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Abstract

Many problems in signal processing and statistical infeeeare based on finding a sparse solution to an undeter-
mined linear system. The reference approach to this probfdimding sparse signal representations, on overcomplete
dictionaries, leads to convex unconstrained optimizgtiamilems, with a quadratic terf, for the adjustment to the
observed signal, and a daeient vector{;-norm. This work focus the development and experimentalyaisaof
an algorithm for the solution ofy-¢, optimization problems, wherp €]0, 1] A q € [1, 2], of which {>-¢1 is an
instance. The developed algorithm belongs to the majaoizahinimization class, where the solution of the problem
is given by the minimization of a progression of majorizefrthe original function. Each iteration corresponds to the
solution of ané,-¢1 problem, solved by the projected gradient algorithm. Whessteid on synthetic data and image
reconstruction problems, the results shows a good perfuzenaf the implemented algorithm, both in compressed
sensing and signal restoration scenarios.

Keywords: Sparse signal representation, Convex relaxaftipi; optimization, Compressed sensing,
Majorization-minimization algorithms, Quadratic prograing, Gradient projection algorithms.
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1. Introduction

In general, sparse approximation problems have been of igtegest given its wide applica-
bility both in signal and image processing field as in stat@sinference contexts, where many of
the problems to be solved involve the undetermined linestesys sparse solutions determination.

The literature on sparsity optimization is rapidly incriegysee Zarzer 2009 Donohq 2006
Candes & Tap2005 Wright et al,, 2009 and references therein). More recently sparsity tech-
niques are also receiving increased attention in the optharatrol community Stadler 2009
Casast al,, 2012 Herzoget al.,, 2012).

Given an input signa/, sparse approximation problems resolution aims an apmpabed sig-
nal determinatiorx through a linear combination of elementary signals, whiah or several
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current applications, extracted from a set of signals noesearily lineary independent. A pref-
erence for sparse linear combinations is imposed by peénglironzero coficients. The most
common penalty is the number of elementary signals thaicgzate in the approximation. Ac-
cording to the context in which they operate and the objed¢t\be achieved, sparse approximation
problems can be formulated inffrent ways. In this sense, the problem domain must justédy th
linear model, the elementary signals choice and the spansiérion to be adopted.

On account of the combinatorial nature of the sparse apmpation problems, which is due
to the presence of thguasinorm ¢, of the codficients vector to be estimated, these problems
have a dificult computational resolution. In general, these optitnaproblems are NP-hard
problems Daviset al, 1997 Natarajan1995. One of the most common approach to overcome
this difficulty is the convex relaxation, introduced by Claerbourle{Claerbout & Muir, 1973,
of the original problem, where thguasinorm ¢, is replaced by the norrfy, which is a convex
function. A classic example of this kind of problems is théetiination of sparse representa-
tions on overcomplete dictionaries, where the referengeageh leads to unconstraint convex
optimization problems, which involves a quadratic teékof adjustment to the observed sigpal
and a¢; norm of the cofficient vector to be estimated In this sense, it is notorious the interest
shown by the scientific community in the development of mégheading to the resolution of the
unconstraint convex optimization problem

1
min Sy = ¢ Xliz + AL, (1.1)

whereg represents the overcomplete dictionary synthesis mattixe R" andy € RX, ¢ is a
k x n matrix. The nonnegative parametestates a compromise between the approximation mean
squared error and his sparsity level.

The above optimization problem, and related ones, arisesvaral applications, such as the
Basis PursuiandBasis Pursuit Denoisingriterions Chenet al., 2001) andCompressed Sensing
(Donohq 2006.

The optimization problem represented inl) is an instance of the general class of the opti-
mization problemg, - £,, whereq and p can assume values in the range2Q It is important to
stress that the data term generalization£graorm, instead of thé, norm, gives to the approxima-
tion criterion statistical strength features (wheg 2) (Huber & Ronchetti2009 , making it less
permeable to spurious observationstfiers). On the other hand, when it comes to generalization
of the codficient term to be estimated tofg norm, instead & norm, and considering < 1, we
walk toward the original combinatorial problem resolution

