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Abstract

We prove some fixed point theorems for ordered F-generalized contractions in ordered 0-f-orbitally complete
partial metric spaces. Our results generalize some well-known results in the literature, in particular the recent result of
Wardowski [Fixed Point Theory Appl. 2012:94 (2012)] from metric spaces to ordered O- f-orbitally complete partial
metric spaces. Some examples are given which illustrate the new results.
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1. Introduction

In 1994, Matthews (Matthews, 1994) introduced the notion of a partial metric space, as a part
of the study of denotational semantics of dataflow networks. In a partial metric space, the usual
distance was replaced by partial metric, with an interesting property of “nonzero self distance” of
points. Also, the convergence of sequences in this space was defined in such a way that the limit
of a convergent sequence need not be unique. Matthews showed that the Banach contraction prin-
ciple is valid in partial metric spaces and can be applied in program verifications. Later on, several
authors generalized the results of Matthews (see, for example, (Ahmad et al., 2012; Bari et al.,
2012; Kadelburg et al., 2013; Nashine et al., 2012; Vetro & Radenovié, 2012)). O’Neill (O’Neill,
1996) generalized the concept of partial metric space a bit further by admitting negative distances.
The partial metric defined by O’Neill is called dualistic partial metric. Heckmann (Heckmann,
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1999) generalized it by omitting small self-distance axiom. The partial metric defined by Heck-
mann is called the weak partial metric. Romaguera (Romaguera, 2010) introduced the notions of
0-Cauchy sequences and O-complete partial metric spaces and proved some characterizations of
partial metric spaces in terms of completeness and O-completeness.

The existence of fixed points of mappings in partially ordered sets was investigated by Ran and
Reurings (Ran & Reurings, 2004) and then by Nieto and Rodriguez-Lopez (Nieto & Lopez, 2005,
2007). In these papers, some results on the existence of a unique fixed point for nondecreasing
mappings were applied to obtain a unique solution for a first order ordinary differential equation
with periodic boundary conditions. Later on, these results were generalized by several authors in
different spaces.

Recently, Wardowski (Wardowski, 2012) has introduced a new concept of F-contraction and
proved a fixed point theorem which generalizes Banach contraction principle in a different direc-
tion than in the known results from the literature in complete metric spaces.

In this paper, we prove some fixed point theorems for ordered F-generalized contractions in
ordered O-f-orbitally complete partial metric spaces. The results of this paper generalize and
extend the results of Wardowski (Wardowski, 2012), Ran and Reurings (Ran & Reurings, 2004),
Nieto and Rodriguez-Lopez (Nieto & Lopez, 2005, 2007), Altun et al. (Altun et al., 2010), Ciri¢
(Ciri¢, 1971, 1972) and some other well-known results in the literature. Some examples are given
which illustrate our results.

2. Preliminaries

First we recall some definitions and properties of partial metric spaces (see, e.g., (Matthews,
1994; Oltra & Valero, 2004; O’Neill, 1996; Romaguera, 2010, 2011)).

Definition 2.1. A partial metric on a nonempty set X is a function p: X x X — R* (R* stands for
nonnegative reals) such that for all x,y,z € X:

(P1) x =y ifandonly if p(x,x) = p(x,y) = p(y,y);
(P2) p(x, x) < p(x,y);

(P3) p(x,y) = p(y, x);

(P4 p(x,y) < p(x,2) + p(z,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.

It is clear that, if p(x,y) = 0, then from (P1) and (P2) x = y. Butif x =y, p(x, y) may not be 0.
Also, every metric space is a partial metric space, with zero self distance.

Example 2.1. If p: R*xXR*" — R* is defined by p(x,y) = max{x, y}, for all x,y € R, then (R*, p)
is a partial metric space.

For some more examples of partial metric spaces, we refer to (Aydi et al., 2012) and the
references therein.

