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Abstract

In this paper, the Banach contraction principle and Schaefer theorem are applied to establish new results for the
existence and uniqueness of solutions for some Caputo fractional differential equations. Some examples are also
discussed to illustrate the main results.
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1. Introduction

The theory of fractional differential equations has excited in recent years a considerable interest
both in mathematics and in applications, (see (Bengrine & Dahmani, 2012; Delbosco & Rodino,
1996; Diethelm & Walz, 1998; El-Sayed, 1998)). In particular, existence and uniqueness of so-
lutions for fractional differential equations have attracted the attention of many mathematicians
(Diethelm & Ford, 2002; Houas & Dahmani, 2013; Zhang, 2011; Ntouyas, 2012; Su, 2009; Yang,
2012; Zhang, 2011).

This paper deals with the existence and uniqueness of solutions to the following problem

DYx(t)+ f(t.y (1), D%y (1)) = 0,1 € J, 1.1
DPy(t)+ g(t,x(1),D7x (1)) = 0,1 € J,
x(0) = y(0) = 0,x(1) = 4 x (i) = 0,y (1) = A1y (1) = 0,
X 0=y 0=0x" 1)-x @=0y 1)-1y & =0,

*Corresponding author
Email addresses: zzdahmani@yahoo.fr (Zoubir Dahmani ), 1z. tahbarit@yahoo.fr (Louiza Tabharit)



Zoubir Dahmani et al. / Theory and Applications of Mathematics & Computer Science 4 (1) (2013) 40-55 41

where D¢, DP , DY and DY, are the Caputo fractional derivatives, 3 < a,8 < 4,6 < a - 1,0 <
B-1,0<én<1,J =1[0,1],4;, A, are real constants satisfying A1 # 1,42 # 1 and f, g are
two functions which will be specified later.

This paper is organized as follows: In section 2, we present some preliminaries and lemmas. In
section 3, we present our main results for the existence and uniqueness of solutions of (1.1). In
section 4, some examples are treated to illustrate our results.

2. Preliminaries
To present our main results, we need the the following two definitions:

Definition 2.1. The Riemann-Liouville fractional integral operator of order @ > 0, for a continu-
ous function f on [0, oo[ is defined as:

1 A
JOF (1) = mfo -0 f@dra >0, 2.1)

o =fQ,

where I' (@) := fooo e Uulay.
Definition 2.2. The fractional derivative of f € C" ([0, oo[) in the Caputo’s sense is defined as:

t
DYf (1) = _ f t - fD(ydrn -1 < a,n e N*. (2.2)
IF'(n-a) Jo
More details about fractional calculus can be found in (Mainardi, 1997; Podlubny et al., 2002).
We need also to introduce the spaces:
X={x:xeC((0,1]),Dxe C([0,1D}and Y = {y : y € C([O, 1]),D5y € C ([0, 1])}. For these
spaces, we associate respectively the norms || x ||x=|| x || + || D7x ||;]| x ||= sup|x ()|, || D x ||=

teJ
sup [D7x (0] and || y ly=Il y | + 1l D%y Il: |l y lI= sup [y ()], || D% I|= sup |D°y (1)] . It is clear that,
teJ teJ teJ
X1l . llx) and (Y,]| . |ly), are two Banach spaces.

Also, (X X Y, ||(x, y)llxxy) is a Banach space. Its norm is given by ||(x, Y)llxxy = llxllx + [Vlly -

The following lemmas are crucial for our main results (Kilbas & Marzan, 2005; Lakshmikan-
tham & Vatsala, 2008):

Lemma 2.1. For a > 0, the general solution of the equation D¥x (t) = 0 is given by

x(f)=co+cyt+ et + o+ cp g7, (2.3)
wherec; € R,i=0,1,2,..,n—1,n=[a] + 1.
Lemma 2.2.
JED%x (1) = x (1) + co + 1t + ot + oo + cyq 7L, 2.4)

forsomec; € R,i=0,1,2,...,n—1,n=[a] + 1.
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We prove also the following lemma which is needed to present the integral solution for the
problem (1.1):

