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Abstract
Let0 < p < +ocoand Qp = {z e ChexpVe(z) < R}, for some R > 1, where Vg = sup {é In|P4l, P; polynomial

of degre < d,||P,llg < 1} is the Siciak extremal function of a L-regular compact E.
The aim of this paper is the characterization of the generalized growth of analytic functions of several complex
variables in the open set by means of the best polynomial approximation in L,-norm on a compact E with respect to

the set Q, = {z e C"exp Ve(2) < r}, l<r<R.
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1. Introduction

Let E be a compact L-regular of C". For an entire function f in C" developed according
an extremal polynomial basis (A;); (see Zeriahi (1987)), M. Harfaoui (see Harfaoui (2010) and
Harfaoui (2011)) have generalized growth in term of coefficients with respect the sequence (A ).
The growth used by M. Harfoui was defined according to the functions @ and S (see Harfaoui
(2010), pp. 5, eq. (2.14)), with respect to the set:

Q, ={zeC", exp(Vp)(2) <},

where
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1
Vi = sup{;l log|P,|, P; polynomial of degree < d, ||Pyllz < 1}

is the Siciak’s extremal function of E which is continuous in C" (Because E is L-regular). The
(a, B)-order and the (a, B)-type of f an entire function (or generalized order and generalized type)
are defined respectively by:

log(llfllg, 11l
pl@,f) = lim Supa( e/ Qr)) and o(a,p) = limsup a( ! Qr)

v Blog(r) . W

where

I£lls. = sup|f @)
Q,

These results have been used to establish the generalized growth in terms of best approximation
in L,-norm for p > 1.
Let f be a function defined and bounded on E. For k € N put

2 (E, f) = inf{”f - P” . PePuCh),

LP(E.u)

where P (C") is the family of all polynomials of degree < k and u the well-selected measure (The
equilibrium measure u = (dd“Vg)" associated to a L-regular compact E) (see Zeriahi (1983)) and
LP(E, ), p > 1, is the class of all functions such that:

[y = ([ 177 )" <o

For an entire function f € C" M. Harfaoui established a precise relationship between the gen-
eral growth with respect to the set (see (Harfaoui (2010)): Q, = {z e C": exp(Ve)(z) < r}, and the
coeflicients of the development of f with respect to the sequence (A ), called extremal polynomial
(see Zeriahi (1987)). He used these results to give the relationship between the generalized growth
of f and the sequence (ﬂf (E, ). Note that M. Harfaoui did not study the case 0 < p < 1 because
the triangle inequality is not satisfied. A. Janik (see Janik (1991)) characterized the («, 8)-order of
an analytic function g in Qx defned by

Qp = {z e C", exp(Ve(2)) < R}, for some R > 1,

by means of polynomial approximation and interpolation to g on on a L-regular compact E, with
respect to the set

Q. ={zeC", exp(Ve) <r, 1<r<R}

In his work A. Janik used the best approximation defined, for a function defined and bounded
on E, by:
&) =& (LB =l f~ 1 |l

EP =EX(f,E)=|l f =1, Il
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ED =&Y (fLE) =l lys1 — 1 I,

where t, denoted the nth Chebychev polynomial of the best approximation to f on E and /,, denoted
the nth Lagrange interpolation polynomial for f with nodes at extremal points of E (see Siciak
(1962)).

The (a, B)-order of an analytic function was defined as follows:

If E be a compact L-regular. If f is an analytic function in

Qr = {z e C": exp(Ve(2) < R}

for some R > 1. We define the (a, 8)-order of f (or generalized order) by

wp) i o(log(llfllg;))
plop) = Im s s R IR — 1)

where ||f||Q = sup|f(z)| = sup{ | f@) |l expVe() <rl<r< R}

In this work we study the generalized order and generalized type, which will be defined later,
for an analytic function in the open set , with respect to the set Q, in terms of coefficients of the
analytic function in the development according to the sequence of extremal polynomials. So we
obtain a generalization of the results of M. Harfaoui (see Harfaoui (2010) and Harfaoui (2011))
and A. Janik (see Janik (1984), and Janik (1991)) replacing C" by Q and the entire function in C"
by analytic function in Qg .

