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Abstract

In this work we establish a theoretical relation betweemibigons of scale and a discrete Finsler-Haantjes curva-
ture. Based on this connection we demonstrate the apdiigaifithe interpretation of scale in terms of curvature, to
signal processing in the context of analysis and segmentafitextures in images. The outcome of this procedure is
a novel scheme for texture segmentation that is based oedsgadtric curvature. The presented method proves itself
to be dficient even when the multiscale analysis is done up to scél&8 and more. Our main conclusions are that
the discrete curvature calculated on sampled images carugian indication on the local scale within the image, and
therefore can be used for many additional tasks in imagesisal
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1. Introduction

Several tasks in image and signal processing require ticelaibn and usage of scale. De-
termining the typical scale at some image location can bfilfsg de-convolution, detection and
recognition tasks. The popular image registration alporg, SIFT Lowe, 1999 and SURF Bay
et al., 2006 account for the scale at image locations as a pre-progessp for calculating scale
invariant key points, that are used in turn for matching.

Typical approaches to calculate scale in the signal praags®mmunity rely on analyzing a
multi scale representation of the images, via the scaleesppproach or the wavelet transform.
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The versatility and adaptability of scale space theory aadelets for a variety of tasks in Image
Processing and related fields is too well established indiemsfic community, and the bibliogra-
phy pertaining to it is far too extensive, to even begin toeenit here.

On the other hand, the concept of curvature is well estaddish the field of computational
geometry. Intuitively, scale and curvature are relatedghHsurvature account for phenomenon
that happen at smaller scales than those that are related tocurvature. This relation is further
stressed analytically and formally in the smooth categasythe curvature of a smooth curve at
some point is defined to be the inverse of the squared radihe @flsculatory circle at that point so
specifically making curvature a function of scale. Curvatecreases as the inverse of the square
root of scale Petersen1998.

The multiresolution property of wavelets has been alreguplied in determining the cur-
vature of planar curvesAptoine & Jaques2003 and to the intelligence and reconstruction of
meshed surfaces (see, e.gonsberyet al,, 1997, (Valette & Prost2004), amongst many oth-
ers). Moreover, the intimate relation between scale afidréntiability in natural images has also
been stressedFloracket al,, 1992).

An intriguing issue is whether one can replace the intuitreele-df between scale and cur-
vature, by a formal concept afavelet curvaturgin particular in cases such as the Stromberg
wavelets Stromberg 1983 that are based on piecewise-linear functions, and if so,thevhat
extent this can be further extended to the moif&alilt case of Haar wavelets that are not even
piecewise linear and to what extent this can be made general.

Apparently, this can be done by usingetric curvaturegBlumenthal & Menger1970 (and
(Saucan2006 for a short presentation). It turns out that the best caatdidor the desired metric
curvature is thé-insler-Haantjes curvaturedue to its adaptability to both continuous and discrete
settings (see, e.gSaucan & Appleboim2009, (Saucan & Appleboin2009).

We have first introduced a formal relation between discrateature and scale irBaucaret
al., 2010. In the present paper, that represents a continuationrgbr@vious, above mentioned
article, we suggest that a simple curvature calculatiorreplace the tedious work of convolving
images with a large number of multi scaled filters. We show Boale and curvature are related
to each other, for a variety of families of wavelets. Afterdawe present the Finsler-Haantjes
curvature measure for images and develop a novel schemextore separation. Our main goal
is, however, more far-reaching, namely to try and bridgéeadt partly, the the gap between the
two basic, largely non-intersecting, approaches prevatelmage Processing and related fields:
The geometric one, that is closely related to the Graphiosneonity philosophy; and the more
classical, Fourier Analysfg/avelets driven one.

The paper is organized as follows: First, we introduce théhamaatical background needed
and discuss the notion of scale in Sectioh 2Ve then elaborate on the Finsler-Haantjes curvature
in Section 22 and introduce the Fisler-Haantjes curvature of waveladsar images in Section 3.
In section 4 we suggest a scheme for texture analysis in isthgeis based on our discrete scaled
curvature measure. In addition to texture segmentatiome isea huge variety of further possible
applications to the ideas and methods presented hereirelbasmopen issues for further research.
Some of those are mentioned in Section 5 in which we summtr&paper.
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2. Mathematical Background

In this section we present both the notion of scale and th#teFinsler-Haantjes Curvature.
While these two components are derived from completdlfgdint worlds, we show that they are
strongly related to each other.