In this paper is presented an algorithm that aims the raealof the general class optimiza-
tion problemst, -¢,, wherep €]0, 1] A q € [1, 2]. The developed algorithm belong to the
majorization-minimization clasdHunter & Lange 2004, where the problem is solved in an iter-
ative way, through the minimization of a majorizers seqeesfche original function. Each upper
bound function corresponds tofa - ¢; problem, where each one of these problems is formu-
lated as a quadratic programming problem and solved thrthaglgradient projection algorithm
(Figueiredcet al., 2007).
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2. Generalized Optimization Problem

The unconstrained optimization problem represented.i) {s the convex relaxation of the
subset selection problem, checking to be a major problemanynapplication areas. Due to its
high applicability, there has been consideralifert made by the scientific community, regarding
techniques and algorithms development for its resolutidmong the diferent proposed algo-
rithms, are homotopy algorithm3irlach 2005 Efron et al,, 2004 Malioutov et al, 2009, the
ones based on interior-point methodsilachet al., 2005 Chenet al., 2001), the majorization-
minimization class algorithmd={gueiredo & Nowak 2003 2005 Figueiredoet al, 2007a) and
the gradient projection algorithnfrigueiredoet al.,, 2007).

In this problem, the objective function composed by two tgrane of which being a quadratic
term¢, of adjustment to the observed siggalnd the other thé, norm of the co#ficient vector to
estimatex. Recall that the; norm arises by replacing tlgpiasinorm¢, at the convex relaxation
of the original convex optimization problem.

As stated above, the optimization problépm ¢, is an instance of the optimization problems
{q - €, general class, whenee]0, 1] A g e [1, 2].

Since the purpose of this work is to achieve the solution efdkneral class optimization
problems/y - £, for p€]0, 1] A g € [1, 2], let's consider the generalization of the unconstrained
convex optimization problenil(1), and define the functioh(x)

1
L(x) = 5|IY—¢X||3 + AlIXIIP, (2.1)

wherex € R",y € RK, ¢ is the synthesis matrix of a dictionaBy (of dimensiork x n), A > 0,
p €]0, 1] andqg € [1, 2].

3. Majorization-Minimization Method for the Resolution of the Generalized Optimization
Problem

3.1. Objective Function

There are several algorithms for the resolution of the ogtition problem 1.1), such as
Matching Pursuit (MP), Orthogonal Matching Pursuit (OMRpmotopy, Least Absolute Shrink-
age and Selection Operator (LASSO) and Gradient Proje(B&%R). In this work is developed a
majorization-minimization (MM) method, for the resolutiof the optimization problemxmih(x),

where the optimization problem (1) is solved using the Barzilai-Borwein Gradient Projectabn
gorithm for sparse reconstrution (GPSR-BB)gueiredoet al,, 2007). This choice results from
an analysis of the results obtained foftdient algorithms, which can be found iFa¢dim 2008.
Since GPSR-BB algorithm aims to solve the optimization fEob(1.1), it is necessary to estab-
lish a relation between this and the optimization probleat thsults from the minimization of the
functionL(x) (2.1).

We can observe that the functituix) is the sum of the functionis;(x) andL(x), where

1
Li(x) = §||y —¢Xllg and (3.1)
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Lo(x) = AlIXIIE. (3.2)
Knowing that/|w|; = Y; wi|", we can define the function
f(z p) = 2" (3.3)
Figures ((a) and (L(b)) are graphical representations of the functitz, p) for different
values ofp.
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Figure 1. Functionf(z p) = |2® for values ofp greater and smaller than 1.

With this function it is possible to write3(1) and @.2) as

k
L0 =5 1= (9. ). 3.4)
and
Lo =), f (% P). (35)

3.1.1. The Majorizer Function

By the analysis of the figured.(a) and (L(b)) we can verify that it is possible to determine
for the functionf(z, p) (so to theL,(x) andL,(x) functions), and for some valug, majorizers
functions. This opens the door to the use of majorizationimization algorithms to the resolution
of the optimization problemxmih(x), whereL(x) is the function given byZ.1). So, itis necessary

to define aQ function such that

L(X) < QXIXY), Vyus0
L(&Y) = Q&YIxY),

(3.6)
(3.7)
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i.e., Q(x1x®) is a function ofx that majorizesi(e., upper boundsl).(x).