After studying the generalized type of an analytic function in g, for some R > 1, we use this
results to characterize the generalized type by means of best polynomial approximation on E in
L,-norm for 0 < p < +oo.

Recall that the generalized growth used by M. Harfaoui (see Harfaoui (2010) and Harfaoui
(2011)) called (a, B)-growth was defined with respect to functions @ and 8 defined as:

Let @ and g be two positive, strictly increasing to infinity differentiable functions ]0, +oo[ to
10, +oo[such that for every ¢ > O:

such that
lim a(cx) =1
X—+00 a/(x) ’
. ,8( I+ xa)(x)) '
dm ey o b ime =0

(B (calx))
lim ———~= <
=+ a(log(x))
CY(X/,B_I(CCZ(X))) = (1 + o(x))a(x), for x — +co,

where d(u) means the differential of u.

2. Definitions and notations

Before we give some definitions and results which will be frequently used in this paper.
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Definition 2.1. (Siciak (1977)) Let E be a compact set in C" and let |||| E denote the maximum
norm on E. The function

Ve = sup {% log|P4|, P; polynomial of degree < d, ”Pd”E <l,de N}

is called the Siciak’s extremal function of the compact E.

Definition 2.2. Zeriahi (1983) A compact E in C" is said to be L-regular if the extremal function,
V&, associated to E is continuous on C".

Regularity is equivalent to the following Bernstein-Markov inequality (see Siciak (1962)): For
any € > 0, there exists an open U D E such that for any polynomial P, | P||U < ecdes(P )||P|| o

In this case we take U = {z e C"; Ve(z) < 6}.
Regularity also arises in polynomials approximation. For f € C(E), we let

e(E, ) = inf{[[f - P, P ePuCh)
where P (C") is the set of polynomials of degree at most d. Siciak (see Siciak (1977)) showed:

yd 1
If E is L-regular, then lim sup(sd(E f )) = — < lif and only if f has an analytic continuation
r

d—+o0

1

to {z € C"; Ve(2) < log (—)} It is known that if E is an compact L-regular of C”, there exists a
r

measure u, called extremal measure, having interesting properties (see Siciak (1962) and Siciak

(1977)), in particular, we have:

(P;) Bernstein-Markov inequality: Ve > 0, there exists C = C; is a constant such that

. — Sk
(BM) : |Pd||,, = C(1 + &)*||P, e’ @2.1)
for every polynomial of n complex variables of degree at most d.
(P,) Bernstein-Waish (B.W) inequality:
For every set L-regular E and every real r > 1 we have:
deg(f) Py’
]|, < MO | £ dp) (2.2)
E

Note that the regularity is equivalent to the Bernstein-Markov inequality.
Lets: N — Nk — s(k) = (s1(k), ...., s,(k)) be a bijection such that

ls(k + 1) > [s(k)| where [s(k)| = s1(k) + .... + s,(k).

A. Zeriahi (see Zeriahi (1987)) has constructed according to the Hilbert Schmidt method a
sequence of monic orthogonal polynomials according to a extremal measure (see Siciak (1962)),
(A, called extremal polynomial, defined by

k-1

A2) =% + Za P (2.3)

J=1
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k=1

—1; s(k) .»5(J)
D [mf{ 2+ ]Z:;ajz

We need the following notations which will be used in the sequel: (N;) v = w(E) =
1/ sk .

(e pony VD) = () = x|, = max|ac@] and 7 = (a) ™, where s, = deg(a). With

that notations and (B.W) inequality we have

1/ sk
such that HA" L, ),(al,az, v ly) € (C”}] .
i

A, < acr (2.4)
where s, = deg(A;). For more details (see Zeriahi (1983)).