2.1. The Notion of Scale

The notion of scale is fundamental in many mathematical @mpliGative discussions. Scale
is one of these terms that has a clear intuitive meaning,sbodiid to be defined mathematically.
The question of finding a measure for calculating the localesm signals and images has been
addressed in the past in the context of scale space anahdiwavelets transform. It plays a
significant role in the framework of image matching and regtgon, where scale invariant de-
scriptors are desired. Evaluating the dominant scale withage data is highly important for real
life applications. For a computer vision system analyzingiaknown scene, there is no way to
know a priori what scales are appropriate for describingitleresting structures in the image
data. Hence, the only reasonable approach is to considenigtéans at multiple scales in order to
be able to capture the unknown scale variations that mayo8cale-space theory is a formal the-
ory for handling image structures afti@irent scales, by representing an image as a one-parameter
family of smoothed images, the scale-space representalitois representation is parameterized
by the size of the smoothing kernel used for suppressingsitaée structures.

In the early eighties WitkinWitkin, 19833, (Witkin, 19830 proposed to consider scale as a
continuous parameter and formulated the principal rulesadern scale-space theory relating im-
age structures represented dfatient scales. Since then, scale-space representatiotsgdp-
erties have been extensively studied and important catiitis have been made by Koenderink
(Koenderink 1984, Lindeberg Lindeberg 1998 and Florack Floracket al, 1992. In many
cases it is necessary to select locally appropriate scatdsrther analysis. This need for scale
selection originates from the need to process real-worjdotd that may have fierent sizes and
because the distance between the object and the camerargahh@seminal work of Lindenberg
(Lindeberg 1998 dealt with the issue of automatic scale selection. TheveEsto determine the
characteristic scale for which a given function attains @neenum over scales. The name char-
acteristic is somewhat arbitrary as a local structure cast ek a range of scales and within this
range there is no preferred scale of perception. Howevegla san be named characteristic, if it
conveys more information comparing to other scales. In lokwLindenberg noted that a highly
useful property of scale-space representation is thatemagresentations can be made invariant
to scales, by performing automatic local scale selecti@@th@n local maxima (or minima) over
scales of normalized derivatives.

This work served as the basis for tasks such as blob detectamer detection, ridge detection
and edge detection. Scale space theory is fundamental tiectoey invariant features within sig-
nals and images that can be used for various tasks such aga#&gn, detection and recognition
among others. Multi-scale representation of data is ctdiereextracting local features used for
determining regions of interest for subsequent detecti@cale-invariant interest points for com-
puting image descriptors, most notable are the SIEGwg, 1999 and SURF Bay et al., 2009
frameworks.
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Both the SIFT and the SURF algorithms rely on Scale-spacerest detection, where the first
stage of computation searches over all scales and imaggologa It is implemented by using
a Laplacian-of-Gaussian or afiirence-of-Gaussian function to identify potential ing¢f@oints
that are invariant to scale and orientation.

A common practice for scale determination relies on the ctution of the data with a bank
of functions that have ¢lierent scales. The characteristic scale usually correspianthe local
extremum of the convolution results, taken over scales.chiaeacteristic scale is related to struc-
ture. The common methodology for finding this exterma valnegale space involves analysis of
the behavior of the Laplacian of Gaussi&ay et al., 2006, Difference of Gaussiahgwe, 1999
and the Hessian matrix to name a few. There are strong netabetween scale-space theory
and wavelet theory, although these two notions of multlescgpresentation have been developed
from somewhat dierent premises. Wavelets are multi scaled versions of afgpemwther func-
tion, thus when convolving them with data, one can explatgsbale contents of that data, in a
very similar way that the frequency contents of data can Ipesssed using the Fourier transform.
A strong response to a wavelet function with a certain supgd scale, suggests that there is
significant information at that scale at that image location

2.2. The Finsler-Haantjes Curvature

The most intuitive definition for curvature is the amount byieh a geometric object deviates
from being flat, or straight in the case of a line. It is nattioadefine the curvature of a straight line
to be identically zero. The curvature of a circle of radiushi@wdd be large if R is small and small
if R is large. Thus the curvature of a circle is defined to beréogprocal of the squared radius(
Carmq 1979.