Each partial metric on X generates a T topology 7, on X which has as a base the family of
open p-balls {B,(x,€): x € X, € > 0}, where B,(x,e) = {y € X : p(x,y) < p(x,x) + €} for all
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x € X and € > 0. A mapping f: X — X is continuous if and only if, whenever a sequence {x,} in
X converging with respect to 7, to a point x € X, the sequence {fx,} converges with respect to 7,
to fx e X.

Theorem 2.1. (Matthews, 1994) For each partial metric p: X X X — R* the pair (X, d) where,
d(x,y) =2p(x,y) — p(x,x) — p(y,y) for all x,y € X, is a metric space.

Here (X, d) is called the induced metric space and d is the induced metric. In further discussion,
unless something else is specified, (X, d) will represent the induced metric space.
Let (X, p) be a partial metric space.

(1) A sequence {x,} in (X, p) converges to a point x € X if and only if p(x, x) = lim,_,. p(x,, X).
(2) Asequence {x,}1in (X, p)is called a Cauchy sequence if there exists (and is finite) lim,; ;00 P(X5 Xi)-
(3) (X, p) is said to be complete if every Cauchy sequence {x,} in X converges with respect to
T, to a point x € X such that p(x, x) = lim,, ;e p(Xp, Xp).
(4) A sequence {x,} in (X,p) is called a 0-Cauchy sequence if
lim,, ;0 p(xn, Xx,) = 0. The space (X, p) is said to be O-complete if every 0-Cauchy se-
quence in X converges with respect to 7, to a point x € X such that p(x, x) = 0.

Lemma 2.1. (Matthews, 1994; Oltra & Valero, 2004; Romaguera, 2010, 2011) Let (X, p) be a
partial metric space and {x,} be any sequence in X.

(i) {x,}is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, d).
(ii) (X, p) is complete if and only if the metric space (X, d) is complete. Furthermore, lim,,_,, d(x,, x) =
0 if and only if p(x, x) = lim, e p(X,, X) = limy, 100 P(Xys Xi1)-
(iii) Every 0-Cauchy sequence in (X, p) is Cauchy in (X, d).
(iv) If (X, p) is complete then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold. Indeed, the partial metric space (QNR™, p),
where Q denotes the set of rational numbers and the partial metric p is given by p(x, y) = max{x, y},
provides an easy example of a O-complete partial metric space which is not complete. Also, it is
easy to see that every closed subset of a O-complete partial metric space is O-complete.

The proof of the following lemma is easy and for details we refer to (Karapinar, 2012) and the
references therein.

Lemma 2.2. Assume x, — z as n — oo in a partial metric space (X, p) such that p(z,z) = 0. Then
lim, e p(x,,y) = p(z,y) forall y € X.

The notion of orbital completeness of metric spaces was introduced in (Ciri¢, 1971) and
adapted to partial metric spaces in (Karapinar, 2012) as follows:

Let (X, p) be a partial metric space and f: X — X be a mapping. For any x € X, the set
O(x) = {x, fx, f*x,...} is called the orbit of f at point x. (X, p) is called f-orbitally complete if
every Cauchy sequence in O(x) converges in (X, p).

Now, we define 0- f-orbital completeness of a partial metric space.
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Definition 2.2. Let (X, p) be a partial metric space and f: X — X be a mapping. (X, p) is said to
be 0- f-orbitally complete, if every 0-Cauchy sequence in O(x) = {x, fx, f°x, ...}, x € X, converges
with respect to 7, to a point u € X such that p(u, u) = 0.

Note that every complete partial metric space is O-complete, and every O-complete partial
metric space is 0-f-orbitally complete for every f: X — X. But, the converse assertions need not
hold as shown by the following example.