Definition 2.3. Zeriahi (1983) Let E be a compact L-regular. If f is an analytic function in
Qg = {z e C": exp(Ve(2) < R}

for some R > 1. We define the (a, §)-growth ( (@, §)-order and («, 8)-type) of f (or generalized

~ a(logdlfllg)) . o Tog(lIf5)
order) by p(e,f) = limsup————=, o(@,f) = limsup , where ||f||; =
r—R ﬁ(R/(R - r)) r—R I:ﬂ(R/(R _ r)):lp(ﬂ”ﬁ) -
sup|f(2)] = sup{ | f(2) |: exp Vi(z) < r.1 < r <R},

ZGQr

Note that in the classical case a(x) = B(x) = log(x). We need the following lemma (see Zeriahi
(1987)).

Lemma 2.1. ( Zeriahi (1987)) If E is a compact L-regular subset of C", then for every 6 > 1, there
exists an integer Ny > 1 and a constant Cy > 0 such that:

(r+ DM Iflig,

(l" _ 1)2N—1 }"k

w(E, f) < Cy (2.5)

+00

forevery k > 1, everyr > 1 and every f € 0(5,9). If f= Z fi.Ax be an entire function, then for
k=0

every 0 > 1, there exists Ng € N* and Cy > 0 such that

(r+ DM flig,

(r _ 1)2[\/—1 rsk ’

(2.6)

‘fk’vk <Gy

forevery k>0 andr > 1. Cy and Ny do not depend on r or k, or f.

Note that the second assertion of the lemma is a consequence of the first assertion and it
replaces Cauchy inequality for complex function defined on the complex plane C.
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3. Generalized order and coefficient characterizations with respect to extremal polynomial

The purpose of this section is to establish the relationship of the generalized growth of an
analytic function in Qg with respect to the set Q, = {z e C: exp(Ve(z) < r} and coefficients of an
entire function f € C”" in the development with respect to the sequence of extremal polynomials.

Let (Ay)x be a basis of extremal polynomial associated to the set E defined the relation (2.3).
We recall that (A;), is a basis of O(C") (the set of entire functions on C"). So if f is an entire

function then f = Z S Ax.
k=1

Put
a(sy)

lim sup

k—+o00 k
i)
log (17} R™)

To prove the aim result of this section we need the following lemmas:

::u(a,’ﬁ)' (31)

Lemma 3.1. ( Zeriahi (1987)) Let E be a compact L-regular subset of C". Then

lim
k—+00

[ |Ax(2)|

1/sk
] = exp(Vk(2)), (3.2)
Vi

for every z € C"\ E the connected component of C" \ E,

1/sx
A
lim [” "”E] ~ 1. (3.3)

k—+00 Vi

Lemma 3.2. For every r > 1 and u > 0, the maximum of the function

X

B (a(x)/u)

x — w(x,r) = x.1og(r/R) +

is reached for x = x, solution of the equation

[ 1= dlog (87! @(x)/w)/d(log(x)
fma {ﬂﬁ[ ]} (3.4)

log (R/r)

. The maximum of the

dw(x,r)

Proof. Put G(x,p) = B~ (a(x)/p), then w(x,r) = x.log(r/R) + il
G(x, 1)

function x — w(x,r) is reached for x = x, solution of the equation of = 0. We have
X
dG(x, 1) - _* dG(x,p)

(Gerw) log (R/7)

G(x,u) — x.

w(x,r)
dx

-
= 1 —
0e og(R)+
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dG(x,n)  dG(x,u) dlog(x) 1 dG(x, u)

Si - . . :
N Ty T dlogn) dx  x dlog(v)

we get

1 dGp | dlogGlap
G(x,p) dlog(x) dlog(x)
log (R/r) B log (R/r)

Gx,p) =

1- d(/s-l(a(x)/u))/d(log(x»]}

We deduce x = x, = a/“{,ua/[
log (R/r)

Lemma 3.3. Let f = Z fx.Ax and E a L-regular compact. For every r €]1, R[, we put
k=0

M(f,r) = sup{ || fi-Ae llz 7%, 7> 0}

keN
o o log(M(f. 1))
PPy = B PRI R =)

then p(a, B) < u(a,B) and p(a, B) < p(a, B).