The following metric definition for curvature is due to Hajast following an idea of Finsler
(Blumenthal & Menger1970:

Definition 2.1. Let (M,d) be a metric space, letd = [0, 1] — M be a homeomorphism, and let
p,qg.r € c(l), g,r # p. Denote bygr the arc of ¢l) between g and r, and by gr the segment from
g to r. We say that c hasinsler-Haantjes curvaturgy (p) at the point pf:

%P (d(a,r))
where “I(qr)” denotes the length, in intrinsic metric induced by d gof- see Figure 1. (Here we
assume the curveglg is rectifiable hence that, in particular, the amgr has finite length.)

(2.1)

This definition of curvature represents, indeed, a propaptadion, for an extensive class
of curves in quite general metric spaces, of the classicammf curvature, as proven by the
following

Theorem 2.1.Let ¢ € C3(1) be a smooth curve k3, and let pe ¢ be a regular point. Then
ke (P) exists and, moreovetyH(p) = K(p) — the classical (dferential) curvature of ¢ at p.

Remark.Originally the Finsler-Haantjes curvature is defined W(tit) appearing in the denomi-
nator instead ofi(g, r), ((Blumenthal & Menger1970). We have opted for the above definition
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Figure 1. A (metric) arc and its corresponding chord (metric segment)

for practicality reasons. Moreover, in the setting of thekv(and, in fact, in a much more general
context) the above theorem still holds with our modified d&én, therefore the definition used
herein is interchangeable with the original one (see, ad@dumenthal & Menger1970).

3. Finsler-Haantjes Curvature for Wavelets and Images

In this section we consider a semi-discrete (or semi-caotis) version of the Finsler-Haantjes
curvature, and then introduce this curvature measure indke of a wavelet function.

3.1. Semi-discrete Finsler-Haantjes Curvature

Consider a typical piecewise-linear wavetgtsuch as the one depicted in Figure 2 A&t be
the arc of curve between the poitaandE, and letd(A, E) is the length of the line-segmeAE.
Then
I(AE) =a+b+c+d ;d(AE)=e+f. (3.1)

The following discretization of formul&2(1) is, therefore, natural:

K2 (9) = 24[@+b+c+d) - (e+ )]/(e+ ). (3.2)

In addition to the total curvature of the waveletone can also compute the “local” curvatures of
the partial waveletg, = ABCandy, = CDE, that is the curvatures at the “peak®’andD:

k2, (B) = 24(@+b-¢)/€’, (3.3)
and
k2, (D) = 24C+d - f)/f3, (3.4)
as well as the mean curvature of these peaks:
Hen(AE) = [ken(B) + ken(D)]/2. (3.5)

Even though these variations may prove to be useful in cedpplications, we believe that
the correct approach, in the sense that it best corresporitie scale of the wavelet, would be to
compute the total curvature ¢f However, had the definition of Finsler-Haantjes curvateen
limited solely to piecewise-linear wavelets, its applitibwould have also been diminished. We
show, however, that it is also definable for the “classicadaHwavelets, in a rather straightforward
manner.
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Figure 2. A typical piecewise-linear wavelet (red), part of the Meyavelet Meyer,
1993 (blue and red).

Remark.In the sequel we will therefore omit the dieient V24 for convenience.

3.2. Finsler-Haantjes curvature of Haar Wavelets

For everys € Z let j = 25, and let¥; denote the Haar wavelet at scaland with zero shift,
where¥; = ¥ is the mother wavelet of Haar basis, considered in the abavwaele. Ther?; can
be presented as:

it xe(0dy;
Yi=9 -t xe(d); (3.6)
0 otherwise

Then, in the notations of Figutewe have thaf = 0, E = j, so we have tha(AE) = 4- 1+,
andd(AE) = |, therefore for these wavelets the Finsler-Haantjes cureaatisfies:

4.1+ )) -] ._
KEH(‘PJ):( st D bog (3.7)

The Finsler-Haantjes curvature is certainly invariantemshifts therefore the same depen-
dency ofKgy in scale is the same for shifted Haar wavelets as well.

