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Abstract
Many problems in signal processing and statistical inference are based on finding a sparse solution to an undeter-

mined linear system. The reference approach to this problemof finding sparse signal representations, on overcomplete
dictionaries, leads to convex unconstrained optimizationproblems, with a quadratic termℓ2, for the adjustment to the
observed signal, and a coefficient vectorℓ1-norm. This work focus the development and experimental analysis of
an algorithm for the solution ofℓq-ℓp optimization problems, wherep ∈ ]0, 1] ∧ q ∈ [1, 2], of which ℓ2-ℓ1 is an
instance. The developed algorithm belongs to the majorization-minimization class, where the solution of the problem
is given by the minimization of a progression of majorizers of the original function. Each iteration corresponds to the
solution of anℓ2-ℓ1 problem, solved by the projected gradient algorithm. When tested on synthetic data and image
reconstruction problems, the results shows a good performance of the implemented algorithm, both in compressed
sensing and signal restoration scenarios.

Keywords: Sparse signal representation, Convex relaxation,ℓ2-ℓ1 optimization, Compressed sensing,
Majorization-minimization algorithms, Quadratic programming, Gradient projection algorithms.
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1. Introduction

In general, sparse approximation problems have been of great interest given its wide applica-
bility both in signal and image processing field as in statistical inference contexts, where many of
the problems to be solved involve the undetermined linear systems sparse solutions determination.

The literature on sparsity optimization is rapidly increasing (see (Zarzer, 2009; Donoho, 2006;
Candes & Tao, 2005; Wright et al., 2009) and references therein). More recently sparsity tech-
niques are also receiving increased attention in the optimal control community (Stadler, 2009;
Casaset al., 2012; Herzoget al., 2012).

Given an input signaly, sparse approximation problems resolution aims an approximated sig-
nal determinationx through a linear combination of elementary signals, which are, for several
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current applications, extracted from a set of signals not necessarily lineary independent. A pref-
erence for sparse linear combinations is imposed by penalizing nonzero coefficients. The most
common penalty is the number of elementary signals that participate in the approximation. Ac-
cording to the context in which they operate and the objective to be achieved, sparse approximation
problems can be formulated in different ways. In this sense, the problem domain must justify the
linear model, the elementary signals choice and the sparsity criterion to be adopted.

On account of the combinatorial nature of the sparse approximation problems, which is due
to the presence of thequasi-norm ℓ0 of the coefficients vector to be estimated, these problems
have a difficult computational resolution. In general, these optimization problems are NP-hard
problems (Daviset al., 1997; Natarajan, 1995). One of the most common approach to overcome
this difficulty is the convex relaxation, introduced by Claerbourt etal. (Claerbout & Muir, 1973),
of the original problem, where thequasi-norm ℓ0 is replaced by the normℓ1, which is a convex
function. A classic example of this kind of problems is the determination of sparse representa-
tions on overcomplete dictionaries, where the reference approach leads to unconstraint convex
optimization problems, which involves a quadratic termℓ2 of adjustment to the observed signaly,
and aℓ1 norm of the coefficient vector to be estimatedx. In this sense, it is notorious the interest
shown by the scientific community in the development of methods leading to the resolution of the
unconstraint convex optimization problem

min
x

1
2
‖y − φ x‖22 + λ‖x‖1, (1.1)

whereφ represents the overcomplete dictionary synthesis matrix;if x ∈ ℜn andy ∈ ℜk, φ is a
k× n matrix. The nonnegative parameterλ states a compromise between the approximation mean
squared error and his sparsity level.

The above optimization problem, and related ones, arises inseveral applications, such as the
Basis PursuitandBasis Pursuit Denoisingcriterions (Chenet al., 2001) andCompressed Sensing
(Donoho, 2006).

The optimization problem represented in (1.1) is an instance of the general class of the opti-
mization problemsℓq - ℓp, whereq andp can assume values in the range ]0, 2]. It is important to
stress that the data term generalization to aℓq norm, instead of theℓ2 norm, gives to the approxima-
tion criterion statistical strength features (whenq < 2) (Huber & Ronchetti, 2009) , making it less
permeable to spurious observations (outliers). On the other hand, when it comes to generalization
of the coefficient term to be estimated to aℓp norm, instead aℓ1 norm, and consideringp < 1, we
walk toward the original combinatorial problem resolution.

