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Abstract
In this paper we wish to establish a few inequalities related to fuzzy complex numbers which extend some standard

results.
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1. Introduction, Definitions and Notations

The idea of fuzzy subset µ of a set X was primarily introduced by L.A. Zadeh (Zadeh, 1965)
as a function µ : X → [0, 1] . Fuzzy set theory is a useful tool to describe situations in which the
data are imprecise or vague. Fuzzy sets handle such situation by attributing a degree to which a
certain object belongs to a set. Among the various types of fuzzy sets, those which are defined
on the universal set of complex numbers are of particular importance. They may, under certain
conditions, be viewed as fuzzy complex numbers.

A fuzzy set z f is defined by its membership function µ
(
z | z f

)
which is a mapping from the

complex numbers C into [0, 1] where z is a regular complex number as z = x + iy, is called a fuzzy
complex number if it satisfies the following conditions :

1. µ
(
z | z f

)
is continuous;

2. An α-cut of z f which is defined as zαf =
{
z | µ

(
z | z f

)
> α

}
, where 0 ≤ α < 1, is open,

bounded, connected and simply connected; and
3. z1

f =
{
z | µ

(
z | z f

)
= 1

}
is non-empty, compact, arcwise connected and simply connected.

(For detail on the set z f as mentioned above, one may see (Buckley, 1989)).
Using this concept of fuzzy complex numbers, J. J. Buckley (Buckley, 1989) shown that fuzzy

complex numbers is closed under the basic arithmetic operations. In paper (Buckley, 1989) we
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also see the development of fuzzy complex numbers by defining addition and multiplication from
the extension principle which has been shown in terms of α-cuts.

We now review some definitions used in this paper.

Definition 1.1. (Buckley, 1989)The complex conjugate z f of z f is defined as

µ
(
z | z f

)
= µ

(
z | z f

)
,

where z = x − iy is the complex conjugate of z = x + iy. The complex conjugate z f of a fuzzy
complex number z f is also a fuzzy complex number because the mapping z = x + iy→ z = x − iy
is continuous.

Definition 1.2. (Buckley, 1989)The modulus
∣∣∣z f

∣∣∣ of a fuzzy complex number z f is defined as

µ
(
r |

∣∣∣z f

∣∣∣) = sup
{
µ
(
z | z f

)
| |z| = r

}
,

where r is the modulus of z.
Similarly we may define the modulus of a real fuzzy number R f as follows:

µ
(
|a| |

∣∣∣R f

∣∣∣) = sup{µ
(
a | R f

)
| |a| = a if a > 0, |a| = 0 if a = 0 and |a| = −a if a < 0}.

Now in the following, we define two special types of fuzzy complex numbers zn
f and nz f of the

fuzzy complex number z f , for any complex number z ∈ z f and n ∈ R .

Definition 1.3. Fuzzy complex numbers zn
f and nz f are defined as

µ(z | zn
f ) = µ(zn | z f )

and
µ(z | nz f ) = µ(n.z | z f ).

In particular when n = 2, we have

µ(z | z2
f ) = µ(z2 | z f ) and µ(z | 2z f ) = µ(2.z | z f ) .

It can be easily verified that

z2
f , z f .z f and 2z f , z f + z f but 2(z f1 + z f2) = 2z f1 + 2z f2 .

From the definition of fuzzy complex number one may easily verify that zn
f and nz f are also fuzzy

complex numbers when z f is a fuzzy complex number. It should be noted that the significance of
Definition 1.3 is completely different from the definitions of additions and multiplications of fuzzy
complex numbers as mentioned in (Buckley, 1989).

In this paper we wish to establish a few standared inequalities related to fuzzy complex num-
bers.
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2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. (Buckley, 1989) Let z f1 and z f2 be any two fuzzy complex numbers. Suppose A =

z f1 + z f2 and M = z f1 .z f2 respectively. Then for 0 ≤ α ≤ 1, Aα = S α and Mα = Pα holds where

S α =
{
z f1 + z f2 | (z1, z2) ∈ zαf1 × zαf2

}
and

Pα =
{
z f1 .z f2 | (z1, z2) ∈ zαf1 × zαf2

}
.