3.3. Finsler-Haantjes curvature of Walsh Basis
Let Rs be the Rademacher function which takes the vaJud.bn the dyadic intervalsgiq, ;sz ,
j=0,1,..., 2% of the unit interval. Figur& shows the first four Rademacher functions.
Then for anyk € N, if we take the binary expansion &fas a sum of powers of X =
2Pt 4 2P2 4 ... 4 2P and define thé&, Walsh function as §eauchampl975):

W = R,, - Ry, - <Ry, (3.8)
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Figure 3. First four Rademacher functions.

Again, in the notations of Figur2we have thatA = 0, E = 1, (AE) = 2-25+ 1, d(AE) = 1 which

results with
(2-22+1)-1

13
Although the Walsh basis is not a wavelet basis (8sa(champl975), we can easily regard
the functionWs as a function in a specific scale whichjis: ;11 hence the curvature of the Walsh
function at scalqg is 21

For a smooth wavele¥, compactly supported, we can of course define its Finsl@mrtjes,
Ken by takingl(AE) to be the usual arc length given @Gppw V1+ P2,

2 (W) = 25, (3.9)

3.4. Curvature vs. Scale

By an analysis similar to those in Sectid®i? and3.3, we will be able to compute a specific
dependency of the Finsler-Haantjes curvature as a funofieoale, for every family of piecewise
constant wavelets. Moreover, with only a limited amount @dlifonal dfort, this goal is also
achievable for the families of piecewise linear waveletsisTcorrelation most probably depends
on the specific family under consideration. Indeed, as dyreated above, Haar wavelets behave
differently from the Walsh basis as far as the curvature vs. socatespondence is concerned. To
obtain a similar relation in the case of smooth wavelets, sirauld recall that if¥; is a smooth
wavelet function at some scajethen it can be approximated, for instance, in thenorm, by a
sequence of Haar functions. More precisely, for evesy0, there exist& = k(j, €) € N, such that

k
¥, - ) Haarf<e. (3.10)
LUij Z
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Combining the inequality above with Equatio®.]) we obtain that the Finsler-Haantjes cur-
vature of¥ will display a scale-curvature relation similar with thdtserved for the Haar wavelet.
Here, by “similar” we mean that it will decrease as curvatureases. However, we probably
cannot expect in this case a simple analytic expression acabfe with the one displayed in the
case of Haar wavelets. The precise behavior, if can be dkatall, is left as an open question
at this point. It would be reasonable to assume that it dependhe specific wavelet family,
as well as on the proximity factar. Nevertheless, this behavior is indeed demonstrated in the
numerical tests that were applied on a variety of waveleatsli@s. For each type of wavelets,
Haantjes curvature was computed for the wavelets familiesferent scales. The general be-
havior is similar in all diferent families and are shown in Figutelt is shown that, as expected,
curvature decreases as scale increases. As indicated layi&@y(.7), we see that the decrease
of curvature as a function of scale for the Haar waveletfietgnt then the one of classicatter-
ential geometry of smooth manifolds, where the decrease haagnitude of¢cale -2, while for
the Haar wavelet it was shown to be in a magnitudesofi(§*. The diference evidently follows
from the fact that we compute the Finsler-Haantjes cureatua global way rather than locally,
as usually curvature is computed in the classicfiedential geometric setting.

K(s)
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Step signal +
curve fitting

[) [ 1 15 2 25 3 £ 4
Scale

Figure 4. Curvature as a function of scale for a number of standard le&zeThe
Haar wavelets, db2 wavelets, sym2 wavelets, the Meyer wtsjehs well
as the step signal.