In this paper is presented an algorithm that aims the resolution of the general class optimiza-
tion problemsℓq -ℓp, wherep ∈ ]0, 1] ∧ q ∈ [1, 2]. The developed algorithm belong to the
majorization-minimization class (Hunter & Lange, 2004), where the problem is solved in an iter-
ative way, through the minimization of a majorizers sequence of the original function. Each upper
bound function corresponds to aℓ2 - ℓ1 problem, where each one of these problems is formu-
lated as a quadratic programming problem and solved throughthe gradient projection algorithm
(Figueiredoet al., 2007b).
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2. Generalized Optimization Problem

The unconstrained optimization problem represented in (1.1) is the convex relaxation of the
subset selection problem, checking to be a major problem in many application areas. Due to its
high applicability, there has been considerable effort made by the scientific community, regarding
techniques and algorithms development for its resolution.Among the different proposed algo-
rithms, are homotopy algorithms (Turlach, 2005; Efron et al., 2004; Malioutov et al., 2005), the
ones based on interior-point methods (Turlachet al., 2005; Chenet al., 2001), the majorization-
minimization class algorithms (Figueiredo & Nowak, 2003, 2005; Figueiredoet al., 2007a) and
the gradient projection algorithm (Figueiredoet al., 2007b).

In this problem, the objective function composed by two terms, one of which being a quadratic
termℓ2 of adjustment to the observed signaly, and the other theℓ1 norm of the coefficient vector to
estimatex. Recall that theℓ1 norm arises by replacing thequasi-normℓ0, at the convex relaxation
of the original convex optimization problem.

As stated above, the optimization problemℓ2 - ℓ1 is an instance of the optimization problems
ℓq - ℓp general class, wherep ∈ ]0, 1] ∧ q ∈ [1, 2].

Since the purpose of this work is to achieve the solution of the general class optimization
problemsℓq - ℓp, for p ∈ ]0, 1] ∧ q ∈ [1, 2], let’s consider the generalization of the unconstrained
convex optimization problem (1.1), and define the functionL(x)

L(x) =
1
2
‖y − φ x‖qq + λ‖x‖

p
p, (2.1)

wherex ∈ ℜn, y ∈ ℜk, φ is the synthesis matrix of a dictionaryD (of dimensionk× n), λ ≥ 0,
p ∈]0, 1] andq ∈ [1, 2].

3. Majorization-Minimization Method for the Resolution of the Generalized Optimization
Problem

3.1. Objective Function

There are several algorithms for the resolution of the optimization problem (1.1), such as
Matching Pursuit (MP), Orthogonal Matching Pursuit (OMP),Homotopy, Least Absolute Shrink-
age and Selection Operator (LASSO) and Gradient Projection(GPSR). In this work is developed a
majorization-minimization (MM) method, for the resolution of the optimization problem min

x
L(x),

where the optimization problem (1.1) is solved using the Barzilai-Borwein Gradient Projectional-
gorithm for sparse reconstrution (GPSR-BB) (Figueiredoet al., 2007b). This choice results from
an analysis of the results obtained for different algorithms, which can be found in (Jardim, 2008).
Since GPSR-BB algorithm aims to solve the optimization problem (1.1), it is necessary to estab-
lish a relation between this and the optimization problem that results from the minimization of the
functionL(x) (2.1).

We can observe that the functionL(x) is the sum of the functionsL1(x) andL2(x), where

L1(x) =
1
2
‖y − φ x‖qq and (3.1)
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L2(x) = λ‖x‖pp. (3.2)

Knowing that‖w‖rr =
∑

i |wi |
r , we can define the function

f (z, p) = |z|p. (3.3)

Figures (1(a)) and (1(b)) are graphical representations of the functionf (z, p) for different
values ofp.
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(a) p = 1.75, p = 1.5 andp = 1.25.
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(b) p = 0.75, p = 0.5 andp = 0.25.

Figure 1. Function f (z, p) = |z|p for values ofp greater and smaller than 1.

With this function it is possible to write (3.1) and (3.2) as

L1(x) =
1
2

k
∑

i=1

f
(

yi − (φx)i , q
)

. (3.4)

and

L2(x) = λ
n
∑

i=1

f (xi , p) . (3.5)

3.1.1. The Majorizer Function
By the analysis of the figures (1(a)) and (1(b)) we can verify that it is possible to determine

for the function f (z, p) (so to theL1(x) andL2(x) functions), and for some valuez′, majorizers
functions. This opens the door to the use of majorization-minimization algorithms to the resolution
of the optimization problem min

x
L(x), whereL(x) is the function given by (2.1). So, it is necessary

to define aQ function such that

L(x) ≤ Q(x|x̂(t)), ∀x,x̂(t) (3.6)

L(x̂(t)) = Q(x̂(t)|x̂(t)), (3.7)

figure1a.eps
figure1b.eps
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i.e., Q(x|x̂(t)) is a function ofx that majorizes (i.e., upper bounds)L(x).