Lemma 2.3. Let h € C([0,1]),t € J,3 < a < 4. Then the solution of the equation
DY () +h() =0, (2.5)

where,

x(0) = 0,x(1)=Ax(m) =0, (2.6)
X0 = 0,x (I)=Ax (&) =0
is given by the following expression
0 = ~pos f (t= )" h(s,y(s), Dy (9)) ds @.7)
At

a—1 5
MIO (1= 9" h(5,y(9), Dy () ds

1
a—1 5
_mf(; (1-5) h(s,y(s),D y(s))ds

(/12 - /12/11773) 1+ (Ain— )P
6(An—1)(1é- DI (a-2)
(1-am®) e+ - (I . )

_6(11n—1)(12§—1)r(a_2)f0 (1=s) h(s,y(s),D y(s))ds_

Proof: Let ¢c; € R,i = 0,1,2,3. Then by lemmas 2.1, 2.2, the general solution of (2.5) can be
written as:

3
fo €= 9" h(s,y(s), D’y (9))ds

x(t)——mf (t =)V h(s)ds —co— et — cof” — 38, (2.8)

Using (2.6), we immediately get ¢y = ¢p = 0. On the other hand, we have

= Ty o NT N — sl - @ @@ a-1
1 = (/lln—l)F(a)f (n—1s) h(S)dS+(/11n—l)F(a)f(l )2 h(s)ds(2.9)

(1 -4r) f €= 9" 3 h(s)d
- i ) S )
6n-DLé-DIr@-2 Jy

(1= 1 -
6(/1177—1)(/125—1)1“(@ 2)f0 (1 =97 h(s)ds.

To obtain the value of c3, we remarque that

A2

=— a3 1 1 a3
T 6“25‘”““—2)5@ X h(S)dS+6(/12§—1)F(a—2)f0(1 7 g((sz)f;

Finally, substituting the values of ¢ and c3 in (2.8), we obtain (2.7).
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3. Main results

We begin by introducing the quantities:

W1l nt+1 (=i Haa =202+ 1= p* |+l -1

Ny 17— (a+T) Ol -1~ (a-1) :
N, = . 11 +1 R PRl YiU M ol LSV
2 T Tla—o+D) " yn=IT(e+DIC2-0) = 8 n—11E—1(@-DI2—0)
17—l 2+ A -1
in—-1IE-1T(a— DI G—0)°
Na = nelHbA (Jia= A2 [+ A= )B4+ 1=y [+ -1
3 -1 (B+1) Ol 1L TTBE-1) ’
N, = 1 N I P+1 N | =01 |EE 24| 1-217
4 T TE-5+D T -1 B+DIQ2=08) * 6lA1n—1AE— 1T (B—DI(2-3)

A=l 2+ -1
n—1LE-1TE-DIE-5)"

We impose also the hypotheses:

(H1) : The functions f , g : [0,1] x R — R are continuous.

(H?2) : There exist non negative functions a;, b; € C ([0, 1]),i = 1,2 such that for all ¢ € [0, 1]
and (x1,y1), (x2,y2) € R2, the inequalities

ay () |xy — x2| + b1 (D y1 — yal, 3.1
ap () |x1 — x| + ba () [y1 — yal,

|f(ta le’l) - f(ta x2’y2)|
g (2, x1,¥1) — g (£, X2, y2)

IA A

are valid, and

wy =supaj (t),wy =supby (t),w) =supay (t), @y =supby (1).
teJ teJ teJ teJ

(H3) : There exist positive constants L; and L, such that
|f (t, x,y)| < Li,|g (t,x,y)| < L, foreacht € J and all x,y € R.
Our first main result is given by the following theorem:
Theorem 3.1. Assume that (H2) holds and suppose that
(N1 + Np) (w1 + wp) + (N3 + Ny) (@ + @) < 1. (3.2)
Then the problem (1.1) has a unique solution on J.

Proof: We apply Banach fixed point theorem. So, we consider the operator ¢ : X XY — X XY
defined by:

¢ (x,y) (1) := (1Y (1), 2x (1)), (3.3)
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where

0 = f (1= 971 £ (5, (9, DOy (5)) ds (3.4)
At

R _ aa-1
mm—l)r(a)f (=" f(5:9(9), D’y (5)) ds

1
-_— _ a—1 5
(/lln—l)F(a)fo (1= f(s.7(), D (5)) ds

(/12 _/12/117]3)t+ (/12/11)7_/12) t3 f A D6 ]
6(An—-1D)(ME-DI(@-2) Jo €= f(S’y(S)’ y(s)) s