3.5. Curvature for images

From the definition of Finsler-Haatjes for curves we canlgasfine a discrete version of
curvature for surfaces in general, and for images in pdaic&or say, a poirk on a surfac&, the
most natural thing to do is to consider Fisler-Haantjes atume in any of the directions emanating
from x, then find the maximal and minimal curvatures, and then tédkerethe mean of these two
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values so to obtain a Finsler-Haantj@gan curvaturer, alternatively take the multiplication of
these two in order to obtain a Finsler-Haantjes version @fZhussian curvaturat x. We adopt
this concept to images while we consider an image as a suefabedded in somg&". A gray
scale image, for example, can naturally be considered adaceunR?. In this case the Finsler-
Haantjes curvature is computed at each pixel in fotfiedent directions and then the average of
these four curvatures is taken. This is done in the framewmakwas defined in Equaticdh3 of
localized curvature, where for images the localizationdselby considering a window of some
sizen x n centered at the pixel. Each of the images shows the resuttsngputing this version of
mean curvature as computed for window sizes &f8 5x 5 and 7x 7.

Before we proceed further, let us briefly discuss a limit cdéa signal (image) displays a
unique scale, e.g. for periodic signals, for which there diract correlation between scale and
the periodT, one expects that to observe that the graph of the curvaincion is the smoothest
precisely in windows of siz&. That this is indeed the case is illustrated in Figure 5.

window size is:7  window size is:9 window size is:11 window size is:13
0.1 B 0.1 0.1 0.1
0.05 0.05 0.05 h 0.05
I w f
y URLE _mw'
i
0 : 1] ! 0 L 0 :
0 100 200 0 100 200 0 100 200 0 100 200
window size is:15  window size is:17  window size is:19 window size is:21
0.1 0.1 0.1 0.1
0.05 0.05 0.05 0.05
0 1] . 0 B ] [
0 100 200 0 100 200 0 100 200 0 100 200

Figure 5. Left: A test image, consisting of twein signals of diferent periods (11
pixels — left, and 15 pixels — right). Right: As expected, be windows
corresponding to the period of the signal (image) the cureagraph is the
most smooth. (Notice the highlighted “windows”.)

We clearly can see how Haanjes-Finsler curvature perfomasmadge detector. This result is
expected, since curvature, even its metric, abstrachgetitill has qualities similar to those of a
second derivative. This is clearly illustrated in FigureTais is further emphasized in the more
challenging example in Figure 7, of a satellite image of thg# pyramids at Giza, as they lie
against the background of sand dunes and opposed to theeadjaighbourhood of Cairo. It
should be noted that, curvature map in itself can serve aga g@an made detection tool in arial
and satellite images.
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Figure 6. Haantjes-Finsler curvature of an image with respect téedint scales.
From top left in clockwise direction: original imageX3, 7X7 and X5
window size.

4. Texture segmentation

As a possible application of the proposed method of indigasicale via curvature we look
at the problem of image texture segmentation. The novel satation scheme yielded from this
approach is outlined below.

1. At each pixel Haantjes-Finsler curvatures are computediféerent scales and fikerent
orientations. For each window, curvatures are computed direttions, horizontal ver-
tical and two diagonal directiong,, «y, k4,, kg,- Finally, the averagea,g = (kmax(PiX) —
kmin(P1X))/kmax(PiX) of these four obtained curvatures is taken as the curvatutee pixel
in the relevant scale. (The specific average consideredvwasanspired by the standard
Image Processing definition of the contr@gt) of an imagel, C(l) = (Imax — Imin)/Imax-)
This approximates the average curvature at each scale. ufbenoe of this step is a vector
of lengthmwheremis the number of dferent scales/(pix, scalg wherepix denotes pixel,
and each entry of the vector represents the average cusatttive corresponding scale.

2. Next, at each pixel, the gradient, with respect to s¥algeV, of this curvature vector is
computed, and we look for the scales at which the gradierdesica predefined threshold.
(Note that, at this point, curvature and scale are alreattydhangeable.) Afterwards, all
scales which fulfill the threshold criteria are averagedrofeo to get a scalar value for each
pix. The average scale is the outcome of this step. We considesdale as the scale of
important information at the relevant pixel.
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Figure 7. Haantjes-Finsler curvature of a satellite image with respe diferent
scales. From top to bottom: original image, curvature ayeuiaon X3
windows, curvature averaged oX7 windows.

3. The output of previous step is a matrix in the same size @asntlage size, each entry of
which is the scale of information at the relevant pixel. A sxth@d version of this matrix
is obtained by a linear filtering at size which is compatibiéhvihe amount of localized
information one wishes to obtain. Segmentation to smalutess will require small filtering
support.