Recalling thatl.(x) = L;(X) + L2(x), whereL;(x) andL,(x) are given by 8.4) and @.5) respec-
tively, let's consider the majorizer functions

Ql(X|5((t)) > L1(x) and Ql(f((t)ﬁ((t)) = L1(X) (3.8)

and

Qa(XIXY) > Lo(x) and Q(RUVIXY) = Lo(x®). (3.9)

Given the MM algorithm propertiedHunter & Lange 2004, we can define a function

Q(XIXY) = Qu(xIX®) + Qx(x1x®) such that (3.10)
L(x) < Qu(XIXY) + Qa(xIX"), (3.11)
verifying
LX) = Qu(XV1%Y) + Q(xVI%Y). (3.12)

Due to @.4), and assuming a fixed value in the interval [12], L,1(X) is an even and growing
function with |y — ¢ x| (see figure 1(a))), having a slower growth, or equal cage= 2, than
a quadratic function ofly — ¢ X)i|. So, it makes sense to use as majorizer functioh,0%) a
guadratic function, which is also an even function, so withe linear term. In other words, we

can use ak1(x) majorizer a function of the forrg Z a(y — ¢ X)? + bj. The upper bound function

|
can be used in a MM algorithm only if it verifies the key propgerte., the upper bound function
must touch the function at the previous estimative. So iteisessary to determirgg andb; in
order to

aiy — ¢ X)7 + by
a(y — ¢X)7 +b

\%

[y — %) |9, Vx (3.13)
[y —ox)|" (3.14)

Let’s consider the functiotfi(z, g) given by @.3), and a quadratic majorizer such that

o1(z Z) = aZ + b such that:

9i(z Z) > f(z g) ¥, and gi(Z, Z) = f(Z, Q). (3.15)
Given thatf(z, q) = |29 we have, fog € [1, 2] andz # 0,
412 9 _ o @Dsigne). (3.16)

dz



6 Sandra V. B. JardimiTheory and Applications of Mathemati&sComputer Science 5 (1) (2014)19-
In order tog;(z Z) be tangent td(z q) atz= Z, we get
g|z|(q‘2). (3.17)
Since we also want(z, q) = g:(Z, Z), we have
2 —
b= Tq 7% (3.18)
Finally, we can write the majorizer function

0z 2)= J2)*22 + 2 %20 (3.19)

Based on majorize3(19 we can write

1 1
=0 = 52,100
9 N @Dy — )2
< ZZI(V—M).I (v =)
2 —
+ TKY — ¢ X)il% (3.20)
Defining
q-2
af = —( - (6% ] : (3.21)
j
and
2-q
® _ Vi (t)
B’ = > Z dij X (3.22)
we have the majorize®, (x|XV) given by
1 2
Q) = 3 ) o’ (yi - Z i x,-] +B). (3.23)

SincelL(x) is a function consisting of two separable terms, for whiah be defined dierent
majorizer functions, the majorizer function for the telcafx) = /l||x||g does not necessarily have to
be a quadratic one. In fact, what is desirable is that the mzajoto be adopt for the,(x) function,
when added to the majorizer defined fa(x), leads to a functio®(x, X®) with a minimizer easy
to find. So, af, majorizer is the natural choice for penaltigs with 0 < p < 1, since it is more
tighter than a quadratic majorizer. Recalling that, for gipper bound function can be used in a
MM algorithm it must touch the function at the previous estie) it is necessary to determine the
parameters andd so that
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IXIP < c|x +d, ¥, and |X|°? < c|X]|+d.
Let’s consider the functiofi(x, p) given by @.3), and a majorizef;:

(X, X') = ¢|x + d such that:

02(x, X) = f(x, p), Yx and gx(X, xX) = f(X, p). (3.24)
Given that, forp € ]0, 1], andx # 0
df(x, : Nt (D
(dx Py, = sign() plx [P, (3.25)
we have
c=pix|®, (3.26)
and
d=(1-p)x|. (3.27)
We can then write
g(x, X) = pIX [P V|x + (1 - pIX|P. (3.28)
Defining
ot),(P-1) o o)
1l/eps?, if X" =0
and

¥ = (1-p) 1P (3.30)
we have that the functio®,(x|X®) can be written as

QX =2 ) [6" x| + "] (3.31)

Given 3.10 we have that

k 2
Q(le((t)) = % Z la’i(t) [Yi - Z bij Xj) +ﬁi(t)