(1-an¥)t+ -2 1 . )
_6<ﬂln—1)(ﬂzg—1)r(a_z)f0 (1= )7 f(5.y(s), D%y () ds

and

drx(t) : = F(,B)f (t— sy 1g(s x(s),D7x(s))ds (3.5)

Ayt

a—1 o
T Jy T 80,0 ) ds

1
- _ a1 o
um_nr(ﬁ)fo (1= 9" g(s,x(s), D7x(s)) ds

(/12 - /12/11773) t+ (Ad1n— A2) 3
6(A1n—1) (26 - DI (B-2)
(1-am?)t+n-n 1 s )

_6(/1117— 1) (A€ — 1)1“('3_2)‘[) (1 =5 g(s,x(s), D" x(s)) ds.

And we shall prove that ¢ is a contraction mapping.
Let (x,y),(x1,y1) € X X Y. Then, for each t € J, we have:

'3
f & - )3 g(s,x(5),D7x(s))ds
0

t
91y () = 131 (O] < ﬁf (t =9 |f (5,905, D% () = £ (5,31 (5), D1 (5))| ds

- f(s,y1 (s). D% (s)) ds
+Mm—tllr(a)f0 (1= (559, D° () = f (5,31 (9, D’y (9))|ds  (3.6)

ds

(

umulllfr(a) f (=9 f (5.7(5). Dy (s)
(
(

A=+ in-1e (¢ ~
+ 26|/11277—117||/'1t2?—i|1"](7;—22)|t fo € =9 (5.9, D% (5)) = £ (531 (), DOy ()

[1=Au 3|+l m—113

1
G- 1T a-2) fo (1= 73| f (5,(9), DOy (5)) = £ (5,31 (5), D3y ()| ds

Thanks to (H2), we obtain
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(m=11+121 ¥ +1) w1||y—y1||+wz D°y-DOy,

[(|/12 AP [+ A=) 2+ 1= 3 [+ =11 | (w1 ly=y1 I+wa | DOy- D%H)
Ol -1 1T (a—1)

Consequently,

(#130) = $131 O1 < Ny @1 + ) (I =il +]|D%y = Dwi ). (3:38)
Hence,
161 0) = 91 Gl < Ny @i + ) (I =yl + [Py = DPwi ). (3.9)

We have also,
t
D761y (1)~ D7¢1y1 (0] < 7l | =97 (5,5 (), DOy (s)) -
I'(a—0) 0
1 1-0 7 _
+|/l177—|1|11"|(ta)l"(2—0')f (=) 1 f(s,y(s),Déy (s)) B

T f (1= 9" f (5,59, D% () = £ (5,31 (), D°y1 (8))| ds

l/lz—/12/11773|t1 d &
+[ 6I/11U—lll/lzf—llr(a—%)l"(Z—O') )f (é; _ S)(Y—3 f(S,y(S) ’Déy(s)) _ f(S,y1 (S) ’D(Syl (S)) ds

(5,31 (), D%yy (9))|ds

~ =

(5,31 (), D%yy (9))|ds

| Ain—2013~

T 2T G0

N =11~
An=TT2E-TI (@2 G=0)

|-y |t~ !
+( 6|/117]_1||/12§_1|r(63l’_—2)r(2—0') ]f (1 _ S)a_3 ‘f(s,y(s),Déy (S)) _f(S,yl (S),D6y1 (s))'ds

(3.10)
By (H2), yields
- - (@1+@)([ly=y1lI+[|D°y—-D%yy])
|D 1y (1) — D" 11 (t)l < T(a—o+1)
+(w1+w2>[ul|n“+1](||y—y1||+||D5y—D‘5y1||)
[An—1T @+ DI'2—-0) 3.11)

(w1+w2)[|/12 AP [E 24 1= | (y=yi 14| DOy- DOy )
- 1LE- 1 (@- I 2-0)
+(w1+wz>[uzm Al 24 =11 (1y=y1 l1+]| DPy— D‘Sylll)
A= TILE- 1 (@- DI G—0)

This implies that,

Y% A n%+1
R N e e [ (SERSURY [y | [EREA

(wi+w)|[a—-in?le*2+{1-27)|

GIin-TI2E~TM (@~ DI 2=0) ( _ +HD5 _pd H)
(@1+w)| I -k 2+ 1| b= il Y )

|tin—=1]2¢ =1 (a=DI'(4=0)
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Therefore,
D713 () = D791 0] < Na @1 + ) (I =yill+ [P0y - D). G13)