Proof. By the definition of i (3.1) we have, for r sufficiently close to R and u = u + €,

a(sy)

log (1 fi | 7} RY) £ —————.
D pate)

a(sy)
5z a(0)
t — log(r) and the Lemma 3.3 we get x, = (1 + o(l))a‘l(y.ﬂ(R/(R - r))) as r — R. Indeed this
d( (ca(x)))

a(log(x))
log( Il fe.Ax e .rsk) < Co.a‘l(,u.ﬁ(R/(R - r))), k € N. Passing to the maximum for the variable

k € N we obtain, for r sufficiently close to R log (M( f, r)) < Co.a_l(,u.ﬁ(R/ (R- r))), k € N. Then,
a(log(M(f, 1))
BR/(R—T1))

() pla.p) < p.

Then log( | fi .T,ik.rsk) < silog(r/R) + . By the proprieties of a and S,the function

result is a consequence of lim <b, log(l+1t)=(1+o0()).t, t— 0. Therefore

X—+00

by the proprieties of @, we obtain < u. Passing to upper limit for r — R we have

Moreover we have for z € Q, and k € N, ||fllg < Z | fi | MAdle, < Z | fi | Al
k>0 k>0

Write r = VrR.Vr/R, then Iifllg, < >° | fi | JAdlle.(VER)*.(\r/R)*. Because Vr/R < 1

k>0
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then lIfllg < D sup( | fi | AWl (VrR™).(NVr/R)™ thus IIfll, < M(f,r) Y (Vr/R)™ <

k=0 kev k>0

— 1 —
M(f,r).————. where ' = Vr.R. Therefore lo s ) < log(M(f,r)) —log(l — Vr/R).
" v g(lIfllg,) < log(M(f.r)) —log(1 - Vr/R)
Wer a(log (IIfll5,) < a(log (M(f, Vr.R) - log (1 - V¥/R))) p(R/(R - VFR) Pacsing |
e have < . . Passing to
BRIR - 1) B(R/(R - VrR) B(R/(R - r-R)) s
the upper limit we get
(++) p(a,B) < p(a,p).
By the relations (*) and (**) we obtain p(«, 8) < u(a, B). O
Theorem 3.1. Let E be a compact L-regular and f = Z Ji-Ay such that
k=1
. a(sy)
lim sup = u(a,B) < oo. 3.5)
k—+o0 [ Sk ]
log (Ika.T,i" .RSk)
Then f is analytic in Qg, for some R > 1 and its (a, §)-order p(a, B) = u(a, B).
Proof. It is known that for every polynomial P(see Siciak (1977))
deg(P) n
| PQ) 1N Pl (exp(Ve()) . forevery zeC". (3.6)
So for every r €]1, R[, and for P = f;.A; we get
| feAu@) 1<) fil 11 A Dl (exp (Vi(2))) " for everyz € C". 3.7)
Then for every z € Q,, we have | f;.A(2) <] fi | . || Ak |lg -r**. So, for every r €]1, R[ the series

Z fi-Ay 1s convergent in €,, whence Z Ji-Ay 1s analytic in Qg.

1
Now we shall show that y is the (@, 8)-order of f. By the Lemma 3.3, to complete the proof of

the theorem it suffices to show that p(«, 8) > u(a, ). By definition of p, we have, for every € > 0
there exists r. €]1, R[ such that for every r €]r,, R[ log (||f||5r) < oz‘l[(p(a/,ﬁ) + €).B(R/(R — r))].
Applying (2.6) and (3.3) we have, for every k € N and r > 1 sufficiently close to R

s (r— 1M
log (| fi | 7. R") < —s; log (r/R) +log (Co. ( ) + log (IIfllg, )- (3.8)

R — r)—(2N+l)

then log (| fi | 7} R™) < @(r, s¢), where

— 1)Ne
@(r, s0) = —slog (r/R) + log (Cog -, B! |(p(a.B) + &) BRIR - 1))