Recalling thatL(x) = L1(x)+ L2(x), whereL1(x) andL2(x) are given by (3.4) and (3.5) respec-
tively, let’s consider the majorizer functions

Q1(x|x̂(t)) ≥ L1(x) and Q1(x̂(t)|x̂(t)) = L1(x̂) (3.8)

and

Q2(x|x̂(t)) ≥ L2(x) and Q2(x̂(t)|x̂(t)) = L2(x̂(t)). (3.9)

Given the MM algorithm properties (Hunter & Lange, 2004), we can define a function

Q(x|x̂(t)) = Q1(x|x̂(t)) + Q2(x|x̂(t)) such that (3.10)

L(x) ≤ Q1(x|x̂(t)) + Q2(x|x̂(t)), (3.11)

verifying

L(x̂(t)) = Q1(x̂(t)|x̂(t)) + Q2(x̂(t)|x̂(t)). (3.12)

Due to (3.4), and assumingq a fixed value in the interval [1, 2], L1(x) is an even and growing
function with |y − φ x| (see figure (1(a))), having a slower growth, or equal caseq = 2, than
a quadratic function of|(y − φ x)i |. So, it makes sense to use as majorizer function ofL1(x) a
quadratic function, which is also an even function, so without a linear term. In other words, we
can use asL1(x) majorizer a function of the form1

2

∑

i

ai(y − φ x)2
i +bi. The upper bound function

can be used in a MM algorithm only if it verifies the key property, i. e., the upper bound function
must touch the function at the previous estimative. So it is necessary to determineai andbi in
order to

ai(y − φ x)2
i + bi ≥ | (y − φ x)i |

q,∀x (3.13)

ai
(

y − φ x′
)2
i + bi = |

(

y − φ x′
)

i |
q
. (3.14)

Let’s consider the functionf (z, q) given by (3.3), and a quadratic majorizer such that

g1(z, z
′) = a z2

+ b such that:

g1(z, z
′) ≥ f (z, q) ∀z and g1(z

′, z′) = f (z′, q). (3.15)

Given thatf (z, q) = |z|q we have, forq ∈ [1, 2] andz, 0,

d f(z, q)
dz

= q|z|(q−1)sign(z). (3.16)
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In order tog1(z, z′) be tangent tof (z, q) at z= z′, we get

a =
q
2
|z′|(q−2)

. (3.17)

Since we also wantf (z′, q) = g1(z′, z′), we have

b =
2− q

2
|z′|q. (3.18)

Finally, we can write the majorizer function

g1(z, z′) =
q
2

(z′)(q−2)z2
+

2− q
2
|z′|q. (3.19)

Based on majorizer (3.19) we can write

1
2
‖y − φ x‖qq =

1
2

∑

i

|(y − φ x)i |
q

≤
q
4

∑

i

|(y − φ x′)i |
(q−2)(y − φ x)i

2

+
2− q

2
|(y − φ x′)i |

q
. (3.20)

Defining

α
(t)
i =

q
2

















yi −
∑

j

(

φi j x̂(t)
j

)

















q−2

, (3.21)

and

β
(t)
i =

2− q
2

∣

∣

∣

∣

∣

∣

∣

yi −
∑

j

(

φi j x̂(t)
j

)

∣

∣

∣

∣

∣

∣

∣

q

, (3.22)

we have the majorizerQ1(x|x̂(t)) given by

Q1(x|x̂(t)) =
1
2

∑

i



















α
(t)
i

















yi −
∑

j

φi j xj

















2

+ β
(t)
i



















. (3.23)

SinceL(x) is a function consisting of two separable terms, for which can be defined different
majorizer functions, the majorizer function for the termL2(x) = λ‖x‖pp does not necessarily have to
be a quadratic one. In fact, what is desirable is that the majorizer to be adopt for theL2(x) function,
when added to the majorizer defined forL1(x), leads to a functionQ(x, x̂(t)) with a minimizer easy
to find. So, aℓ1 majorizer is the natural choice for penaltiesℓp, with 0 < p ≤ 1, since it is more
tighter than a quadratic majorizer. Recalling that, for theupper bound function can be used in a
MM algorithm it must touch the function at the previous estimate, it is necessary to determine the
parametersc andd so that
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|x|p ≤ c |x| + d, ∀x and |x′|p ≤ c |x′| + d.