Consequently,

[D761 63 = D761 0| < Mo (@1 + o) (I =yall+ POy = i) G4

By (3.9) and (3.14), we can write

61 0) = 91 Gl < Vi + N2 @1 + @) Iy =ill+ [Py = Do) 31s)
With the same arguments as before, we have
g2 (x) = d2 (Dlly < (N3 + Na) (@ + @) (Il = xll + [D7x = D]} (3.16)
Using (3.15) and (3.16), we can state that

(N1 + Np) (w1 + wy)

||¢(x7y)_¢(x1’y1)”XXY < +(N3 +N4) (WI +w2)

](Il(x—m,y—m)ll;(xy)- (3.17)

Thanks to (3.2), we conclude that ¢ is contraction. As a consequence of Banach fixed point
theorem, we deduce that ¢ has a unique fixed point which is a solution of (1.1).
The second main result is based on Schaefer theorem. We have:

Theorem 3.2. Suppose that (HI) and (H3) are satisfied. Then, the problem (1.1) has at least one
solution on J.

Proof: A: Thanks to (H1), we can state that the operator ¢ is continuous on X X Y.

B: We will prove that ¢ maps bounded sets into bounded sets in X X Y.

So, taking p > 0, and (x,y) € By := {(x,y) € X X Y;[|(x, Y)llxxy < p}, then for each t € J, we
have:

1
by @l < fo = 9 |7 (5.9, DP9 s -
Ui
+M177|il%fo (n -9 'f(s,y(s),D‘;y(s))|ds

=1 fo " 5! £ (5.3(5). Dy ()| ds

|/12—/12/11773|l+|/12/1177—/12|t3 d -3 5
SL-TILE-10@=2) |, &= 9" ‘f(s’y(s)’D y(s))‘ds

I A 3 5
*oin T, (=97 | (5.36). D% 9) ds
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The condition (H3) implies that

L=+ | L (=i [Haadin-aal)er 2+ (1= +Hain-1)]

9y O < =MD 6T TR~ T(a-T) (3-19)
[ =1llA In*+1
< I [Aim—1(e+1)
= (|/12 LA [+ =) 2+ 1= A0 [+ -1
ol41n—1llA2¢—1I(a—1)
Then,
llor Il < L1 Ny. (3.20)
For DY, we have the following inequalities
1 ' 1 s
|DU¢1)’ (f)| Smfo (t—9)"7" 'f (S,)’(S),D y(S))'dS
Ayt = " a-1 5
+|/l]7]—1|r(a)r(2—0') f (TI - S) ‘f s,y(s) aD y(s))' ds
a—1 0
e f (=97 (5.3, Dy (9)| s .
|/12 /12/117]3|[1 T ¢ (321)
1 11T 2-0) _ a3 S
+r((1—2) : |/12/l172]—/12|t3_0— f (é: S) ‘f(S,Y(S),D y(s))‘ds
|1l 28— 1I'(4-0)
1=t 1
1 %O —12E—1T2—0) _ a3 s
+F(a—2) ! |/lln_1|t3—(r ]f (l S) 'f(S,y(S),D y(S))'dS
[in—1llA26-1I'(4-07)
By (H3) again, yields the following formula
D71y (0| < Ly | + il (3.22)
1y = | Ta—o+D) " =1 (a+DI2—0) :
(=i [g 24 1=
+Ly| SU-TE-TT@-1I2-0)
! oAy =€+, 7-1]
|12 -1l (e—DI'(4-0)
T 111 3!
< I Ta—o+1) * =1+ DI 2—0)
U bl 21l Gy din-ole* - 1]
ol =161l a-DI'2-0) * [4n—-1l[A2&- 1T (e-DI'(4-0)
Hence, we can write
D781 0| < L1V, (3.23)

Using (3.20) and (3.23), we obtain

g1 Wllx < L1 (N1 + N2). (3.24)
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As before, we obtain

llp2 (Olly < Lo (N3 + Ng).

By (3.24) and (3.25), we get

llp Ce, Wlixxy < Ly (N1 + Np) + Ly (N3 + Ny).