R — r)—(2N+1)
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1

Put p = p(a,B) and r, = R.{l - } Replacing in the relation

el
p+e B lal(s)/(p+6)
(3.8) r by r, and applying the proprieties of the functions « and £:

o(x/B™ (ca(x))) = (1 + 0(x))a(x), for ¢ >0, x — +oo,

. . . s Sk
and the proprieties of the logarithm, we obtain log|( | f; | 7;*.R%*) < C;. where
prop ¢ 214 ‘ )< O oo o)
Ci tant. Therefore 1 S R) < C. d ,th
1 1S a constan erefore og( | fu | T, ) 1 a0/ 0+ 9) us
C.
p LR > a(s)/ (o + ©).
log (| fi | T.R)
Passing to the upper limit, after a simple calculus, we obtain u(a, 5) < p(a, ). O]

4. Generalized type and coefficient characterizations with respect to extremal polynomial

The purpose of this section is to establish the relationship of the generalized type of an analytic
function in Qg with respect to the set Q, = {z € C: exp(Ve(z) < r} and its coeflicients in the
development according to the sequence of extremal polynomials.

Let E be a compact L-regular and f = Z fx-Ayx be an analytic function of («,)-order p =
k=1
p(a,B), and put:

7e(a,B) = lim sup a(si)

k— 400 Sk plap)’
{ﬁ (logum.r,ik.RSk))}

Proposition 4.1. Let f = Z fiAx and E a L-regular compact. For every r €]1, R[, we put
k=0

M(f.r) = sup {1 fel -l Al )

a(log(M(f. )
)/)(w,ﬁ)

4.1

We need the following proposition:

oi(a,B) = lim sup

=k (BR/(R - 1)
then o(a,B) < o1(a, ).

Proof. For z € Q, and k € N, using the similar arguments and inequalities as in Lemma 2.3

o(a,B)
a(log(Ifl)) o log (M(f. VFR) - log (1 - VF/R))) [“(R/ (k- m»]
o(a,f) < o(ap) ' o(a,p)
[ﬁ(R/(R - r))] [a(R/(R —~ «/r._R»] [a(R/(R - r))]
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a(R/(R — Vr.R))
We have lim sup =1. ]

p(a.f)
[a(R/ (R - r))]

]p(w,ﬁ)

r—R

Proceeding to the upper limit we get
() o, a) < oi(a.p).

Theorem 4.1. Let E be a compact L-regular and [ = Z fi A If f is of finite generalized (a, B)-

k=1
order p(a, B), and

T(a,B) = lim sup a(sx)

< 400
k—+00 {ﬁ( Sk )}p(a,ﬂ)
log (| fil. 7" .R*)

Then f is analytic in Qg, for some R > 1, and its (a, B)-type o(a,B) = tp(a, B).

4.2)

Proof. Put v = 1¢(a,B), p = p(a,B), and o = o(a, ). The function is analytic by the definition
7e(a, B) and the arguments used in theorem 3.1.

1. Now we show that o(a, ) < Te(a, ). If T < oo, by the definition of 7, for every € > 0, there

P
exists ky € N such that for every k > k. a(s;) < (7 + €). {ﬁ(l (0 fST %R k))} . A simple
og k| T, LS

calculus gives for, 7 = 7 + €.

Sk

log (| fi| T} R") < , (4.3)
B! (la(sk))l/p
?
for every k > k.for every k > k..
Since log( | fil .T}i".rs") < s;log(r/R) + log( | fi T}ik.Rsk). By (4.3), we get
s Sk
log (| fi | 7.r) < s log(r/R) + (4.4)

1 1p\
—1 _
B ((?@(Sk)) )
For every r €]1, R[, and r and r sufficiently close to R, we put
X

()

1 1 1
Ifweput F = F(x,7,-) =7} ((:a/(x)) p) then ¢(x, r) = xlog (r/R)+ %, and the maximum
0 T