+ A [6.(t)|xi|+e.(t)]. (3.32)

depsis the distance from 1.0 to the next larger double precisiomiver, that i pswith no arguments returns
2(-52),
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Since at each step of the MM algorithm, we perform a mininiiain x, the termgg® ande®
can be ignored, so we have

2
Q(xIKY) = %Z [Ozi(t) (Yi - Z Bij Xj] ]
i i

+ AZ[&?HM], (3.33)
i
or, in vectorial notation
. 1
QURY) = 5 (y =)' Ty = ¢x) + ATAONN, (3.34)
with
oV 0 0
l_,(t) _ O Q(Zt) O
-
0 0 a
and
59 0 0
()
A0 | O & 0 (3.35)
0 0 .. &Y
and wherdx| = [|Xa], X2, ..., [Xnl]"-

The minimization of the functioh.(x) is implemented, iteratively, as a succession of mininaaliz
tions of the functiorQ(x|X®).

Kt arg minQ(x|X®)
X

1
KD = argminz (y - ¢ X)"TO(y = ¢x) + 1AV (3.36)
X

Greater detail in the deduction of the presented mathealaipressions can be found in
(Jardim 2008.
4. Majorization-Minimization Algorithm

The minimization of the functio@(x|%®) (3.33 reflects an unconstrained convex optimization
problem. In order to solve this problem with the algorithmSERBB (Figueiredoet al., 2007),
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it is necessary to reformulate the optimization probl@i3) as a quadratic prograrN¢cedal &
Wright, 1999, which leads to

. 1
min c'z + > Z'Bz
z (4.1)
subjectto:z > 0,
wherez = [u", v']" is a vector of unknown variables, with= max {0, x} andv = max {0, —x},

, ATA -ATA
c=A1,+[-b", b"] withb=A"yandA =¢'I', andB = ATA ATA
Considering the previously stated, the following algarittvas implemented in order to solve
the optimization problenm¥(1).

Step O (initialization): Given an initial estimate©, sett = 0.
Step 1: Computel® and7® according to 8.35 andr; = 1AY, Vi_, ., respectively.

i TI=L.e.,

Step 2: Execute GPSR-BB algorithm with entries the current es&®& the r® vector,A =
AO ¢, andy,, = AOy.

X1 = GPSR-BBY,,, A, 0, X0).

Step 3: Perform convergence test and terminate with approximatiedien XtV; otherwise set
t=t+ 1 andreturn tstep 1.

4.1. Stopping Criterion
Initially we used the general stopping criterion

R — %O
# < 8,
[P
and it was found that it leads to good results. After that weosle a stopping criterion more
directed to the problem to be solved, adopting the one it veasl in the GPSR-BB algorithm,

where the algorithm stops when the relative change in thebeumf nonzero components of the
estimate falls below a given bound value.

(4.2)
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4.2. Computational cost analysis

The number of iterations required to find an approximatetgmiyboth in the outer cycle as in
the inner one$tep 2), is not possible to accurately predict, since it depenads(ey other factors)
on the quality of the initial estimat&®. However, is possible to analyze the computational cost
of each iteration of the proposed algorithm. For outer cyeseh iteration computational cost is
essentially the inherent in the calculation of the malt vectorsr® andy,. The computation
of the matrixI'® matrix, as well as the vector,, implies a matrix-vector product. To compute
' it is necessary to multiply théx n) matrix ¢, by the vector of estimates?, of dimensiom.
This operation has a cost @f(kn). To compute the vector,, is necessary to multiply the matrix
I'®, of dimensionkx k), by the vectoy, of dimensiork, which has a computational cost@f(k).
Calculate the vector® implies vector-scalar product, which requireoating-point operations.

The main computational cost per each cycle iteration of tRSE-BB algorithm is a small
number of inner products, scalar-vector multiplicaticarsg vectors additions, each one of them
requiringn or 2n floating-point operations, , plus a modest number of mudtgtions byA and
AT. The algorithm proposed in this paper for the resolutionha&f optimization problem that
results from the minimization of the functidt{x) (2.1), executes GPSR-BB algorithm, where the
matrix A results from the product of the matricgsandT'®. Given thatg is ak x n matrix, the
computational cost of direct implementation of matrix4Aeg@roducts by or ¢" is O (kn). For
'Y, k x k matrix, the computational cost of direct implementatiomudtrix-vector products is
O (k). If » = RW is a matrix of dimensiok x n andR ak x d matrix, thenW must be a x n
matrix. If W contains an orthogonal wavelet bagis< n), matrix-vector products involvingV
or W' can be implemented using fast wavelet tranform algorithitis @ (n) cost Mallat, 1999,
instead of theD (n2 cost of a direct matrix-vector product. Consequently, & of a product by
¢ or ¢" is O(n) plus that of multiplying byR or R™ which, with a direct implementation, 3 (kn).