4. We segment the image according to the smoothed informatiale computed in the previ-
ous step. Pixels with similar scales are grouped togeth#arto different segments. The
segmentation is done after curvature values are quantizeeveral levels. In the experi-
ments shown herein quantization is taken into seven levels.
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The procedure detailed above is summarized as Algorithmhighwis divided into its four
main constituent parts:

Input : Grayscale imagé
Output: VectorV(pix, scalg of lengthm = number of scales
foreach pixel pix in I do
foreachwindow of size< mdo
computexy(pix), kv (PixX), kg, (PIX), kg, (PIX) @and findkpax(PiX), kmin(PIX);
computex(pix) = kavg(PiX) = %
end
end

Input: V(pix, scalg
Output: Matrix M(l) — The average scale matrix
foreach pixel pixin | do

COMPUtEV g4V,

choose scale threshodg;

select scales for which V(pix, scalg > s;

computesayg = Savg(PIX) = m;
end
Input: M(I)

Output: Matrix M(1) — Smoothed version dfl(l)
choose window sizel = Wy(texture;
apply linear filter at sizevo;

Input: M(1)
Output: Segmented imagie
choose maximal number of quantization levgjs
foreach pixel pixin I do
| compute the quantized valusg,(pix);, j =1,...,qo;
end
group pixels in segments(j) = {Pix| Sag(PiX) = Saug(PIX);

Algorithm 1: Segmentation algorithm.

In the following figures, first results of the proposed methoel shown for dierent images.
Figure 8 shows the original synthetic image which is comprised of thifferent textures, the
second image in the figure shows the gradient ve;s@,;V(scale pixel) of the scaled curvature
vectorV, while in the third image we see the gradient vector fieldrastaoothing with a filter
of size 3x 3, and in the fourth image the outcome segmentation is shdé®&n guantization of
the smoothed gradient into 4 levels. In the segmented ima&gee® intermediate texture around
the internal circle. When one looks at the original image ae clearly see that this is caused
by those pixels that are in the intersection of the twibedlent ares of the images and indeed we
cannot associate specific texture to these pixels.
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Figure 8. Segmentation of two synthetic textures: From top to bottowh faom left
to right: Original image, averaged information scales, sthed gradient of
the scaled curvature, the outcome of the segmentation gg@feer quanti-
zation into 4 levels.

In Figure 9 from top to bottom we see the original image, averaged inébion scales as
depicted in the second step of the algorithm described ahogehe outcome of the segmenta-
tion process after smoothed bX3 window and quantized to 7 levels. Notice the sensitivity of

segmentation to texture.

Figure 9. Segmentation of mandrill image. From left to tight: Oridiimage, av-
eraged information scales, the outcome of the segmentptiocess after
smoothed by X3 window and quantized to 7 levels.

Figure 10 shows similar phenomena on an image of fabric with sevexalites. The figure
shows the original image and the segmented outcome of tlregsoWe can see good separation
between the dierent textures.

The dficiency of the proposed the segmentation algorithm is higitdid on what might be
called the "semi -synthetic” (due to the regularity and dyeesiodicity of this natural image) of
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the stairs — see Figufel.

Figure 10. Segmentation of fabric image, window size and quantizaliémel as in
Figure 9. Although filter size is small one can easily see gtifidrentia-
tion between dierent structures along the fabric.

Figure 11. Segmentation of the stairs image: Original image (leftyvature com-
puted using X3 windows (middle), detail of the segmented image using
the same window size (right).

Finally, in Figurel2the zebras are distinguished from the background of theeratgr their
texture is segmented and separated from the texture of tkgitzaund.

We conclude this Section with some preliminary comparissults. The briefness of this part
is a direct consequence of the main goal of this paper, asdsiatthe introduction, and which
we reiterate here briefly: Our essential objective is to iomet and further develop the theoretical
framework proposed inSaucaret al., 2010, that, in our opinion, allows, perhaps for the first
time, to integrate, in a unique setting, the two common ggrad of Image Processing, namely the
Harmonic Analysi8Navelets and the Geometric (Graphics related) ones. Tdrerethe present
endeavor should be viewed rather as a feasibility chedkerdhat a bourn per se.