Also z f1 + z f2 and z f1 .z f2 are fuzzy complex numbers.

The following lemma may be deduced in the line of Lemma 2.1 and so its proof is omitted.

Lemma 2.2. Let z f1 , z f2 , z f3 , ..., z fn be any n number of fuzzy complex numbers. Also let A = z f1 +

z f2 + z f3 + ... + z fn and M = z f1 .z f2 .z f3 ...z fn respectively. Then for 0 ≤ α ≤ 1, Aα = S α and Mα = Pα

holds where

S α =
{
z f1 + z f2 + z f3 + ... + z fn | (z1, z2, z3, ..., zn) ∈ zαf1 × zαf2 × zαf3 × ... × zαfn

}
and

Pα =
{
z f1 .z f2 .z f3 ...z fn | (z1, z2, z3, ..., zn) ∈ zαf1 × zαf2 × zαf3 × ... × zαfn

}
.

Lemma 2.3. (Buckley, 1989) If z f is any fuzzy complex number then∣∣∣z f

∣∣∣α =
∣∣∣zαf ∣∣∣

where 0 ≤ α ≤ 1 and
∣∣∣z f

∣∣∣ is a truncated real fuzzy number.

Lemma 2.4. (Kaufmann & Gupta, 1985) If M and N be any two real fuzzy numbers then

(M + N)α = Mα + Nα

and if M ≥ 0,N ≥ 0 then
(M · N)α = Mα · Nα.

Lemma 2.5. (Buckley, 1989) Let z f be a fuzzy complex conjugate number of a fuzzy complex
number z f . Then

zαf = zαf
where 0 ≤ α ≤ 1.
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3. Theorems

In this section we present the main results of the paper.

Theorem 3.1. Let z f1 and z f2 be any two fuzzy complex numbers. Then∣∣∣z f1 − z f2

∣∣∣ ≥ ∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣ .
Proof. The meaning of the inequality is that the interval

∣∣∣z f1 − z f2

∣∣∣α is greater that or equal to the
interval

(∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣)α for 0 ≤ α ≤ 1.
Now from Lemma 2.1 and Lemma 2.3, we get that∣∣∣z f1 − z f2

∣∣∣α =
∣∣∣∣(z f1 − z f2

)α∣∣∣∣ =
∣∣∣zαf1 − zαf2

∣∣∣ =
{
|z1 − z2| | zi ∈ zαfi , i = 1, 2

}
. (3.1)

Again in view of Lemma 2.4, we obtain from Lemma 2.3 that(∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣)α =
∣∣∣z f1

∣∣∣α − ∣∣∣z f2

∣∣∣α =
∣∣∣zαf1 ∣∣∣ − ∣∣∣zαf2 ∣∣∣ =

{
|z1| − |z2| | zi ∈ zαfi , i = 1, 2

}
. (3.2)

Hence the result follows from (3.1) and (3.2) and in view of

|z1 − z2| ≥ |z1| − |z2| .

This proves the theorem.

J. J. Buckley (Buckley, 1989) proved the following results:
Theorem A (Buckley, 1989) Let z f1 and z f2 be any two fuzzy complex numbers. Then

(1).
∣∣∣z f1 − z f2

∣∣∣≤ ∣∣∣z f1

∣∣∣ + ∣∣∣z f2

∣∣∣ and (2).
∣∣∣z f1 .z f2

∣∣∣ = ∣∣∣z f1

∣∣∣ ∣∣∣z f2

∣∣∣ .
But he (Buckley, 1989) remained silent about the question when the equality holds in the in-

equality (1) of Theorem A. In the next two theorems, we wish to generalise the results of Theorem
A and find out the condition for which

∣∣∣z f1 − z f2

∣∣∣ =
∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ holds respectively.