Let’s consider the functionf (x, p) given by (3.3), and a majorizerℓ1:

g2(x, x′) = c |x| + d such that:

g2(x, x′) ≥ f (x, p), ∀x and g2(x
′, x′) = f (x′, p). (3.24)

Given that, forp ∈ ]0, 1], andx′ , 0

d f(x, p)
dx

|x=x′ = sign(x′)p|x′|(p−1)
, (3.25)

we have

c = p|x′|(p−1)
, (3.26)

and

d = (1− p)|x′|p. (3.27)

We can then write

g2(x, x′) = p|x′|(p−1)
|x| + (1− p)|x′|p. (3.28)

Defining

δ
(t)
i =















p |x̂(t)
i |

(p−1)
, if x̂(t)

i , 0

1/epsa , if x̂(t)
i = 0

(3.29)

and

ǫ
(t)
i = (1− p) |x̂(t)

i |
p
. (3.30)

we have that the functionQ2(x|x̂(t)) can be written as

Q2(x|x̂(t)) = λ
∑

i

[

δ
(t)
i |xi | + ǫ

(t)
i

]

. (3.31)

Given (3.10) we have that

Q(x|x̂(t)) =
1
2

k
∑

i=1



















α
(t)
i

















yi −
∑

j

φi j xj

















2

+ β
(t)
i



















+ λ

n
∑

i=1

[

δ
(t)
i |xi | + ǫ

(t)
i

]

. (3.32)

aepsis the distance from 1.0 to the next larger double precision number, that isepswith no arguments returns
2(−52).
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Since at each step of the MM algorithm, we perform a minimization in x, the termsβ(t)
i andǫ(t)i

can be ignored, so we have

Q(x|x̂(t)) =
1
2

∑

i



















α
(t)
i

















yi −
∑

j

φi j xj

















2
















+ λ
∑

i

[

δ
(t)
i |xi |
]

, (3.33)

or, in vectorial notation

Q(x|x̂(t)) =
1
2

(y − φ x)T
Γ

(t)(y − φ x) + λ 1T
Λ

(t)|x|, (3.34)

with

Γ
(t)
=

































α
(t)
1 0 ... 0
0 α

(t)
2 ... 0

... ... ... ...

0 0 ... α
(t)
k

































and

Λ
(t)
=

































δ
(t)
1 0 ... 0
0 δ

(t)
2 ... 0

... ... ... ...

0 0 ... δ
(t)
n

































. (3.35)

and where|x| = [ |x1|, |x2|, ..., |xn|]
T.

The minimization of the functionL(x) is implemented, iteratively, as a succession of minimaliza-
tions of the functionQ(x|x̂(t)).

x̂(t+1)
= arg min

x
Q(x|x̂(t))

x̂(t+1)
= arg min

x

1
2

(y − φ x)T
Γ

(t)(y − φ x) + λ 1T
Λ

(t)|x|. (3.36)

Greater detail in the deduction of the presented mathematical expressions can be found in
(Jardim, 2008).

4. Majorization-Minimization Algorithm

The minimization of the functionQ(x|x̂(t)) (3.33) reflects an unconstrained convex optimization
problem. In order to solve this problem with the algorithm GPSR-BB (Figueiredoet al., 2007b),
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it is necessary to reformulate the optimization problem (3.36) as a quadratic program (Nocedal &
Wright, 1999), which leads to

min
z

cTz +
1
2

zTBz

subject to: z ≥ 0,

(4.1)

wherez = [uT , vT]T is a vector of unknown variables, withu = max {0, x} andv = max {0, −x},

c = λ 12n + [−bT , bT] with b = ATy andA = φT
Γ, andB =

[

AT A −AT A
−AT A AT A

]

.

Considering the previously stated, the following algorithm was implemented in order to solve
the optimization problem (4.1).

Step 0 (initialization): Given an initial estimatez(0), sett = 0.

Step 1: ComputeΓ(t) andτ(t) according to (3.35) andτi = λΛ
(t)
ii , ∀i=1,...,n, respectively.

Step 2: Execute GPSR-BB algorithm with entries the current estimate x̂(t), theτ(t) vector,A =
∆

(t) φ, andym = ∆
(t) y.

x̂(t+1)
= GPSR-BB(ym, A, τ(t), x̂(t)).