4.3. Convergence analysis

In order to analyze the convergence of the algorithm progpasehis paper, first will be an-
alyzed the convergence of the GPSR-BB algorithm used in gacdtion of the majorization-
minimization algorithm, whose entriesfiéir from those of the original algorithm of Figueiredo,
being given by the equations defined above. Secondly willifadyaed the convergence of the
iterative algorithm defined by the upda&36).

As stated by Figueiredo irF{gueiredoet al., 2007) the convergence of the algorithm GPSR-
BB used in this work can be derived from the analysis of B&aseBertsekas1999, but follows
most directly from the results of Serafini, Zanghirati, arah@i Serafiniet al, 2005. In the
algorithm proposed in this work we use the GPSR-BB algorithith entries dfferent from the
ones defined by Figueired&igueiredoet al., 2007). To summarize convergence properties of
the GPSR-BB algorithm with the entries previously defined,agsume that termination occurs
only whenx®?1 = x®  which indicates that® is optimal.

Theorem 1:Whenp = 1 A g € [1, 2] the sequence of iterates generated by the GPSR-BB
algorithm with the entriegm, A, 0 and the current estimai® either terminates at a solution of
(4.2) or else converges to a solution df{) at an R-linear rate.
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Proof. Theorem 21 of (Serafiniet al, 2005 can be used to demonstrate that all accumulation
points of {(x"} are stationary points. Although, iS¢rafiniet al, 2009, this result applies to
an algorithm in which the steplength parametefsused in the gradient projection method are
chosen by a dierent scheme, the only relevant requirement on these ptgeme the proof of
[(Serafiniet al., 2009, Theorem 21] is that they lie in the rangev|y,in. @amaxl, as in the case of the
GPSR-BB algorithm used in this work. When= 1 A g € [1, 2], the objective in4.1) is convex
and bounded below, we can applgfrafiniet al, 2005, Theorem 22] to deduce convergence to
a solution of 4.1) at an R-linear rate. Whep < 1, the objective function in4(1) is nonconvex;
thus it can not be guaranteed that the algorithm convergagtobal optimum. Nevertheless, in
practice, we have never observed any convergence probtemsesults show that the proposed
algorithm finds actually a minimum, which although may notabglobal minimum corresponds
to a good reconstruction of the signal. O

Theorem 2:For Q(x, X") a continuous function inx( x’) andL a strictly convex function, the
MM iteration sequenc&® converges to the global minimum bf

Proof. Knowing thatk®™ = arg minQ(x|X®), and recalling that the majorizer functigqverifies
X
the conditions given by3(6) and @3.7), we have

LKD) < QRUIIRY) < QRIIRY) = LKD), (4.3)

where the left hand inequality follows from the definition@fand the right hand inequality
from the definition ofk™Y. The sequence(XY), fort = 1,2, ..., is, therefore, nonincreasing.
Under mild conditions, namely th&(x, X") is continuous inX, x’), all limit points of the MM
sequencé (XO) are stationary points df, andL(X®) converges monotonically to* = L(x*), for
some stationary point. If, additionally, L is strictly convexx® converges to the global minimum
of L. Proofs of these properties are similar to those of simgroperties of the EM algorithm
(Huber & Ronchetti2009. O

5. Experiments

In this section are presented, analyzed and discussed shisrebtained by the proposed
algorithm in compressed sensing applications and in thensgouction of sparse images or with
sparse representations, where for each signal the algorsthested for dterent values op and
g. Parameten is hand-tuned for the best SNR improvement. For compressesirg) scenarios it
is adjusted according to the expressiba 0.1||¢"y||., (as suggested by Fuchs fuchs 2004).

All the experiments reported in this section were obtaingd WMATLAB (MATLAB 7.0 R14)
implementations of the algorithm described above. The aaimg platform is a standard personal
computer with Intel(R) Core(TM) i7 CPU, 8 GB of RAM, and rungi Windows 7 operating
system.