Theorem 3.2. Let z f1 , z f2 , z f3 , ..., z fn be any n number of fuzzy complex numbers. Then

(i).
∣∣∣z f1 + z f2 + z f3 + ... + z fn

∣∣∣ ≤ ∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ +
∣∣∣z f3

∣∣∣ + ... +
∣∣∣z fn

∣∣∣ and

(ii).
∣∣∣z f1 .z f2 .z f3 ...z fn

∣∣∣ =
∣∣∣z f1

∣∣∣ ∣∣∣z f2

∣∣∣ ∣∣∣z f3

∣∣∣ ... ∣∣∣z fn

∣∣∣ .
Proof. In view of Lemma 2.1, it follows from Theorem A that∣∣∣z f1 + z f2 + z f3 + ... + z fn

∣∣∣ ≤ ∣∣∣z f1

∣∣∣ +
∣∣∣z f2 + z f3 + ... + z fn

∣∣∣
≤

∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ +
∣∣∣z f3 + ... + z fn

∣∣∣
≤

∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ +
∣∣∣z f3

∣∣∣ +
∣∣∣z f4 + ... + z fn

∣∣∣
................................

................................

≤
∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ +
∣∣∣z f3

∣∣∣ + ... +
∣∣∣z fn

∣∣∣ .
This proves the first part of the theorem.
Similarly with the help of Lemma 2.1 and the equality

∣∣∣z f1 .z f2

∣∣∣ =
∣∣∣z f1

∣∣∣ ∣∣∣z f2

∣∣∣ , one can easily establish
the second part of the theorem.
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Remark. In view of Lemma 2.2, Lemma 2.3 and Lemma 2.4 it can also be shown that the intervals∣∣∣z f1 + z f2 + z f3 + ... + z fn

∣∣∣α and
∣∣∣z f1 .z f2 .z f3 ...z fn

∣∣∣α are less than or equal to the intervals(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ +
∣∣∣z f3

∣∣∣ + ... +
∣∣∣z fn

∣∣∣)α and
(∣∣∣z f1

∣∣∣ ∣∣∣z f2

∣∣∣ ∣∣∣z f3

∣∣∣ ... ∣∣∣z fn

∣∣∣)α respectively in Theorem 3.2 for 0 ≤ α ≤
1.

Theorem 3.3. Let z f1 and z f2 be any two fuzzy complex numbers such that
∣∣∣z f1 + z f2

∣∣∣ =
∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣
then either arg z1 − arg z2 is an even multiple of π or z1

z2
is a positive real number where z1 and z2

are any two members of z f1 and z f2 respectively.

Proof. The meaning of the equality is that the interval
∣∣∣z f1 + z f2

∣∣∣α is equal to the interval
(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣)α
for 0 ≤ α ≤ 1.
Thus

∣∣∣z f1 + z f2

∣∣∣ =
∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣ i.e,
∣∣∣z f1 + z f2

∣∣∣α =
(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣)α i.e.,
∣∣∣z f1 + z f2

∣∣∣α =
(∣∣∣z f1

∣∣∣α +
∣∣∣z f2

∣∣∣α)
i.e,

∣∣∣∣zαf1 + zαf2

∣∣∣∣ =
∣∣∣∣zαf1 ∣∣∣∣ +

∣∣∣∣zαf2 ∣∣∣∣ i.e., |z1 + z2| = |z1| + |z2| | zi ∈ zαfi , i = 1, 2; which is only possible
when either arg z1 − arg z2 is an even multiple of π or z1

z2
is a positive real number. Hence the

theorem follows.

Theorem 3.4. If z f1 and z f2 are any two fuzzy complex numbers with
∣∣∣z f1 + z f2

∣∣∣ =
∣∣∣z f1 − z f2

∣∣∣ , then
arg z1 and arg z2 differ by π

2 or 3π
2 where z1 and z2 are any two members of z f1 and z f2 respectively.