Step 3: Perform convergence test and terminate with approximated solution x̂(t+1); otherwise set
t = t + 1 and return toStep 1.

4.1. Stopping Criterion

Initially we used the general stopping criterion

‖x̂(t+1) − x̂(t)‖2

‖x̂(t)‖2
≤ ε, (4.2)

and it was found that it leads to good results. After that we choose a stopping criterion more
directed to the problem to be solved, adopting the one it was used in the GPSR-BB algorithm,
where the algorithm stops when the relative change in the number of nonzero components of the
estimate falls below a given bound value.
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4.2. Computational cost analysis

The number of iterations required to find an approximate solution, both in the outer cycle as in
the inner one (Step 2), is not possible to accurately predict, since it depends (among other factors)
on the quality of the initial estimatêx(0). However, is possible to analyze the computational cost
of each iteration of the proposed algorithm. For outer cycle, each iteration computational cost is
essentially the inherent in the calculation of the matrixΓ(t), vectorsτ(t) andym. The computation
of the matrixΓ(t) matrix, as well as the vectorym, implies a matrix-vector product. To compute
Γ

(t) it is necessary to multiply the (k × n) matrixφ, by the vector of estimateŝx(t), of dimensionn.
This operation has a cost ofO (kn). To compute the vectorym is necessary to multiply the matrix
Γ

(t), of dimension (k×k), by the vectory, of dimensionk, which has a computational cost ofO (k).
Calculate the vectorτ(t) implies vector-scalar product, which requiresn floating-point operations.

The main computational cost per each cycle iteration of the GPSR-BB algorithm is a small
number of inner products, scalar-vector multiplications,and vectors additions, each one of them
requiringn or 2n floating-point operations, , plus a modest number of multiplications byA and
AT. The algorithm proposed in this paper for the resolution of the optimization problem that
results from the minimization of the functionL(x) (2.1), executes GPSR-BB algorithm, where the
matrix A results from the product of the matricesφ andΓ(t). Given thatφ is a k × n matrix, the
computational cost of direct implementation of matrix-vector products byφ or φT is O (kn). For
Γ

(t), k × k matrix, the computational cost of direct implementation ofmatrix-vector products is
O (k). If φ = RW is a matrix of dimensionk × n andR a k × d matrix, thenW must be ad × n
matrix. If W contains an orthogonal wavelet basis (d = n), matrix-vector products involvingW
or WT can be implemented using fast wavelet tranform algorithms with O (n) cost (Mallat, 1999),
instead of theO

(

n2
)

cost of a direct matrix-vector product. Consequently, the cost of a product by
φ or φT is O(n) plus that of multiplying byR or RT which, with a direct implementation, isO (kn).

4.3. Convergence analysis

In order to analyze the convergence of the algorithm proposed in this paper, first will be an-
alyzed the convergence of the GPSR-BB algorithm used in eachiteration of the majorization-
minimization algorithm, whose entries differ from those of the original algorithm of Figueiredo,
being given by the equations defined above. Secondly will be analyzed the convergence of the
iterative algorithm defined by the update (3.36).

As stated by Figueiredo in (Figueiredoet al., 2007b) the convergence of the algorithm GPSR-
BB used in this work can be derived from the analysis of Bertsekas (Bertsekas, 1999), but follows
most directly from the results of Serafini, Zanghirati, and Zanni (Serafiniet al., 2005). In the
algorithm proposed in this work we use the GPSR-BB algorithmwith entries different from the
ones defined by Figueiredo (Figueiredoet al., 2007b). To summarize convergence properties of
the GPSR-BB algorithm with the entries previously defined, we assume that termination occurs
only whenx(t+1)

= x(t), which indicates thatx(t) is optimal.
Theorem 1:When p = 1 ∧ q ∈ [1, 2] the sequence of iterates generated by the GPSR-BB

algorithm with the entriesym, A, τ(t) and the current estimatêx(t) either terminates at a solution of
(4.1) or else converges to a solution of (4.1) at an R-linear rate.
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Proof. Theorem 2.1 of (Serafiniet al., 2005) can be used to demonstrate that all accumulation
points of {x(t)} are stationary points. Although, in (Serafiniet al., 2005), this result applies to
an algorithm in which the steplength parametersα(t) used in the gradient projection method are
chosen by a different scheme, the only relevant requirement on these parameters in the proof of
[(Serafiniet al., 2005), Theorem 2.1] is that they lie in the range [αmin, αmax], as in the case of the
GPSR-BB algorithm used in this work. Whenp = 1∧ q ∈ [1, 2], the objective in (4.1) is convex
and bounded below, we can apply [(Serafiniet al., 2005), Theorem 2.2] to deduce convergence to
a solution of (4.1) at an R-linear rate. Whenp < 1, the objective function in (4.1) is nonconvex;
thus it can not be guaranteed that the algorithm converges toa global optimum. Nevertheless, in
practice, we have never observed any convergence problems:the results show that the proposed
algorithm finds actually a minimum, which although may not bea global minimum corresponds
to a good reconstruction of the signal.

