that (BV.(M) € BVL(M) € BVL(M).
Firstly, ¢BV.(M) € BVL(M) is obvious.
Now, let x = (x;) € BV (M) be any arbitrary element = Jp > 0 such that I—lilfn M (W) =0

for some L € N.
Now, M(W’zﬂ) < %M(w) + %M(@). Taking supremum over k to both sides, we have
o P P
x = (x) € «BVL(M). Hence, (BV.(M) C BVL(M) C BV (M). 0

Acknowledgments: The authors would like to record their gratitude to the reviewers for their
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