¢(x,r) = xlog (r/R) +

of the function x — ¢(x, r) is reached for x = x, solution of the equation of

dg(x,r) _ 09

= —(x,r a
dx 0x

) =log (r/R) + %c {I?} =0
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Fey dF X dF
p(x,r) r ~Tdx _ _ Fdx .. dF _
We have yral 0 log(R) + —(F)z =0,or F = log (R/1) Since el
1 dF | - dlog F
dF  dlog(x) _ 1 dF (F = F dlog(x) 3 dlog(x)
dlogx) dx  xdlogx) " E T T Tog Ry log(R/D) O
dlog B! ((ia(x))” ”)
~ T
" e\ _ dlog(x)
7 (7)) - —srs
el e 8
1 —dlog|B (;a(x)) /d(log(x))
We deduce x = x, = a1 { |78 . We have log (L) =
log (R/r) R
_ p
1 r—R | r—R b 0! and d[log(ﬂl((a(X))))] < b where b i
og (T + )~ ( ecause - )an o0 < b, where b is

a positive constant. Then by the proprieties of @ we get

x = (1+o())p s (Fa®R/(R - r)Y).

By (4.4), we have log( | fi | T,‘f.rsk) < sup ¢(x,r) = ¢(x,, r). Replacing s; by x, in this last
reN

(1 +oM)B (Fe®R/R-)Y) R

. Since

R/(R-71) R-—r

and £— ! < 1, then lOg( | fic | T;ik.rsk) <cp’! (F-(“(R/(R - r)))p)'

> 1

relation we obtain log( | fi | T]‘ik’rsk) <

P
Thensuplog (| fi | 7}.r" < C.o™' (T((R/(R = ))’) or log(M(f. 7)) < C (T.(a(R/(R - 1)Y).

keN
a(log(M(f,r)))
((R/(R = 1))’

. - _ __a(log(M(f,r)))
Proceeding to the upper limit for r — R, get (e, @) = lim 5> ST
=R (a(R/(R - 1)))

log(M(f,
By the relations (*) of the proposition 4.1 we obtain o(a, @) = lim a(log(M(f r))p) <T
=R (a(R/(R - 1)))
Thus o(a,B) < 1g(a,B). The result is obviously holds for 7 = +oo.
. Now we show that o(a, 5) > tg(,B). Puto = o(a,B) + €, p = p(a, 8). Suppose that o < co.
By definition of o (e, 5), we have for every € > 0, there exist r. €]1, R[, such that for every

T.

IA

Therefore
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r>re(R>r>re> Dlog(Ifllg) < o!|a(BR/(R - r))) |- Applying (3.3) and (2.6) we
get, for every k € N and r sufficiently close to R:

tog (| fi | 7.r") < —s¢ log(r) + log (Co. (T@’:il)) +log (Il

As for every r €]1,R[ log( | fi | T} Rsk) = —s; log (r/R) + log( | fi | T Sk) then log( |

o o r+ ) .
fo | T5R k) < —silog (r/R) + log(Co %) + log(||f||g) or log( | fi | T5R k) <
(r+ 1)Ne

(
—silog r/R) + log (Co- ooy ) + o [T (BRIR - ) |

_ _ ' log (| fi | 7}.R%)
Since s; > 1, we obtain, for k sufficiently large, < w(r, k) where w(r, k) =

Sk
—log (r/R) + Sllog (co.%) 7. (BRIR - )]

1 (r+ 1N I = P )
Since 1_1)r+r1oo S_k log (Co. m) +—a [o:(,B(R/ (R- r))) ] = 0 we get, for r sufficiently
close to R, khm w(r,k) = —log (r/R) = log (R/r).

—+00

Then for k sufficiently large and r sufficiently close to R, we have w(r, k) = (1+o(1))log (R/r), k —
+o00, then

1 ,
5 log (| fi | 7*.R™) < (1 + o(1)) log (R/r). (4.5)

1/p

1
ﬁ_l(ga(sk))
Choose r, = R. . Using the relation (4.5) and the proprieties of the func-

1/p
1+p (—CY(Sk))
| | . log( | fel i R) R
tion ¢t — log(#), we obtain, for r sufficiently close to R <(1 +0(1))(— - 1).
Sk r
R +
because log( ) log(#) = log (1 +
r
R - 'k 1