Nevertheless, some first comparisons were made, and we gagetethod by likening it with
an established method for texture segmentat@moX & Weickert 2006 in conjunction with the
use of the classical Gabor wavelets. Some of these resalfgasented in Figurk3.
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Figure 12. The zebras are extracted from the background of the origimade. Ex-
traction is based on the proposed texture segmentation.

5. Summary

The concept of scale is important for several image prooggssks. The calculation of scale
on real life data usually relies on the convolution of theadaith multi scale filter, where Gaussian
derivatives are widespread. In this work we explored thati@h between the concept of scale,
to curvature. We have used the discrete definition propogétilantjes, and have established the
theoretical exponential relation that is expected fromngetoy.

In addition, we propose to use the simpler curvature calicui@as a means for automatic scale
selection. In that respect, we show two interesting usgfplieations of the concept of curvature:
as edge detectors and for the task of texture segmentation.

As we have noted in the introduction, scale and curvaturesemn@ly two manifests of the
same physical phenomenon, it should evidently be that ssadecurvature calculation can be
inter-changed to accomplish the same tasks. However, vidnlscale only practical, intuitive,
but not fully formalized definitions are given even in the madassical textbooks and other such
authoritative sources, curvature — even metric one — isssicial, fully established and technical
mathematical notion. We propose, therefore, in view of #mark above, to formally define
scale by means of the Finsler-Haantjes curvature, at laasiei purely theoretical setting. This
is more relevant in the context of 2-dimensional (as welcairse, as higher dimensional ones),
nonseparable signals, where a proper notion of scale isdanhtuitive then in the 1-dimensional,
classical, case.

Moreover, we suggest, to use this idea, not only for texteggrgentation, but also in many
other applications that make use of scale analysis of Sgn@eneral and of images in particular.
Due to the éiciency of the computation of Haantjes curvature relativddoinstance, wavelets
and Gabor functions computations in many scales, we camdégaapplications both in image
processing, as well as machine vision, where usudligiency is essential. Just to name a few,
we suggest the following,

a Compression and compress sensing.
b Detection of key points in images and registration.

c Scale space representation.
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Figure 13. Texture segmentation: Gabor wavelets based segmentationd) versus
curvature based segmentation (below).

d Adaptive edge detection.

e Object recognition.

As for further possible research issues we believe that wieahave presented in this paper is
actually the tip of an iceberg as far the scale-curvatur@eotion is concerned. Again, to name a
few we can mention the following directions,

a Automatic scale selection in the sense of pointing outraatally a scale up to which one can
apply analysis-synthesis process with a guaranteed amcura

b Use additional information which is obtained during thegass for additional tasks. As the
curvature is computed we gain information about all scai@ghch, the curvature jumps above
a predefined threshold. The method presented herein onlgsnede of the average of all these
scales however one can employ this information for an adagtale selection making use of
the relevant information of each of these.

¢ In addition to the above, there is also information aboatvéirious directions at which curva-
ture is computed, which is obtained during the process aisdriformation can certainly be
exploited for a variety of implementations such as thosetioead above.

d Can we use the curvature-scale relation in order to gagrmdtion about the “adequacy” of a
certain wavelet family to a given signal? For instance, dften asked, is it beneficial, in any
way, to decompose say, a natural image using a specific wavaitaily over the others, say, for
obtaining sparse representation? We hope that some ansavet® given for this challenging
guestion, via the scale-curvature analysis. We suggesttmat for e.g., the exponential decay
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of curvature as a function of scale, for the given signal, thieth looking for the wavelet family
with most similar behavior. In fact this particular questiwas the one that motivated this line
of research.

Acknowledgments

Emil Saucan’s research was partly supported by Israel 8eiEoundation Grants 227 and
93/11. and by European Research Council under the European Gomys1Seventh Framework
Programme (FR2007-2013) ERC grant agreemen 203134].

References

Antoine, J.P. and L. Jaques (2003). Measuring a curvatdrasavith directional wavletes. IIGROUP 24: Physical
and Mathematical Aspects of Symmetries, Inst. Phys. CengsS In J-P. Gazeau, R. Kerner, J-P. Antoine, S.
Metens, J-Y. Thibon, (Eds)738), 899-904.