Example 2.2. Let X = R*N(Q\ {1}) and p: X X X — R be defined by

|x_)’|, ifx’ye [07 1)’
p(x,y) =

max{x,y}, otherwise.
Define f: X — X by fx = 3 forall x € X. Then (X, p) is a partial metric space. Note that (X, p) is
not complete because the induced metric space (X, d), where

2x—yl, ifx,y [0, 1)

|x —y|, otherwise,

d(x,y) = {

is not complete. Also (X, p) is not O-complete. Indeed, for x,, = 1 —% for all n € N, we observe that,
P(Xa, X)) = |2 = 1| > 0 as n — co. But, there is no u € X such that lim,_e p(x,, u) = p(u, u) = 0.
Now, it is easy to see that (X, p) is O- f-orbitally complete.

Consider, together with Wardowski in (Wardowski, 2012), the following properties for a map-
ping F: R* - R:
(F1) F is strictly increasing, that is, for @, 8 € R*, @ < 8 implies F(a) < F(B);
(F2) for each sequence {a,} of positive numbers, lim,_,., @, = O if and only if lim,_,., F(a,) =
_00;

(F3) there exists k € (0, 1) such that lim,_,+ o F(@) = 0.

We denote the set of all functions satisfying properties (F1)—(F3), by 7.

For examples of functions F € ¥, we refer to (Wardowski, 2012). Wardowski defined in
(Wardowski, 2012) F-contractions as follows:

Let (X, p) be a metric space. A mapping 7: X — X is said to be an F-contraction if there
exists F € ¥ and 7 > O such that, for all x,y € X, o(Tx, Ty) > 0 we have

T+ F(p(Tx,Ty)) < F(p(x,y)).
Similarly, we adopt the following definitions.

Definition 2.3. Let X be a nonempty set, < a partial order relation defined on X and p be a partial
metric on X (then, (X, <, p) is called an ordered partial metric space). A map f: X — X is called:

1. an ordered F-contraction if there exists ' € ¥ and 7 > 0 such that, for all x,y € X with
x <yand p(fx, fy) > 0 we have

T+ F(p(fx, fy) < F(p(x,y)). (2.1)
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2. an ordered F-weak contraction if there exists F € # and T > 0 such that, for all x,y € X
with x < yand p(fx, fy) > 0 we have

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, fy)}. (2.2)

If inequality (2.2) is satisfied for all x,y € X, then f is called an F'-weak contraction;
3. an ordered F-generalized contraction if there exists F € ¥ and 7 > 0 such that, for all
x,y € X with x <y and p(fx, fy) > 0 we have

p(x, fy) + p(y, fx) N
5 .

If inequality (2.3) is satisfied for all x,y € X, then f is called an F-generalized contraction.

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, fy), (2.3)

The following example shows that the class of F-contractions in partial metric spaces is more
general than that in metric spaces.

Example 2.3. Let X = R" and p: R*XR* — R* be defined by p(x,y) = max{x, y} forall x,y € X.
Note that the metric induced by p (as well as the usual metric) on X is given by d(x,y) = |x — Y|
for all x,y € X. Define f: X — X by

fre 1 ifxe[0,1);
o, ifx=1.

Then forx =1,y = % there isno 7 > 0 and F € F such that

T+ F(d(fx, fy)) < F(d(x,y)).

On the other hand, for 7 = log?2 and F(a) = loga + «, it is easy to see that f is an F-contraction
in (X, p).

3. Main results
The following is our first main result.

Theorem 3.1. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-generalized contraction for some F € F. If (X, p) is O-f-orbitally complete and the following
conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x <y then fx < fy;
(ii) there exists xo € X such that xo < fxo;
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,}, x, - u € X asn — o
implies x, < u for all n € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.
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Proof. First, we shall show the existence of fixed point of f. Let x, € X be the point given by
(i1). We define a sequence {x,} in X by x,,; = fx, for all n > 0. If there exists ny € N such that
Xno+1 = Xy, then x,, is a fixed point of f. Therefore, assume that x,,; # x, for alln > 0. As,
Xxo < fxo we have xy < xi, and since f is nondecreasing with respect to <, we have fxy < fx;
that is x; < x,. Similarly, we obtain x, < x,,; for all n > 0. Also, f is an ordered F-generalized
contraction therefore, for any n € N it follows from (2.3) and symmetry of p that