Theorem 2:For Q(x, x′) a continuous function in (x, x′) andL a strictly convex function, the
MM iteration sequencêx(t) converges to the global minimum ofL.

Proof. Knowing thatx̂(t+1)
= arg min

x
Q(x|x̂(t)), and recalling that the majorizer functionQ verifies

the conditions given by (3.6) and (3.7), we have

L(x̂(t+1)) ≤ Q(x̂(t+1)|x̂(t)) ≤ Q(x̂(t)|x̂(t)) = L(x̂(t)), (4.3)

where the left hand inequality follows from the definition ofQ and the right hand inequality
from the definition ofx̂(t+1). The sequenceL(x̂(t)), for t = 1, 2, ..., is, therefore, nonincreasing.
Under mild conditions, namely thatQ(x, x′) is continuous in (x, x′), all limit points of the MM
sequenceL(x̂(t)) are stationary points ofL, andL(x̂(t)) converges monotonically toL∗ = L(x∗), for
some stationary pointx. If, additionally, L is strictly convex,̂x(t) converges to the global minimum
of L. Proofs of these properties are similar to those of similar properties of the EM algorithm
(Huber & Ronchetti, 2009).

5. Experiments

In this section are presented, analyzed and discussed the results obtained by the proposed
algorithm in compressed sensing applications and in the reconstruction of sparse images or with
sparse representations, where for each signal the algorithm is tested for different values ofp and
q. Parameterλ is hand-tuned for the best SNR improvement. For compressed sensing scenarios it
is adjusted according to the expressionλ = 0.1‖φTy‖∞ (as suggested by Fuchs in (Fuchs, 2004)).

All the experiments reported in this section were obtained with MATLAB (MATLAB 7.0 R14)
implementations of the algorithm described above. The computing platform is a standard personal
computer with Intel(R) Core(TM) i7 CPU, 8 GB of RAM, and running Windows 7 operating
system.

5.1. Compressed Sensing

We first consider a typical compressed sensing (CS) scenario, where the goal is to reconstruct
a length-n sparse signal (in the canonical basis, thusW = I andd = n) from k observations, where
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k ≤ n. The rows of thek × n observation matrixR are unit-norm random vectors (of Gaussian
components) inℜn. Notice that, sincek ≤ n, the systemRx = y is undetermined. In the first
example, we taken = 211

= 2048,k = 28
= 256, and generatey by adding Laplacian noise

(probability density functionf (x) = a e−
|x|
a ) with parametera = 0.01) toRx (figure (2(b))). The

original sparse signalx is generated by a mixture of a uniform distribution on [1, 1] and a point
mass at zero, with probabilities 0.01 and 0.99, respectively. As we can see in2(a), the original
signal is indeed sparse.

0 500 1000 1500 2000

−0.5

0

0.5

1

(a) Original signal.

0 50 100 150 200 250

−0.5

0

0.5

1

(b) Observed signal.

Figure 2. Original and observed signal.

For the described data set we have as initial estimate forℓq - ℓp algorithm the signal̂x(0)
= φTy.

The estimates obtained by solving (2.1) using the proposed algorithm forq = 1 ∧ p ∈]0, 1] are
shown in figure (3), and it can be verified that they are very close to the original signal.
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0

0.5

1
MSE = 0.00061642

(a) q = 1∧ p = 1.

0 500 1000 1500 2000

−0.5

0

0.5

1
MSE = 6.8346e−05

(b) q = 1∧ p = 0.75.

0 500 1000 1500 2000

−0.5

0

0.5

1
MSE = 2.1776e−05

(c) q = 1∧ p = 0.5.

0 500 1000 1500 2000

−0.5

0

0.5

1
MSE = 1.9378e−05

(d) q = 1∧ p = 0.25.