Replacing r by the chosen r; in this last relation we obtain =
Tk

1p’

ﬁ‘l(ia/(sk))
(o
log (| fi | 7} .R%)

Then, for r sufficiently close to R and k r sufficiently large we get

Sk
1 1 l/P Sk 1 1/p Sk
——— thus g~ (Sx) —a(sy)) <B :
PRI (FTED R e
o)
Therefore éa(sk) < ﬁ[ >k ) or a(se) S ST =0+e€.
v log | fil 7. ﬁ[ 5 ]
log (| fi | T.r%)
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Proceeding to the upper limit we obtain o(a, 8) > Tg(a, 8). The result is obviously holds for
o(a,pB) = +oo.

]
5. Generalized (a, §)-growth and best polynomial approximation of analytic functions in
L?—norm.

Let E a L-regular compact of C". The purpose of this paragraph is to give the relationship
between the generalized order of an analytic function and speed of convergence to O in the best
polynomial in L,-norm on E. We need the following lemma.

Lemma 5.1. . Let f = Z [ A an element of LP(E, u), for p > 0, and

k>0
2 (E. f) = mf{H f- P”Lp@,m’ P € PuCH).
Th
“ | a(s) | a(k)
lim sup = lim sup G.D
k—+o0 [ Sk ] k—+o0 [ k ]
log (|ka.T}z" .Rsk) log (ﬂf(E, f).Rk)
and
lim sup a(s) — lim sup k) (5.2)

k—+00 Sk plap) k—+o00 plap)’
et p—
e AT log (x}/(E. f).R")

+00

Proof. Assume that p > 2. If f € LP(E,u) where p > 2, then f = Z Ji-Ar with convergence in
k=0

1 — 1 —
L*(E, ), hence for k > 0, f, = — ff.Akd,u and therefore f, = — f(f — Py_1).Ardu (because
Vi E Vi E
1
vit Jg
using inequalities Bernstein-walsh and Holder that we have for all € > 0

deg(Ay) = si). Since the relation, | fk| < | f- Pk_1|.|Zk|,u is satisfied, is easily verified by

|| vi < Con(1 + £)% .1 _ (E. ). (5.3)

forall k > 0. L
If 1 < p <2, let p’ such that — + — = 1, we have p’ > 2. According to the inequality of

Holder we have: |fk|.v,% < Hf - P

. But HAk

< - .

LI’(E,,u).HlAk L' (E.u) LY (E o) = C”Ak”E Cak(E) This

shows, according to inequality (BM), that: |fk|vi <CC..(1+ 8)Sk'Hf — P e
M
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Hence the result | fk|.v,% <C.(+ s)sk.n;"_l(E , f). In both cases we have therefore

el vi < Aol + &)1 _(E. f) (5.4)

where A, is a constant which depends only on ¢.
After passing to the upper limit in the relation (5.4) and applying the relation (3.3) we get

. a(si) : a(si)

im sup < lim sup

k—+0co0 Sk k—+00 [ k :|
log (Ifil 7} R™) log (n(E. f).R¥)

k
To prove the other inequality we consider the polynomial of degree s, Pi(z) = Z fj.Aj then

5;=0
+00 +00
m _(E.f) < Z |fJ|HAJHU(E : < Cy Z |fj|||A]||E By Bernstein-Walsh inequality we have
H
S =S8k Sj=Sk

fk|-Vk

+0o0
m(E, ) < Ce Z(l + €)Y fj|.vj for k > 0 and p > 1. If we take as a common factor (1 + &)*.

