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Abstract
The purpose of this paper is to investigate the problems of finding the order of starlikeness and the order of

convexity of the products of certain meromorphically p-valent functions belonging to some interesting classes of
β-uniformly p-valent starlike functions and β-uniformly p-valent convex functions in the open unit disk U. The
main results presented in the paper are capable of being specialized suitably in order to deduce the solutions of the
corresponding problems for relatively more familiar subclasses of meromorphically p-valent functions in U.
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1. Introduction and definitions

LetA denote the class of all functions f (z) which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}

and normalized by
f (0) = 0 and f ′(0) = 1.

A function f (z) ∈ A is said to be uniformly convex (or uniformly starlike) in U if, for every circular
arc Γ contained in U, with center at ω0 also in U, the arc f (Γ) is convex (or starlike) with respect
to the point f (ω0). The classes of all uniformly convex function in U and all uniformly starlike
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functions in U are denoted by UCV and US T , respectively. These analytic function classes UCV
and US T were introduced and studied by Goodman (Goodman, 1991a,b) who showed, among
other things, that

f ∈ UCV ⇐⇒<
(
1 + (z − ζ)

f ′′(z)
f ′(z)

)
= 0 (z, ζ ∈ U)

and

f ∈ US T ⇐⇒<
(
(z − ζ) f ′(z)
f (z) − f (ζ)

)
= 0 (z, ζ ∈ U).

Rønning (Rønning, 1993, 1994) and Ma and Minda (Ma & Minda, 1992) gave the following one-
variable characterization of the class UCV of uniformly convex functions in U.
Theorem A. A function f (z) ∈ A is said to be in the class UCV of uniformly convex functions in
U if it satisfies the following condition:

<

(
1 +

z f ′′(z)
f ′(z)

)
=

∣∣∣∣∣z f ′′(z)
f ′(z)

∣∣∣∣∣ (z ∈ U).

Since the Alexander type result that

f ∈ UCV ⇐⇒ z f ′(z) ∈ US T

does not hold true (Rønning, 1994), the class Sp defined by

Sp := { f : z f ′(z) ∈ UCV}

was introduced by Rønning (Rønning, 1993). On the other hand, Shams et al. (Shams et al., 2004)
initiated a study of the class S D(α, β) of β-uniformly starlike functions of order α (0 5 α < 1) in
U consisting of functions f (z) ∈ A which satisfy the following inequality:

<

(
z f ′(z)
f (z)

− α

)
> β

∣∣∣∣∣z f ′(z)
f (z)

− 1
∣∣∣∣∣ (β = 0; 0 5 α < 1; z ∈ U).

The class KD(α, β) of β-uniformly convex of order α (0 5 α < 1) in U is defined as follows:

f ∈ KD(α, β)⇐⇒ z f ′(z) ∈ S D(α, β).

Motivated by the above-defined function classes S D(α, β) and KD(α, β), Nishiwaki and Owa
(Nishiwaki & Owa, 2007) introduced the class MD(α, β) consisting of all functions f (z) ∈ A
which satisfy the following inequality:

<

(
z f ′(z)
f (z)

− α

)
< β

∣∣∣∣∣z f ′(z)
f (z)

− 1
∣∣∣∣∣ (β 5 0; α > 1; z ∈ U).

The function class ND(α, β) may also be considered as a subclass ofA consisting of all func-
tions f (z) such that z f ′(z) ∈ MD(α, β).
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The class of uniformly convex functions and various other related function classes have been
studied by several authors (see, for example, (Ali & Ravichandran, 2010; Frasin, 2011; Kanas &
Srivastava, 2000; Kanas & Wisniowska, 1999, 2000; Murugusundaramoorthy & Magesh, 2004;
Rønning, 1991); see also (Srivastava & Owa (Editors), 1992)).

Let Σp denote the class of functions of the form:

f (z) = z−p +

∞∑
k=1

ak−pzk−p (p ∈ N := {1, 2, 3, · · · }), (1.1)

which are analytic and p-valent in the punctured unit disk

U∗ = {z : z ∈ C and 0 < |z| < 1} = U \ {0}.

A function f ∈ Σp is said to be in the class ΣS ∗p(α) of meromorphically p-valent starlike functions
of order α in U if and only if

<

[
1
p

(
z f ′(z)
f (z)

)]
< −α (z ∈ U; 0 5 α < 1). (1.2)

Also a function f ∈ Σp is said to be in the class ΣCp(α) of meromorphically p-valent convex
functions of order α in U if and only if

<

[
1
p

(
1 +

z f ′′(z)
f ′(z)

)]
< −α (z ∈ U; 0 5 α < 1). (1.3)

It is easy to observe from (1.2) and (1.3) that

f (z) ∈ ΣCp(α)⇐⇒ −
z f ′(z)

p
∈ ΣS ∗p(α). (1.4)

We note that the meromorphically p-valent function classes ΣS ∗p(α) and ΣCp(α) were intro-
duced by Kumar and Shukla (Kumar & Shukla, 1982).