Bay, H., T. Tuytelaars and L. Van Gool (2006). SURF: SpeedpdRdbust Featured.ecture Notes in Computer
Science3951 404-417.

Beauchamp, K.G. (1975Walsh Functions and Their Applicatiarisondon Academic Press.
Blumenthal, L.M. and K. Menger (1970%tudies in GeometrfFreeman & co., San Francisco.

Brox, T. and J. Weickert (2006). A TV flow based local scaléneste and its application to texture discrimination.
Journal of Visual Communication and Image Representafi@(b), 1053—1073.

Cohen, L. (1993). The Scale Representati&EE Trans. Signal Processing1(12), 3275-3292.
do Carmo, M.P (1976Differential Geometry of Curves and Surfacesentice-Hall, Englewood Gis, NJ.
Florack (1997). Image Structur€omputational Imaging and Visidt0. Kluwer Academic Publishers, Dordrecht.

Florack, L., B.M. ter Haar Romeny, J.J. Koenderink and M.Aergever (1992). Scale and thdférential structure
of imageslmage Vision CompufL0(6), 376—-388.

Koenderink, J.J. (1984). The structure of imad&slogical Cybernetics50, 363-370.

Lindeberg, T. (1998). Feature detection with automatidessalection.nternational Journal of Computer Vision
30, 77-116.

Lounsbery, J.M., A.D. DeRose and J. Warren (1997). Multih&$on Analysis For Surfaces Of Arbitrary Topological
Type.ACM Transactions on Graphic&6(1), 34—73.

Lowe, D.G. (1999). Object recognition from local scaledrant featuredCCV '99. 2, 1150-1157.
Meyer, Y. (1993)Wavelets : Algorithms Applications SIAM, University of Michigan, MI.
Petersen, P. (1998Riemannian Geometrppringer-Verlag, New York.

Saucan, E. (2006). Curvature — Smooth, Piecewise-LinaaMairic. In: What is Geometry?, Advanced Studies in
Mathematics and LogicG. Sica, (Ed.), pp. 237-268

Saucan, E. and E. Appleboim (2005). Curvature Based Clogtéasr DNA Microarray Data Analysid.ecture Notes
in Computer Sciencg523 405-412.

Saucan, E. and E. Appleboim (2009). Metric Methods in SerfegangulationLecture Notes in Computer Science
5654 335-355.

Saucan, E., C. Sagiv and E. Appleboim (2010). Geometric Wts/éor Image Processing: Metric Curvature of
Wavelets. In:Proceedings of SampTA 2009, France, Marseille, May 18-2292pp 85—89.

Stromberg, J.O. (1983). A modified Franklin system and higter spline systems dR" as unconditional bases for
Hardy spaces. InConference on Harmonic Analysis in honor of A. Zygmuiddeworth International Group,
Belmont, CA. W. Beckner, (Ed.), pp 475-494.



Eli Appleboim et al/ Theory and Applications of Mathemati&@sComputer Science 3 (1) (2013) I~ 55

Valette, S. and R. Prost (2004). Wavelet-Based MultiredgmiuAnalysis Of Irregular Surface MeshéBEE Transac-
tion on Visualization and Computer Graphid€)(2), 113-122.

Witkin, A.P. (1983). Scale-space filtering. IRroceedings of the Eighth international joint conferenceAutificial
intelligence Vol. 2, pp. 1019-1022.

Witkin, A.P. (1983). Scale Space Filtering: A New ApproachMulti-Scale Descriptions. InProc. 8th Int. Joint
Conf. Art. Intell., Germany, Karlsruhg@p. 1019-1022.



	1 Introduction
	2 Mathematical Background
	2.1 The Notion of Scale
	2.2 The Finsler-Haantjes Curvature

	3 Finsler-Haantjes Curvature for Wavelets and Images
	3.1 Semi-discrete Finsler-Haantjes Curvature
	3.2  Finsler-Haantjes curvature of Haar Wavelets
	3.3  Finsler-Haantjes curvature of Walsh Basis
	3.4 Curvature vs. Scale
	3.5 Curvature for images

	4 Texture segmentation
	5 Summary