S =5k

the other factor is convergent thus we have ﬂﬁ (K, f) <C(1+e)*.

fk|.vk and by (3.3) we have, then

m(E, f) < C(1 + €)>,

fi| T (5.5)

k
We deduce lim sup (s > lim sup a®)

k—+00 [ Sk ] k—+0c0 [ k ]
log (|fil- T R ) log (! (E. f).R¥)

Applying this Lemma 5.1 we get the following main result:

[]

Theorem 5.1. Let f € LP(E,u), then f is u-almost-surely the restriction to E of an analytic
function in C" of finite generalized order p(a, B) if and only if
a(k)

p(a,B) = limsup + 00, (5.6)
k—+oco k

[log (nf(E, f).R")

Theorem 5.2. Let f € LP(E,u), then f is u-almost-surely the restriction to E of an analytic
function in C" of finite generalized order p(a,8) and finite generalized type o(a, ) if and only if

a(k) (5.7)

o(a,B) = limsup

k—s+00 I plap)’
B
{ [log (ﬂf(E, f).Rk)]}
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Proof. We prove only the first Theorem 5.1, the second is proved by the same arguments.
Suppose that f is u-almost-surely the restriction to E of an entire function g of general order p
(0 < p < +00) and show that p = p(a, B).
We have g € LP(E,u),p >2and g = Z gr-Arin L*(E, p) Since g is an element of L*(E, ) then

k=0
g = ,:ZOZ gr-Ax and according to the Theorem 3.1 p(g, @, ) = li]fr_l) fgp a/(:::) and with
[log (|fk|.T]S€k .Rfk)]
the Lemma 5.1 (relation(5.1)) we have lim sup a(s) = lim sup (k)
k400 [ Sk ] k00 [ k ]
log (Ifil 7 R) log (! (E, £).R¥)
But g = f on E hence p = lim sup a(s) < +o00,

k

[log (n2(E. £).R¥)
Now suppose that f is a function of L”(E, u) such that the relation (5.6) is verified. The proof
isdone in three steps p > 2,1 < p<2and0 < p < 1.

k—+00

+00
Step.1. Let p > 2, then f = ka.Ak, because f is an element of L*(E, u) ((L”(E,,u))pzl is
k=0
decreasing sequence). Consider in C" the series Ji-Ax, k > 0. By the relation (5.6) and the
inequality (BW) we have the inequality on coefficients | A; | (2.4), it can be seen that this series
converges normally on all compact of C”, to an analytic function denoted f;. We have f; = f,
obviously, u-almost surly on E.
We verify easily that this series converges normally on all compact of C" to an analytic function
denoted f;. We have f; = f, obviously, u-almost surly on E, and by Theorem 3.1 we have

k
lim sup a(s) = lim sup ak) < +o00.
k—+oo [ Sk :| k—+00 [ k
log (Ifil T R log (n(E. f).R¥)
. : a(k)
According to the Lemma 5.1 we get p(f;) = lim sup < +o00,

k
[log (n(E. £).R¥)

Let fi = Z Ji-Ag, then f1(z) = f(z) u-almost surely for every z in E. Therefore the (a, 8)-order
k=0

k—+c0

a(k)
[ k
log (ﬂi(E, f).Rk)
check p(f1) = p so the proof is completed.
Step.2. Now let p € [1,2[ and f € LP(E,u). By (BM) inequality and Holder inequality we
have again the inequality the relation (5.4) and by the previous arguments we obtain the result.

of fiis: p(fi,@,B) = limsup < +oo (see Theorem 3.1). By Lemma 5.1 we

k—+00
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Step.3. Let 0 < p < 1, of course, for 0 < p < 1 the L,-norm does not satisfy the triangle
inequality. But our relations (5.3) and relation (5.4) are also satisfied for 0 < p < 1 (see Kumar
(2011)), because using Holder’s inequality we have, for some M > 0 and all » > p (p fixed)

W Nerep< Mol f e -

Using the inequality f | f 1 au <l fIET f | £ 17 duwe get || f @< £ 177
E

E

f ||2/rfE’#) . We deduce that (E, u) satisfies the Bernstein.Markov inequality. For € > O there is a

constant C = C(e, p) > 0 such that, for all (analytic) polynomials P we have

Il Plle< C(1 + €)degpy- || Pllirey -

Thus if (E, p) satisfies the Bernstein-Markov inequality for one p > 0 then (5.4) and (5.5) are
satisfied for allp > 0.
The rest of proof is easily deduced using the same reasoning as in step 1 and step 2. ]
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