Therefore,

C:

I Cx, Mllxxy < 0.

Now, we prove the equi-continuity of ¢.

Let us take (x,y) € By, and 11,1, € J, with 1 < 1. We have:

t
61y (1) =1y (D < fo 1(<r1—s)“—l—(tz—s)“‘l)1f(s,y<s>,05y<s>)1ds

5]
@ , 2 97| (5, Dy (9)| ds
il
ulty=11) . 5
w-%fo =97 |f (5,99, Dy ()| ds

1
it [ =9 (9. D ) s

| o= |(to—11)+H A - /lzl t3—l3

(3.25)

(3.26)

(3.27)

(3.28)

L —TLe-Ta=2) f (€ -9 3‘f S y(s), D‘Sy(S))'

[1-17°|(t1=t2)+H A1n— 1| t3—t3 3 5
611 —1[[A2é— 1T (a— 2) f (1 -9 ‘f 5,y(s),D y(S))‘

o (Es2A5-0) Lo | Li-n)
= I'(a+1) [Ain—1T(a+1) [Ain—1T(a+1)

Lll/lz L APE2(t—t)+Li | b lin—Aol€%~ 2(t3 t3)
6l n—1[l26-1l'(a—1)
Li|i-an? |-+ Lilin-11(5-5)
6l n—1]|426-1I'(e-1)

Therefore,

=1+l |, [o-bin’ler
91y () =1yl < Ly [I/lm M@+ D) T 8- 1D | 72

3
1 1= _
M@ D T e 1r@-n | 1 ~ 1)

A1 n—Anl€" >
L [6|/1177—1I|/12€—llf(a—1)] (

+L1

3_3 LyjAn-1] 3
B-1)+ O T—TlLE—TIMa=1) (7

L 2L
r(ail)(t tz) Maan (2 = 1"

(3.29)

tg)
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We have also

11
ID7¢1y (12) = D71y (11| < 1y fo (1 =97 == 9" ) | (5.3 (), Dy (s))| ds
5)
tras ), (2= 9 (5@ Dy )] ds
|/l| 1 -0 l‘l O‘ ol s d
= 1|F(a)F(2 0') (U—S) f(s,y(S) D y(S)) s
1 -0 tl 0'
1 o
um SN a)f (1 -9 f(S y(s),D y(S)) ds
l/lZ /12/11’73|(1 o l‘l (r
O =1l 0e— 1|r(a z)r(z o) a3 5
S e R f €= 97| (53, Dy ()| ds

T =TE TN a- 2)F(4 o)

1/117]3 1(rtl(r
2

6l417—1[l42¢—- 1|F(a 2)1“(2 o) a3 5
" =157 -577) f (1-15) ‘f (s,9(),D y(s))‘

|4n=T{lA26 =TI (= 2)F(2 o)

(3.30)

The condition (H3) implies that

L - - -
D71y (12) = D71y (11| < oy (1777 - 577 +2( - 1))

[A1m*+1 1
[n—1C(a+ DL 2—0) 1— -0 l[4in—11I (a+1)F(2 o) - -0
6l -1l 26-1[ (a-DI'(2-0) - TLE- T e—DI2-0)
Ll n—1pl¢ 2 (3 o _ 3 0')+ Lilin-1 (t3—0' t3—0‘)
[A1n=1[l2é- 1T (a—DI'(4~0) 1 =121 (a=DI'(4-0) \"1 2 )
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The inequalities (3.29) and (3.31) imply that:

3| ga—2
=1+, I [a-tin’le
— < —
¢1y (12) — 1y (tDllx < Ly [|/1177—1|F(01+1) + 6 —1e—1T@-1) (1)
_ 3 -2
1 UM _ Jadi=Aalé® 33
L1 | eTies D + e iieetresn | - 2+ L | gmiieraen | (5 ~ 1)
Lilin-1] 3_.3 Ly @ _ i\
6|/1117—1||/12§—1|F(a—1)(t1 5) + sy (1 =15 + 22— 1)7)
[A1]7%+1 ]
Ly a-o a0 a—o =1 (e+ DI 2-0) -0 -0
e (677 =577+ 2 = 1)) + Ly 71/12—/12/11773|§a_2 (177 -17)
=1 e-Dr2—o) |