We next denote by ΣMp(α) and ΣNp(α) the subclasses of the meromorphically p-valent func-
tion class Σp which satisfy the following inequalities:

ΣMp(α) :=
{

f : f ∈ Σp and <

[
−

1
p

(
z f ′(z)
f (z)

)]
< α (z ∈ U; α > 1)

}
and

ΣNp(α) :=
{

f : f ∈ Σp and <

[
−

1
p

(
1 +

z f ′′(z)
f ′(z)

)]
< α (z ∈ U; α > 1)

}
,

respectively. The meromorphically p-valent function classes ΣMp(α) and ΣNp(α) are analogous,
respectively, to the subclasses M(α) and N(α) of the analytic function class A which were intro-
duced by Owa and Nishiwaki (Owa & Nishiwaki, 2002).
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Recently, Kumar et al. (Kumar et al., 2005) introduced the following subclass ΣS∗p(α, β) of
meromorphically p-valent starlike functions f ∈ Σp in U, which is similar to the class S D(α, β),
by means of the following inequality:

<

[
−

1
p

(
z f ′(z)
f (z)

)]
> α

∣∣∣∣∣∣1p
(
z f ′(z)
f (z)

)
+ 1

∣∣∣∣∣∣ + β (1.5)

(z ∈ U; α = 0; 0 5 β < 1).

Analogously, we define here the subclass ΣCp(α, β) of meromorphically p-valent convex functions
in U, which is similar to the class KD(α, β), consisting of all functions f ∈ Σp which satisfy the
following inequality:

<

[
−

1
p

(
1 +

z f ′′(z)
f ′(z)

)]
> α

∣∣∣∣∣∣1p
(
1 +

z f ′′(z)
f ′(z)

)
+ 1

∣∣∣∣∣∣ + β (1.6)

(z ∈ U; α = 0; 0 5 β < 1).

Similarly, for −1 < α 5 0 and β > 1, we let ΣMp(α, β) be the subclass consisting of all functions
f ∈ Σp which satisfy the following inequality:

<

[
−

1
p

(
z f ′(z)
f (z)

)]
< α

∣∣∣∣∣∣1p
(
z f ′(z)
f (z)

)
+ 1

∣∣∣∣∣∣ + β (1.7)

(z ∈ U; −1 < α 5 0; β > 1).

We also let ΣNp(α, β) be the subclass consisting of all functions f ∈ Σp which satisfy the following
inequality:

<

[
−

1
p

(
1 +

z f ′′(z)
f ′(z)

)]
< α

∣∣∣∣∣∣1p
(
1 +

z f ′′(z)
f ′(z)

)
+ 1

∣∣∣∣∣∣ + β (1.8)

(z ∈ U; −1 < α 5 0; β > 1).

The main purpose of this paper is to investigate the problems of finding the order of starlike-
ness and the order of convexity of certain products of meromorphically p-valent functions be-
longing to some of the above-defined classes of β-uniformly p-valent starlike functions in U and
β-uniformaly p-valent convex functions in U. Our main results in Section 2 (stated as Theorems 1
to 4 and Corollaries 1 to 5) can indeed be specialized suitably in order to deduce the solutions of
the corresponding problems for relatively more familiar subclasses of meromorphically p-valent
functions in U.

2. The main results and their consequences

Our first main result is asserted by Theorem 1 below.

Theorem 1. Let f j ∈ ΣS ∗p(γ j) ( j = 1, · · · , n), where

γ j := 1 − α j = 0 and α j = 0 ( j = 1, · · · , n).
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Also let

κ := 1 −
n∑

j=1

α j = 0.

Then the product Fp(z) defined by

Fp(z) := z−p
n∏

j=1

{
zp f j(z)

}
(2.1)

is in the class ΣS ∗p(κ) of meromorphically p-valent starlike functions of order κ in U.