Figure 3. Estimated signal by (2.1) minimization forq = 1∧ p ∈]0, 1]

From the results obtained, and presented in figure (3) it is possible to observe that the approx-
imation mean squared errorb (MSE) forq = 1∧ p = 1 is about 10 times greater than that obtained
for p ≤ 1, meeting the expected results.

bMSE = (1/n) ‖x̂ − x‖22, wherex̂ is an estimate ofx.

figure2a.eps
figure2b.eps
figure3a.eps
figure3b.eps
figure3c.eps
figure3d.eps
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As referred above, the generalization of the data term from aℓ2 norm to aℓq norm, gives to
the approximation criterion statistical strength features whenq < 2. This can be verified in the
second experiment, where we taken = 211

= 2048,k = 28
= 256, and generatey by adding to

Rx impulsive noise. Considering the original signal represented in figure (4(a)) with 16 nonzero
components, we can see in figure (5) that the MSE of the approximation decreases with the value
of q, taken as constant the value ofp = 1.

0 500 1000 1500 2000
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0.5

(a) Original signal.

0 50 100 150 200 250
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0

0.5

1

(b) Observed signal.

Figure 4. Original and observed signal.

0 500 1000 1500 2000
−1

−0.5

0

0.5
MSE = 0.00034811

(a) q = 2∧ p = 1.
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(b) q = 1.75∧ p = 1.

0 500 1000 1500 2000
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0.5
MSE = 0.00031575

(c) q = 1.5∧ p = 1.

0 500 1000 1500 2000
−1

−0.5

0

0.5
MSE = 0.00031103

(d) q = 1.25∧ p = 1.

Figure 5. Estimated signal by (2.1) minimization forq ∈]1, 2] ∧ p = 1

Note, for example, that the best result achieved byℓq - ℓp algorithm forq = 2 (MSE= 3.4811×
10−4, 59 nonzero components) is not so good as the obtained forq = 1.25 (MSE= 3.1103× 10−4,
35 nonzero components). Although a significant improvementin quantitative terms (the values of
the approximations MSE for different values ofq are not too different) doesn’t occur, in this case,
we can verify that, as the value ofq decreases, the approach presents qualitative improvements
(lower number of spurious observations in the final estimate). Figures (6(a)) and (6(b)) show the
evolution of the MSE and objective function, for outer and inner loop respectively, against iteration
number of the proposed algorithm, whenq = 1.5∧ p = 1.

Analyzing the graphics of figure (6) we can observe that the values of the approximation MSE
and the objective function decreases in each iteration of the ℓq − ℓp algorithm. In fact, starting

figure4a.eps
figure4b.eps
figure5a.eps
figure5b.eps
figure5c.eps
figure5d.eps
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(a) Algorithm outer loop
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(b) Algorithm inner loop

Figure 6. MSE and Objective functionvs. Iteration number

from a initial upper bound function, built on the initial estimate, it is observed that the proposed
algorithm builds at each iteration a new one, on the basis of the obtained solution for the previous
upper bound function, which solution is closest to the original signal.

Next experiment shows the performance of the implemented algorithm in a typical compressed
sensing problem, where the goal is to reconstruct a signal fromk projections (withk = 210

= 1024).
The observation matrixR, of dimensionk× n, is a matrix of random projection vectors. The two-
dimensional original signal, which is represented in figure(7) has a sparse wavelet transform, and
in this example the columns of the representation matrixW form an orthogonal wavelet basis
(daubechies-2 (Haar)). The original signal is an image of piecewise smooth filtered white noise
of dimensionn′ × n′, with n′ = 26, i. e. n= 212 (figure (7)). The observed signal is obtained by
adding white Gaussian noise with standard deviation 0.001 toRx. Figures (8(a)) - (8(c)) shows
the results ofℓq - ℓp algorithm, taken as initial estimatex̂(0)

= 0. By the results we can see that the
proposed algorithm produces, fromk projections corrupted by random white Gaussian noise best
approximations (lower MSE) forp < 1.

Figure 7. Original signal.

5.2. Image Restoration
The following two experiments show the performance of the proposed algorithm in real im-

ages restoration, where the columns of representation matrix W form an orthogonal wavelet basis

figure6a.eps
figure6b.eps
figure7.eps
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(a) q = 2∧ p = 1. (b) q = 2∧ p = 0.4. (c) q = 2∧ p = 0.2.

Figure 8. Estimated signal by (2.1) minimization, forq = 2∧ p ∈ ]0, 1].