T+ F(p(fXn, fXn-1)) = T+ F(p(fXu-1, [ X))
< F(max{p(xna xn—l)’ p(xna fxn)s p(xn—la fxn—l)a
p(xm fxn—l) + p(xn—l’ fxn)
> }
= F(max{p(xna xn—l)’ p(xm xn+1)a p(xn—la xn)7
p(xna xn) + p(xn—la xn+1)
> 1
< F(maX{P(xm xn—l)a p(-xna xn+1)a
p(xn—la xn) + p(-xn+la -xn)
> 1.

Note that, for any a,b € R* we have max{a, b, %} = max{a, b}, therefore it follows from the
above inequality that

T+ F(p(xn+1’ -xn)) < F(maX{p(xm xn—])a p(-xn’ -xn+1)})
F(p(Xus1, X)) < F(max{p(x,, X,-1), p(Xp, Xp1)}) — T. 3.1

If, max{p(x,, X,—1), (X, Xu+1)} = (X, Xn41) then from (3.1) we have
F(p(xns1, X0)) < F(p(Xn, Xni1)) = T < F(p(Xn, Xp11)),
a contradiction. Therefore, max{p(x,, X,_1), p(X,, X,+1)} = p(X,, x,_1) and from (3.1) we have
F(p(xp:1,x,)) < F(p(xp, x,-1)) — 7 forall n e N. (3.2)
Setting p, = p(x,+1, X,,) it follows by successive applications of (3.2) that
F(pn) < F(pn-1) =T < F(pu2) =2t < --- < F(py) — nt. (3.3)
From (3.3) we have lim,_,, F'(p,) = —o0, and since F' € ¥ we must have

lim p, = 0. 3.4)

n—oo

Again, as F € F there exists k € (0, 1) such that
lim(p,)*F(p,) = 0. (3.5

From (3.3) we have
(P [F(pn) = F(po)] < —nt(py)* < 0.
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Letting n — oo in the above inequality and using (3.4) and (3.5) we obtain

lim n(p,)* = 0. (3.6)

n—oo

It follows from (3.6) that there exists n; € N such that n(p,)* < 1 for all n > ny, that is,
1
Pn < =V for all n > n;. (3.7)
n

Let m,n € N with m > n > n;. Then it follows from (3.7) that

p(-xm xm) < p(-xn’ -xn+l) + p(xn+19 xn+2) +--+ p(xm—l’ -xm)
- [p(xm xn) + P(Xn+1, xn+l) +---t p(xm—la xm—l)]

SPnt Dnst +00
1 1

< - 4.
Sk T e Dk

1
2.

=n

Ask € (0,1), the series ) -, lﬁ converges, so it follows from the above inequality that lim,,_,., p(x,, X,,) =
0, that is, the sequence {x,} is a 0-Cauchy sequence in O(xy) = {xo, fxo, fzxo, ...}. Therefore, by
0- f-orbital completeness of (X, p), there exists u € X such that

lim p(x,,u) = lim p(x,, x,) = p(u,u) = 0. (3.8)

We shall show that u is a fixed point of f. For this, we consider two cases.
Case I: Suppose (a) is satisfied, that is, f is continuous. Then using (3.8) and Lemma 2.2, we
obtain

P, fu) = Tim p(,, fu) = Tim p(fx, 1, fu) = p(fu, fu)

Suppose that p(fu, fu) > 0. Then as u < u, using (2.3) we obtain

T+ F(p(fu, fu)) < F(max{p(u, u), p(u, fu), p(u, fu), pu, fu) ;‘ p(u, fu)}
= F(max{p(u, u), p(u, fu)})

= F(p(u, fu)),

that is, F(p(fu, fu)) < F(p(u, fu)) and from F € ¥ we have p(fu, fu) < p(u, fu) = p(fu, fu), a
contradiction. Therefore, p(fu, fu) = p(u, fu) = 0, thatis, fu = u, so u is a fixed point of f.
Case II: Suppose that (b) is satisfied. Then we consider two subcases.
(i): For each n € N, there exists k, € N such that p(x; .1, fu) = 0 and k, > k,_, where ko = 1.
Then, using Lemma 2.2, we have

)

p(u, fu) = lim p(xg,+1, fu) = 0.
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Therefore, fu = u, that is, u is a fixed point of f.