; -
1 |1_/1177 | -0 _ -0

L1 | =TT+ D=0 T 6 =TLE=TTe-DI2=0) (tl 5 )

LA 1n—-2p18%2 <t3—o- _ t3—o-) + Lilin—1] (t3—o- _ t3—o-)
=Tlaé—1a-Drd—o) (22 1 =TT a-Drd—o) 2 )

With the same arguments as before, we can write

An—1]+]2 =[P 2
g2 (12) = o x (1)l < Ly ['Mﬁ,_l'g'(ﬁg"{f + 6M!,f_1||32;_1||r(ﬂ_1)] (1 = 11)(3.33)

_ 3 —2
i [1-177| _ i n—Alé? 3.3
M IrED t et | 1~ 2) * L2 | g7 =T ITG-D (5-1)

+L,

Lyl -1 3.3 L
+6|1177—1|2|121§—1|F(ﬂ—1) (tl N tz) + r(ﬁil) (’f - t§ +2(p - tl)ﬁ)

P +1
L —0 _ po - =1L B+ (2= 1= 1-
+r("‘—‘2§+1)(z¢f 20y 5)+L2 | lTb—la(ﬁm%léﬁ‘z) (n°-17")
L= TE= 1T (-1 2—0) |

it (1 - 47)

+Ly 1 +
[Ain—1TBE+DI2-6) ~ 6|41 7-1[|26- 1T (B-1I'(2-9)
Lol =2y |E52 (t3—5 3 t3—5) N LolAin-1] (t3—5 B t3—5)
[i7—1[A€- 1T (B-1)I'(4-06) \"2 1 [An—1][26-1I(B-1)[(4-0) \'1 2 )

Thanks to (3.32) and (3.33), we can state that ||¢ (x,y) (12) — ¢ (x,y) tDllxxy — 0 astr — 1.
Combining A, B, C and using Arzela-Ascoli theorem, we conclude that ¢ is completely continuous

operator.
D: We shall show that

Q:={(x,y) € XXY,(x,y) =ud(x,y),0 <u <1}, (3.34)

is a bounded set.
Let (x,y) € Q, then (x,y) = u¢ (x,y), for some 0 < u < 1. Thus, for each ¢ € J, we have:

y (1) = pupry @), x (1) = upox (7).
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Therefore,
1 1 ! a—1 0
;Iy(t)l < mj(;(t—s) ‘f(s,y(s),D (s))‘ds (3.35)
7
e fo (=9 |1 (5.7 9.0° (9) ds
n
+|/11n—t1|r(a)j(; UE ’f(S,y(S),D‘S(S))’ds
[ o= 17 i+ A1 =2a 1 3 5
e TRE e, -9 ‘f(s,y(S),D (S))‘ds

- |- (! 3 5
tA e ), =" £ (s.9(9).0° ()| ds

Thanks to (H3), we can write

1 LA =11+, % +1)
,l_l |y (t)l < I/lm—llf(a+1) (336)

Ll(lzz LA [H =)+ 1=y |+ - 1)
610 7~ 112~ T (a—T)

Thus,
(=L )
=1 (a+1
VOIS UL (dp-tpap | tptin-al)er 21—l in-1 (3:37)
6L n-TTLE-T(@-1)
Hence,
[y ()| < uN{Ly,t € J. (3.38)
On the other hand,
1 ! o
L7y 0) < G fO (1= 97 f (5.3(9, D% (9)| ds (3.39)
'~ § -1 5
+Mm—1|f(a)r<2—a>fo (=9 £ (5.3 ). D% 5)] ds

[10'

T e=o) fon =9 |F (5.3(5). D (5))| ds

[ |/12—/12/117]3|t1_0- ]

6|1 n—1]|126-1T'(a-2)T 2—0) a3 1)
+ N |/12/11n_/12|t3—0' f(f S) ‘f(s’y(s)’D (S))‘ds
| =TT e E=o) |

|1_/lln3|tl—0'

[ 1 ~1
+| TR @-2TC-0) f (1 )23 ‘ f(sy(s), 00 (S))‘ s
-1 0

-T2 E-0) |
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Thanks to (H3), we have

1, - 1 417" +1
" |D y(t)| < Ly [r(a_ﬁl) T =@+ DI 2=0)

PO S i L VU SR VAL S P 20 |
L@ T=TTE=TMe-Dre-0) * Mi-TIGE-1Me-DlE-o) |

Therefore,

o 1 [A1|n¥+1
ID7y@)| < pLy [F(a—o-+1) t =1 DI 2=0)

| =€ 24| 1-17| =l 2+ A =1

+ulq

Thus,
‘Dﬁy (z)' < uL{No,t € J.