Proof. The meaning of the equality is that the α-cuts of
∣∣∣z f1 + z f2

∣∣∣ is equal to the corresponding
α-cuts of

∣∣∣z f1 − z f2

∣∣∣ for 0 ≤ α ≤ 1.
Now in view of Lemma 2.1 and Lemma 2.3, we obtain that∣∣∣z f1 + z f2

∣∣∣α =
∣∣∣∣(z f1 + z f2

)α∣∣∣∣ =
∣∣∣zαf1 + zαf2

∣∣∣ =
{
|z1 + z2| | zi ∈ zαfi , i = 1, 2

}
. (3.3)

Similarly, ∣∣∣z f1 − z f2

∣∣∣α =
∣∣∣∣(z f1 − z f2

)α∣∣∣∣ =
∣∣∣zαf1 − zαf2

∣∣∣ =
{
|z1 − z2| | zi ∈ zαfi , i = 1, 2

}
. (3.4)

Therefore from (3.3) and (3.4) it follows that
∣∣∣z f1 + z f2

∣∣∣ =
∣∣∣z f1 − z f2

∣∣∣ which implies that |z1 + z2| =

|z1 − z2| | zi ∈ zαfi , i = 1, 2 which is only possible when arg z1 and arg z2 differ by π
2 or 3π

2 .
Thus the theorem is established.

Theorem 3.5. Let z f1 and z f2 be any two fuzzy complex numbers. Then∣∣∣z f1 ± z f2

∣∣∣ ≥ ∣∣∣∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣∣∣∣ .
Proof. For 0 ≤ α ≤ 1, we have∣∣∣z f1 ± z f2

∣∣∣α =
∣∣∣∣(z f1 ± z f2

)α∣∣∣∣ =
∣∣∣zαf1 ± zαf2

∣∣∣ =
{
|z1 ± z2| | zi ∈ zαfi , i = 1, 2

}
. (3.5)

We also deduce that∣∣∣∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣∣∣∣α =
∣∣∣∣(∣∣∣z f1

∣∣∣ − ∣∣∣z f2

∣∣∣)α∣∣∣∣ =
∣∣∣∣∣∣z f1

∣∣∣α − ∣∣∣z f2

∣∣∣α∣∣∣ =
∣∣∣∣∣∣zαf1 ∣∣∣ − ∣∣∣zαf2 ∣∣∣∣∣∣ =

{
||z1| − |z2|| | zi ∈ zαfi , i = 1, 2

}
.

(3.6)
Hence the theorem follows from (3.5) and (3.6) and in view of the following inequality :

|z1 ± z2| ≥ ||z1| − |z2|| .
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Theorem 3.6. If z f1 and z f2 are any two fuzzy complex numbers, then

2
∣∣∣z f1 + z f2

∣∣∣ ≥ (∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣) ∣∣∣∣∣∣∣ z f1∣∣∣z f1

∣∣∣ +
z f2∣∣∣z f2

∣∣∣
∣∣∣∣∣∣∣ .

Proof. In order to prove this theorem, we wish to show that the interval
(
2
∣∣∣z f1 + z f2

∣∣∣)α is greater

than or equal to the interval
{(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣) ∣∣∣∣∣ z f1

|z f1 |
+

z f2

|z f2 |

∣∣∣∣∣}α for 0 ≤ α ≤ 1.

From Lemma 2.3 and Lemma 2.4, we get that(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣) ∣∣∣∣∣∣∣ z f1∣∣∣z f1

∣∣∣ +
z f2∣∣∣z f2

∣∣∣
∣∣∣∣∣∣∣

α

=

(∣∣∣z f1

∣∣∣ +
∣∣∣z f2

∣∣∣)α ∣∣∣∣∣∣∣ z f1∣∣∣z f1

∣∣∣ +
z f2∣∣∣z f2

∣∣∣
∣∣∣∣∣∣∣
α =

(∣∣∣z f1

∣∣∣α +
∣∣∣z f2

∣∣∣α) ∣∣∣∣∣∣∣
 z f1∣∣∣z f1

∣∣∣ +
z f2∣∣∣z f2

∣∣∣
α

∣∣∣∣∣∣∣


=

(∣∣∣zαf1 ∣∣∣ +
∣∣∣zαf2 ∣∣∣)