(daubechies-2 (Haar)). The observation matrixR, of dimensionk × k, is a Toeplitz blocks ma-
trix representing 2D convolutions. In the first of these experiments we have as original signal
the well-known Camera-man image (figure (9(a))). The observed image is obtained convolving
the original image with a uniform blur filter of size 9× 9, and then adding to the blurred image
(Rx) white Gaussian noise with standard deviation 0.005 (figure (9(b))). Taken as initial estimate
x̂(0)
= φTy, figures (10(a)) - (10(d)) shows the algorithm performance forq = 2 andp ∈ ]0, 1].

For q = 2∧ p = 0.5 the initial value of the objective function is 2.0834× 106 and the final one is
3.146× 104.

A typical statistical model for image wavelet coefficients is the Generalized Gaussian Density

(Moulin & Liu , 1999), given byp(θ) = exp
{

− |θ|
p

α

}

, whereθ represents the wavelet coefficients

vector. The graph shown in figure (11) represents the evolution of MSE withp, where we can see
that the best approximation occurs forp = 0.5. This is consistent with Moulin’s statment (Moulin
& Liu , 1999) that good image models based on wavelets are obtained doingp ≃ 0.7.

(a) Original image. (b) Observed image.

Figure 9. Original and observed real image.

In the last reported experiment the original image is the also well-known Lenna image (figure
(12(a))). The observed image is obtained convolving the original image with a uniform blur filter
of size 9× 9, and then adding to the blurred image (Rx) impulsive noise (figure (12(b))).

Figures (13(a)) - (13(d)) shows the performance of the implemented algorithm forq ∈ ]1, 2]
andp = 1. Again we can observe that best results are achieved for values ofp below 1. For this
experiment, and forq = 1.25∧ p = 1, we have that the initial value of the objective function is
3.7745× 106 and the final one is 1.689× 105.

figure8a.eps
figure8b.eps
figure8c.eps
figure9a.eps
figure9b.eps
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(a) q = 2∧ p = 1. (b) q = 2∧ p = 0.8.

(c) q = 2∧ p = 0.6. (d) q = 2∧ p = 0.5.

Figure 10. Estimated signal by (2.1) minimization, forq = 2∧ p ∈ ]0, 1].
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Figure 11. Approximation MSE evolution withp.

(a) Original image. (b) Observed image.

Figure 12. Original and observed real image.

6. Conclusions

In this paper was proposed a majorization-minimization class algorithm to addressℓq-ℓp opti-
mization problems, wherep ∈ ]0, 1] ∧ q ∈ [1, 2], of which ℓ2-ℓ1 is an instance. The proposed
algorithm was tested on scenarios of compressed sensing andimage reconstruction, and, in both
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(a) q = 2∧ p = 1. (b) q = 1.75∧ p = 1.

(c) q = 1.5∧ p = 1. (d) q = 1.25∧ p = 1.

Figure 13. Estimated signal by (2.1) minimization, forq ∈ ]1, 2] andp = 1.

cases, experiments were performed for data corrupted by uniform and impulsive noise. As men-
tioned, the generalization of the coefficients term to be estimated, from aℓ1 to a ℓp norm, with
p < 1, aims to move towards the solution of the original combinatorial optimization problem,
whose complexity prevents the calculation of a global solution in polynomial time. Although no
one can guarantee the convergence of the algorithm to a global minimum, whereas forp < 1 the
problem is no longer convex,the analysis of the results shows that the proposed algorithm provides
as solution of the optimization problem a minimum corresponding to a signal reconstruction better
than the one obtained by makingp = 1 (lowest approximation MSE).

While in the experiments with nonnatural sparse signals we verify that approximation MSE,
relatively to the original signal, decreases with the valueof p, the same is not true for natural
images, where we verify that there is an optimal value ofp < 1, for which we obtain the best
possible approximation,i.e., that which corresponds the smallest MSE. This is justified against the
model used for wavelet coefficients (GGD - Generalized Gaussian Density), which is function of
the parameterp.

In the presence of outliers the proposed algorithm was tested takingp constant and equal to 1,
and rangingq in ]1, 2]. Both in compressed sensing applications of unidimensional signals, as in
natural images restoration applications we can verify thatthe approximation MSE decreases with
the value of parameterq. From the analysis of the results we can still observe that, as the value
of q decreases the amount of outliers of the optimization problem solution also decreases. Hence
it can be concluded that the use ofℓq norms, withq < 2, in data term, gives to the approximation
criterion statistical robustness characteristics.

figure13a.eps
figure13b.eps
figure13c.eps
figure13d.eps
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