From (3.38) and (3.42), we get
Ivllx < pLy (N +Np).

Analogously, we can obtain
llxlly < puLp (N3 + Nag).

It follows from (3.43) and (3.4) that

G Wllxxy < pLy (N + No) + pLy (N3 + Ny) .

Hence,
llg (x, Wllxxy < oo.

6l n—1llA26- 1T (a-DI'2-0) * |4in=1ll2¢-1l(e-DI'(4-0) | *

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

This shows that the set € is bounded. Thanks to A,B,C and D, we conclude that ¢ has at least one

fixed point. Theorem 3.2 is thus proved.

4. Examples

Example 4.1. Let us consider the coupled equations:

7 (2| Ve ™ |cos(nt)| D%Y(t)'
DIx(r)+ X —=0,r€[0,1],
7(n2+3)" b)) 7,,(1+et)2(2+‘ D3y(,)‘)
ne 2t D%x(t)
3nlx(@)l

11
D3y(n)+

(5 +3 Vi) (1 +1x(0)]) " 21 13
5(t+3 ﬁ) (1+‘D2x(z‘))

x(0) = 0.x(1) = 3x(}) = 0.y ) = 0.y (1) - 3y(}) = 0.
¥ 0 =0,x"()-3x"(3)= 0" ©=0y"(-%H"(3)=0.

=0,t€[0,1],

4.1
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It is clear that

—t
t
fltxy) = &l N G cos I e 10,11, %,y € R,
T(r2 +3) @+1x)  Tr(l+e)7 @2+ DD
3 =2t
gt x,y = 7 + re " b ,t€[0,1],x,y € R.

(5 +33m) (L4 1) 5(r+3y7) (1 + Dyl

For x,y,x1,y1 € R,t € [0, 1], we have

1 -7t
If (&, x,y) = f@ x1, 1) < —le—x1|+ 2|y—Y1|,
7(m2 +3) Tm(1+¢€)
and
3r ne2nt
gt x,y)—gt,x,y)l £ —F——=lx—xil+ — ly = yil.
(5€t +3\/E) 5(t+3ﬁ)
Hence,
1 e !
ap(n) = —z,bl (r = \/_—tz’
7(m2 +3) Tr(1+e)
and o
3r me <7
ap (1) = zZ—’bz (r) = — 5"
Se’” +3+n 5 (t +3 \/7_T)
These imply that
1 \r
w; = sup aj(t) = —,wy = sup by (t) = =,
t€[0,1] 63 t€[0,1] 28n
3 1
w) = sup ap(t) = ———=,wr = sup br(1) =,
1€[0,1] 5+3+n 1€[0,1] 45
Ny = 1,08935, N, = 3,444, N3 = 0,77571, Ny = 2,51754,
and

(N| + Np) (W] + w2) + (N3 + Ny) (@] + @) = 0, 16329 + 0, 36466 = 0,52795 < 1.

So by Theorem 3.1, the problem (4.1) has a unique solution (x, y) on [0, 1].
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Example 4.2. The following example illustrates Theorem 3.2. We take:

2e”"|cos(1y(1))|
2 1
(2+ D3 y(t)‘)

D%x(t) + 1 > +
(t2+1)(2+ D3y(t)() 7(1+¢!
e =0,t€[0,1],

1
+
(et2+1)(1+|x(t)|) (t+1)2(1+’D§x(t)')

x(0) = 0,x(1) = 3x(3) = 0,y () = 0,y () - 3¥(3) = 0,
)

=0,r€[0,1],

t

10
D3y()+

4.2)

X0 =05 (-3 (2) =00 © =05 () -%"(3)=0
We have
1 27" |cos (tx))|
t,x, =
f( X y) ([2 + 1)(2+ |y|) 7(1 +€t)2(2+ |y|)
and
(t,x,y) = 1 + e’
e (e + 1) +1x) G+ DA+

So by Theorem 3.2, the problem (4.2) has at least one solution on [0, 1].
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