∣∣∣∣∣∣∣
 z f1∣∣∣z f1

∣∣∣
α +

 z f2∣∣∣z f2

∣∣∣
α

∣∣∣∣∣∣∣
 =

{(∣∣∣zαf1 ∣∣∣ +
∣∣∣zαf2 ∣∣∣) ∣∣∣∣∣(z f1

∣∣∣z f1

∣∣∣−1
)α

+

(
z f2

∣∣∣z f2

∣∣∣−1
)α∣∣∣∣∣}

=

{(∣∣∣zαf1 ∣∣∣ +
∣∣∣zαf2 ∣∣∣) ∣∣∣∣∣(zαf1 ∣∣∣zαf1 ∣∣∣−1

)
+

(
zαf2

∣∣∣zαf2 ∣∣∣−1
)∣∣∣∣∣} =

{
(|z1| + |z2|)

∣∣∣∣∣ z1

|z1|
+

z2

|z2|

∣∣∣∣∣ | zi ∈ zαfi , i = 1, 2
}
. (3.7)

Since
2 |z1 + z2| ≥ (|z1| + |z2|)

∣∣∣∣∣ z1

|z1|
+

z2

|z2|

∣∣∣∣∣ ,
in view of Definition 1.2 and Definition 1.3, the theorem follows from (3.3) and (3.7).

Theorem 3.7. Let z f1 and z f2 be any two fuzzy complex numbers. Then∣∣∣∣(z f1 + z f2

)2∣∣∣∣ +
∣∣∣∣(z f1 − z f2

)2∣∣∣∣ =
(
2
∣∣∣z2

f1

∣∣∣ − 2
∣∣∣z2

f2

∣∣∣) .
Proof. In view of Lemma 2.1, Lemma 2.3 and Lemma 2.4, we get for 0 ≤ α ≤ 1 that(∣∣∣∣(z f1 + z f2

)2∣∣∣∣ +
∣∣∣∣(z f1 − z f2

)2∣∣∣∣)α =

(∣∣∣∣(z f1 + z f2

)2∣∣∣∣α +
∣∣∣∣(z f1 − z f2

)2∣∣∣∣α) =

∣∣∣∣∣((z f1 + z f2

)2
)α∣∣∣∣∣ +

∣∣∣∣∣((z f1 − z f2

)2
)α∣∣∣∣∣

=

(∣∣∣∣(zαf1 + zαf2
)2∣∣∣∣ +

∣∣∣∣(zαf1 − zαf2
)2∣∣∣∣) =

{∣∣∣(z1 + z2)2
∣∣∣ +

∣∣∣(z1 − z2)2
∣∣∣ | zi ∈ zαfi , i = 1, 2

}
=

{
|z1 + z2|

2 + |z1 − z2|
2
| zi ∈ zαfi , i = 1, 2

}
. (3.8)

Analogously we also see that(
2
∣∣∣z2

f1

∣∣∣ − 2
∣∣∣z2

f2

∣∣∣)α =
(
2
∣∣∣z2

f1

∣∣∣α − 2
∣∣∣z2

f2

∣∣∣α) =

(
2
∣∣∣∣(z2

f1

)α∣∣∣∣ − 2
∣∣∣∣(z2

f2

)α∣∣∣∣) =

(
2
∣∣∣∣(zαf1)2∣∣∣∣ − 2

∣∣∣∣(zαf2)2∣∣∣∣)
=

{
2
∣∣∣z2

1

∣∣∣ − 2
∣∣∣z2

2

∣∣∣ | zi ∈ zαfi , i = 1, 2
}

=
{
2 |z1|

2
− 2 |z2|

2
| zi ∈ zαfi , i = 1, 2

}
. (3.9)

Now in the line of Definition 1.3, it follows from (3.8)and (3.9) that the corresponding α-cuts are
equal. Hence the theorem follows as we obtain the equality of the two real fuzzy numbers.
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In the next theorem we establish a few properties of fuzzy complex conjugate numbers de-
pending on the concept of it.