(ii): There exists n, € N such that p(x,, fu) # O for all n > n,. In this case, since {x,} is a
nondecreasing sequence and x, — u as n — oo, we have x,, < u for all n € N. Therefore, using
(2.3) we obtain

T+ F(p(Xs1, fu)) = 7+ F(p(fxa, fu))
(X, fu) + p(u, fxn)

< F(max{p(x,, u), p(x,, f xn), p(u, fu), > 1))

< F(max{p(x,, u), p(Xn, Xns1), p(ut, f10),
p(-xn’ u) + P(”’ fl/l) + P(U’ xn+l)
5 D.

From (3.8), there exists n3 € N such that, for all n > n; we have

p(xn’ I/t) + p(u9 fl/l) + p(”’ xn+1)
2

max{p(Xu, ), p(Xn, Xn41), p(ut, fu), } = pu, fu),

so, for n > max{n,, n3} we obtain

T+ F(p(Xpe1, fu)) < F(p(u, fu).

As F is continuous, letting n — oo in the above inequality and using (3.8) and Lemma 2.2 we
obtain

T+ F(p(u, fu)) < F(p(u, fu)),

a contradiction. Therefore, we must have p(u, fu) = 0 thatis fu = u. Thus u is a fixed point of f.

Suppose that the set of fixed points of f is well-ordered and u,v € F; with p(u,v) > 0, where
F; denotes the set of all fixed points of f. As F is well-ordered, let u < v. Then from (2.3) we
obtain

T+ F(p(u,v)) = 7+ F(p(fu, fv))
< F(max{p(u,v), p(u, fu), p(v, fv),

< F(max{p(u, v), p(u, u), p(v,v), p(v, 0)})
< F(p(u,v)),

pu, fv) + p(v, f u)}

> )

a contradiction. Similarly, for v < u we get a contradiction. Therefore, the fixed point of f is

unique. For the converse, if the fixed point of f is unique then F, being a singleton, is well-
ordered. []

The following corollaries are immediate consequences of the above theorem.

Corollary 3.1. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-contraction. Let (X, p) is O- f-orbitally complete and the following conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x < y then fx < fy;
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(ii) there exists xo € X such that xo < fxo,
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,} such that x, — u € X as
n — oo it follows that x, < u for alln € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.

Corollary 3.2. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-weak contraction. If (X, p) is O- f-orbitally complete and the following conditions hold:

(i) f is nondecreasing with respect to “<”, that is, if x <y then fx < fy;
(ii) there exists xy € X such that xo < fxo;
(iii) (a) f is continuous, or
(b) F is continuous and for every nondecreasing sequence {x,} such that x, — u € X as
n — oo it follows that x, < u for all n € N.

Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if the set of
all fixed points of f is well-ordered.

Remark. We note that every metric space is a partial metric space with zero self distance. Therefore
we can replace the partial metric p by a metric p in Theorem 3.1. Also, after this replacement, the
0- f-orbital completeness reduces to orbital completeness of the metric space. Therefore, by this
replacement in Theorem 3.1, we obtain the fixed point result for ordered F-generalized contraction
in orbitally complete metric spaces.

In the above theorems the fixed point of the self map f is the limit of a 0-Cauchy sequence and
due to O-f-orbital completeness of the space this limit has zero self distance. The next theorem
shows that, if an ordered F'-generalized contraction has a fixed point then its self distance must be
zero, that is, it does not depend on the properties of space such as completeness etc.