5.1. Compressed Sensing

We first consider a typical compressed sensing (CS) scendniere the goal is to reconstruct
a lengthn sparse signal (in the canonical basis, tiis- | andd = n) from k observations, where
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k < n. The rows of thek x n observation matribR are unit-norm random vectors (of Gaussian
components) ifR". Notice that, sinck < n, the systenRx = y is undetermined. In the first

example, we take = 2! = 2048,k = 28
(probability density functiorf (x) = a e‘%) with parametea = 0.01) toRx (figure @2(b))). The
original sparse signa is generated by a mixture of a uniform distribution onJland a point

mass at zero, with probabilitiesd and 099, respectively. As we can see 2(a), the original
signal is indeed sparse.
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(b) Observed signal.

Figure 2. Original and observed signal.

For the described data set we have as initial estimatg, fof, algorithm the signalk© = ¢y.
The estimates obtained by solving.1) using the proposed algorithm fgr= 1 A p €]0,1] are
shown in figure 8), and it can be verified that they are very close to the origiimal.
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Figure 3. Estimated signal byX.1) minimization forq =1 A p €]0, 1]

From the results obtained, and presented in figByé {s possible to observe that the approx-

imation mean squared erPMSE) forq = 1 A p = 1 is about 10 times greater than that obtained
for p < 1, meeting the expected results.

PMSE = (1/n) |IX — x||§, whereX is an estimate of.
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As referred above, the generalization of the data term fraireorm to a4 norm, gives to
the approximation criterion statistical strength feasundeng < 2. This can be verified in the
second experiment, where we take- 2! = 2048,k = 28 = 256, and generatgby adding to
Rx impulsive noise. Considering the original signal représém figure 4(a)) with 16 nonzero
components, we can see in figuB that the MSE of the approximation decreases with the value
of g, taken as constant the valuept 1.

| ‘ a |
T i ” ‘ |
0 500 1000 1500 2000 0 50 100 150 200 250

(a) Original signal. (b) Observed signal.

Figure 4. Original and observed signal.
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Figure5. Estimated signal by 1) minimization forq €]1,2] A p=1

Note, for example, that the best result achieved oy, algorithm forq = 2 (MSE= 3.4811x
104, 59 nonzero components) is not so good as the obtainepfat.25 (MSE= 3.1103x 1074,
35 nonzero components). Although a significant improvenreqtiantitative terms (the values of
the approximations MSE for flerent values of] are not too dierent) doesn't occur, in this case,
we can verify that, as the value gfdecreases, the approach presents qualitative improvement
(lower number of spurious observations in the final estij&eures 6(a)) and G(b)) show the
evolution of the MSE and objective function, for outer andanloop respectively, against iteration
number of the proposed algorithm, whge 1.5A p = 1.

Analyzing the graphics of figuré) we can observe that the values of the approximation MSE
and the objective function decreases in each iteration®f{h- ¢, algorithm. In fact, starting
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Figure 6. MSE and Objective functioms. Iteration number

from a initial upper bound function, built on the initial estte, it is observed that the proposed
algorithm builds at each iteration a new one, on the basisebbtained solution for the previous
upper bound function, which solution is closest to the ordsignal.

Next experiment shows the performance of the implemengaatiéhm in a typical compressed
sensing problem, where the goal is to reconstruct a sigmaliéprojections (wittk = 21° = 1024).
The observation matriR, of dimensiork x n, is a matrix of random projection vectors. The two-
dimensional original signal, which is represented in figehas a sparse wavelet transform, and
in this example the columns of the representation matixorm an orthogonal wavelet basis
(daubechies-2 (Haar)). The original signal is an image et@wise smooth filtered white noise
of dimensionn’ x n’, with n’ = 28, i. e. n= 2% (figure (7)). The observed signal is obtained by
adding white Gaussian noise with standard deviati@®D toRx. Figures 8(a)) - (8(c)) shows
the results ofy, - ¢, algorithm, taken as initial estima#®) = 0. By the results we can see that the
proposed algorithm produces, frdaprojections corrupted by random white Gaussian noise best
approximations (lower MSE) fop < 1.

Figure 7. Original signal.