Theorem 3.8. Let z f be a fuzzy complex conjugate number of a fuzzy complex number z f . Then

(1) . z f = z f , (2) .
(
z f1 ± z f2

)
= z f1 ± z f2 , (3).

(
z f1 .z f2

)
= z f1 · z f2 ,

(4).
(

z f1
z f2

)
=

z f1
z f2

and (5) .
∣∣∣z f

∣∣∣ =
∣∣∣z f

∣∣∣ .
Proof. In view of Lemma 2.5 and for 0 ≤ α ≤ 1, we obtain that(

z f

)α
=

(
z f

)α
= zαf =

{
z | for all z ∈ zαf

}
.

Again
zαf =

{
z | µ

(
z | z f

)
> α

}
=

{
z | for all z ∈ zαf

}
.

Since z = z, the first part of the theorem follows from above.

For the second part of the theorem, we have to prove that the α-cuts of
(
z f1 ± z f2

)
are equal to

the corresponding α-cuts of z f1 ± z f2 .
Now it follows from Lemma 2.1 and Lemma 2.5 that((

z f1 ± z f2

))α
=

(
z f1 ± z f2

)α
=

(
zαf1 ± zαf2

)
=

{
z1 ± z2 | zi ∈ zαfi , i = 1, 2

}
and (

z f1 ± z f2

)α
=

(
z f1

)α
±

(
z f2

)α
=

(
zαf1

)
±

(
zαf2

)
=

{
−
z1 ±

−
z2 | zi ∈ zαfi , i = 1, 2

}
.

Thus the second part of the theorem is established in view of z1 + z2 = z1 + z2.
We also observe that(

z f1 .z f2

)α
=

(
z f1 .z f2

)α
=

(
zαf1 .z

α
f2

)
=

{
z1.z2 | zi ∈ zαfi , i = 1, 2

}
. (3.10)

We may also see that(
z f1 .z f2

)α
=

(
z f1

)α
.
(
z f2

)α
= zαf1 .z

α
f2

=

{
−
z1.
−
z2 | zi ∈ zαfi , i = 1, 2

}
. (3.11)

Now from (3.10) and (3.11) , we obtain that the corresponding α-cuts are equal. This proves the
third part of the theorem.

For the fourth part of the theorem, we deduce that(z f1

z f2

)α =

(
z f1

z f2

)α
=

(
z f1 .z

−1
f2

)α
= zαf1 .

(
z−1

f2

)α
=

(
zαf1 .

(
zαf2

)−1
)

=

{
z1

z2
| zi ∈ zαfi , i = 1, 2

}
and(

z f1

z f2

)α
=

(
z f1 .z

−1
f2

)α
=

(
z f1

)α
.
(
z−1

f2

)α
= zαf1 .

((
z f2

)α)−1
= zαf1 ·

((
zαf2

))−1
=


−
z1
−
z2

| zi ∈ zαfi , i = 1, 2

 .
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Hence the α-cuts of
(

z f1
z f2

)
are equal to the corresponding α-cuts of z f1

z f2
which implies that the two

fuzzy complex numbers are equal. Thus the fourth part of the theorem follows.
Again we have from Lemma 2.3 and Lemma 2.5 that∣∣∣z f

∣∣∣α =
∣∣∣zαf ∣∣∣ =

{
|z| | for all z ∈ z f

}
and (∣∣∣z f

∣∣∣)α =
∣∣∣∣(z f

)α∣∣∣∣ =
∣∣∣zαf ∣∣∣ =

{∣∣∣z∣∣∣ | for all z ∈ z f

}
.

Consequently the last part of the theorem follows in view of |z| =
∣∣∣z∣∣∣ .

4. Open Problem

As open problems, there are several scopes to investigate the theory of analyticity and sin-
gularity in case of functions of fuzzy complex variables; and analogously entire or meromorphic
functions of fuzzy complex variables may be defined. Naturally, the theory of different aspects of
growth properties of entire and meromorphic functions, comparative growth estimates of iterated
entire functions, results related to exponent of convergence of zeros of entire functions of fuzzy
complex variables etc. may also be studied afresh.
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