Theorem 3.2. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered
F-generalized contraction. If f has a fixed point u then p(u,u) = 0.

Proof. Suppose that u € F; and p(u, u) > 0. Then, it follows from (2.3) that
7+ F(p(u,u)) = v+ F(p(fu, fu))

< F(max{p(u, u), p(u, fu), p(u, fu),
= F(p(u, u)).

pu, fu) + p(u, fu)}
2

)

As t > 0, the above inequality yields a contradiction. Therefore, we have p(u,u) = 0 for all
uc Ff. O

The following example illustrates our results.
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Example 3.1. Let X = [0,2] N (Q \ {1}) and define p: X X X — R* by

|x_y|’ ifx’y € [O, l)a
p(x,y) =10, ifx=y=2;

max{x,y}, otherwise.
Then (X, p) is a partial metric space. Define a partial order relation “<” on X by
<= {(xy:xyel0,1),y<xU{(xy): xye(l,2),y <x} U{Z,2)}

Define f: X — X by

X ifxel0,1);
fx= ‘1—‘, if x € (1,2);
2, ifx=2.

Then it is easy to see that (X, p) is a 0- f-orbitally complete partial metric space. Let F(a) = loga
for all @ € R*. Then f satisfies all the conditions of Corollary 3.1 (except that the set of fixed
points of f is well-ordered) with 7 < log2. Note that, F'; = {0,2} with p(0,0) = p(2,2) = 0 and
(2,0),(0,2) ¢ <. Now, the metric d induced by p is given by

d(x.y) 2lx—yl, ifx,yel[0,1);
X,y) = .
Y |x —y|, otherwise,

and (X, d) is not complete. Similarly, if p is the usual metric on X then (X, p) is not complete,
therefore the results from metric cases are not applicable here. This example shows also that
an ordered F-contraction may not be an F-contraction (not even an F-generalized contraction).
Indeed, for x € [0, 1), y = 2 there exists no F' € ¥ and 7 > 0 such that

p(x, fy) + p(y, fx) .

T+ F(p(fx, fy)) < F(max{p(x,y), p(x, fx), p(y, f¥), >

Therefore, f is not an F-generalized contraction in (X, p). Similarly, for x = 0, y = 2 one can see
that f is not an F-generalized contraction in (X, d) and (X, p).

In the following theorem the conditions on self map f, “nondecreasing”, continuous and O-f-
orbital completeness of space, are replaced by another condition on self map f.

Theorem 3.3. Let (X, <, p) be an ordered partial metric space and f: X — X be an ordered F-
generalized contraction. Let there exists u € X such that u < fu and p(u, fu) < p(x, fx) for all
x € X. Then f has a fixed point u € X. Furthermore, the fixed point of f is unique if and only if
the set of all fixed points of f is well-ordered.

Proof. Let G(x) = p(x, fx) for all x € X. Then by assumption we have

G(u) < G(x) forall x e X. 3.9
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We shall show that fu = u. Suppose that G(u) = p(u, fu) > 0. Then since u < fu, it follows from
(2.3) that

F(G(fw) = F(p(fu, ffu)

< F(max{p(u, fu), plu, fu), p(fu, f fuy, eI T+ DU T,y

2
< Famax{p(u, fu, p(fu, £ fu), LT PIRIT,,
= F(max{G(u), G(fu), w» —r

= F(max{G(u), G(fu)}) — 7.

If max{G(u), G(fu)} = G(fu), then it follows from the above inequality that F(G(fu)) < F(G(fu)),
a contradiction. If max{G(u), G(fu)} = G(u), then again we obtain F(G(fu)) < F(G(u)) and
F € F so G(fu) < G(u), a contradiction. Thus, we must have G(u) = p(u, fu) = 0, thatis fu = u
and so u is a fixed point of f.

The necessary and sufficient condition for the uniqueness of fixed point follows from a similar
process as used in Theorem 3.1. ]
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