5.2. Image Restoration
The following two experiments show the performance of theppsed algorithm in real im-
ages restoration, where the columns of representationxvatform an orthogonal wavelet basis
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MSE= 0002 MSE=0.0011 MSE = 0.001

@qg=2Ap=1. (b)yg=2Ap=04. (c)g=2Ap=0.2.
Figure 8. Estimated signal by2(1) minimization, forq=2A p€]0, 1].

(daubechies-2 (Haar)). The observation maRixof dimensionk x k, is a Toeplitz blocks ma-
trix representing 2D convolutions. In the first of these ekpents we have as original signal
the well-known Camera-man image (figu@d)). The observed image is obtained convolving
the original image with a uniform blur filter of sizex@9, and then adding to the blurred image
(Rx) white Gaussian noise with standard deviatiocd0® (figure 9(b))). Taken as initial estimate
X0 = ¢y, figures (0(a) - (10(d) shows the algorithm performance fgr= 2 andp < 0, 1].
Forg = 2 A p = 0.5 the initial value of the objective function isGB34x 10° and the final one is
3.146x 10°.

A typical statistical model for image wavelet ¢beients is the Generalized Gaussian Density

p
(Moulin & Liu, 1999, given byp(9) = exp{—% , Wheref represents the wavelet déeients
vector. The graph shown in figur&l) represents the evolution of MSE wigh where we can see
that the best approximation occurs foe 0.5. This is consistent with Moulin’s statmemilulin

& Liu, 1999 that good image models based on wavelets are obtained geing7.

N |

(a) Original image. (b) Observed image.

Figure9. Original and observed real image.

In the last reported experiment the original image is the alsll-known Lenna image (figure
(12(a)). The observed image is obtained convolving the origimade with a uniform blur filter
of size 9x 9, and then adding to the blurred imad®x} impulsive noise (figurel2(b)).

Figures (3(a) - (13(d) shows the performance of the implemented algorithnyfar]1, 2]
andp = 1. Again we can observe that best results are achieved foesaifp below 1. For this
experiment, and foq = 1.25A p = 1, we have that the initial value of the objective function is
3.7745x 10° and the final one is.689x 10°.
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Figure 10. Estimated signal by 1) minimization, forqg=2 A p€]0, 1].
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Figure 11. Approximation MSE evolution withp.

(a) Original image. (b) Observed image.

Figure 12. Original and observed real image.

6. Conclusions

In this paper was proposed a majorization-minimizatiosEklgorithm to addregg-¢,, opti-
mization problems, wherp €10, 1] A g € [1, 2], of which ¢,-¢; is an instance. The proposed
algorithm was tested on scenarios of compressed sensinignaige reconstruction, and, in both
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(c)g=15Ap=1. (d)g=125Ap=1.
Figure 13. Estimated signal by2(1) minimization, forq € ]1, 2] andp = 1.

cases, experiments were performed for data corrupted bgronand impulsive noise. As men-
tioned, the generalization of the deients term to be estimated, fromfato a ¢, norm, with

p < 1, aims to move towards the solution of the original comhriat optimization problem,
whose complexity prevents the calculation of a global sotuin polynomial time. Although no
one can guarantee the convergence of the algorithm to alglobenum, whereas fop < 1 the
problem is no longer convex,the analysis of the results stibat the proposed algorithm provides
as solution of the optimization problem a minimum corregpog to a signal reconstruction better
than the one obtained by makipg= 1 (lowest approximation MSE).

While in the experiments with nonnatural sparse signals &réythat approximation MSE,
relatively to the original signal, decreases with the vadfigo, the same is not true for natural
images, where we verify that there is an optimal valugpof 1, for which we obtain the best
possible approximatiomge., that which corresponds the smallest MSE. This is justifgadrast the
model used for wavelet céiecients (GGD - Generalized Gaussian Density), which is fionabf
the parametep.

In the presence of outliers the proposed algorithm wasdeateng p constant and equal to 1,
and rangingy in ]1, 2]. Both in compressed sensing applications of unidimeraisignals, as in
natural images restoration applications we can verify ti@@approximation MSE decreases with
the value of parameteay. From the analysis of the results we can still observe tisatha value
of g decreases the amount of outliers of the optimization protdelution also decreases. Hence
it can be concluded that the usefgfnorms, withq < 2, in data term, gives to the approximation
criterion statistical robustness characteristics.
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