Proof. Clearly, Fp(z) ∈ Σp. By differentiating (2.1) logarithmically with respect to z, we obtain

1
p

(zF′p(z)

Fp

)
= −1 +

n∑
j=1

[
1
p

(z f ′j (z)

f j(z)

)
+ 1

]
, (2.2)

which readily yields

1
p

(zF′p(z)

Fp

)
= −1 +

(
1 − γ j

)
+

n∑
j=1

[
1
p

(z f ′j (z)

f j(z)

)
+ γ j

]
. (2.3)

We thus find that

<

[
1
p

(zF′p(z)

Fp

)]
= −1 +

n∑
j=1

α j +

n∑
j=1

<

[
1
p

(z f ′j (z)

f j(z)

)
+ γ j

]
. (2.4)

Since, by hypothesis, f j ∈ ΣS ∗p(γ j) ( j = 1, · · · , n), we have

<

[
1
p

(zF′p(z)

Fp

)]
< −

1 − n∑
j=1

α j

 =: κ, (2.5)

which evidently completes the proof of Theorem 1.

Upon setting

f j(z) = f (z), γ j = γ and α j = α ( j = 1, · · · , n)

in Theorem 1, we have the following corollary.

Corollary 1. Let f ∈ ΣS ∗p(γ) (γ := 1 − α = 0), where α = 0. Also let 1 − nα = 0. Then the
product Θp(z) defined by

Θp(z) := z−p [
zp f (z)

]n

is in the class ΣS ∗p(1 − nα) of meromorphically p-valent starlike functions of order 1 − nα in U.
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Corollary 2. Let f j ∈ ΣS ∗p(γ j) ( j = 1, · · · , n), where

γ j := 1 − α j = 0 and α j = 0 ( j = 1, · · · , n).

Also let

κ := 1 −
n∑

j=1

α j = 0.

Then the function Φp(z) defined by

Φp(z) := −p
∫ z

0
t−p−1

n∏
j=1

{
tp f j(t)

}
dt (2.6)

is in the class ΣCp(κ) of meromorphically p-valent convex functions of order κ in U.

Proof. The result asserted by Corollary 2 follows immediately from Theorem 1, since

Φp(z) ∈ ΣCp(κ)⇐⇒ −
zΦ′(z)

p
=: Fp(z) ∈ ΣS ∗p(κ).

Corollary 3. Let f j ∈ ΣCp(γ j) ( j = 1, · · · , n), where

γ j := 1 − α j = 0 and α j = 0 ( j = 1, · · · , n).

Also let

κ := 1 −
n∑

j=1

α j = 0.

Then the product Gp(z) defined by

Gp(z) = z−p
n∏

j=1

−
zp+1 f ′j (z)

p


 (2.7)

is in the class ΣS ∗p(κ) of meromorphically p-valent starlike functions of order κ in U.

Proof. From the fact that

f j(z) ∈ ΣCp(γ j)⇐⇒ −
z f ′j (z)

p
∈ ΣS ∗p(γ j) ( j = 1, · · · , n),

by replacing f j(z) by −
z f ′j (z)

p in Theorem 1, we are led easily to Corollary 3.
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Corollary 4. Let f j ∈ ΣCp(γ j) ( j = 1, · · · , n), where

γ j := 1 − α j = 0 and α j = 0 ( j = 1, · · · , n).

Also let

κ := 1 −
n∑

j=1

α j = 0.

Then the function Ψp(z) defined by

Ψp(z) = −p
∫ z

0
t−p−1

n∏
j=1

−
 tp+1 f ′j (t)

p


 dt (2.8)

is in the class ΣCp(κ) of meromorphically p-valent convex functions of order κ.

Proof. The result asserted by Corollary 4 follows immediately from Corollary 3, since

Ψp(z) ∈ ΣCp(κ)⇐⇒ −
zΨ′p(z)

p
=: Gp(z) ∈ ΣS ∗p(κ).

By applying the same method and technique as in our proofs of Theorem 1 as well as of Corol-
laries 2, 3 and 4, we can establish Theorem 2 below.

Theorem 2. Let f j ∈ Σp ( j = 1, · · · , n). Suppose that

γ j := 1 + α j = 0 and α j = 0 ( j = 1, · · · , n).

Also let

σ := 1 +

n∑
j=1

α j = 0.

Then each of the following assertions holds true:
(i) If f j ∈ ΣMp(γ j) ( j = 1, · · · , n), then the product Fp(z) defined by (2.1) is in the class ΣMp(σ).
(ii) If f j ∈ ΣMp(γ j) ( j = 1, · · · , n), then the integral operator Φp defined by (2.6) is in the class
ΣNp(σ).
(iii) If f j ∈ ΣNp(γ j) ( j = 1, · · · , n), then the product Gp(z) defined by (2.7) is in the class ΣMp(σ).
(iv) If f j ∈ ΣNp(γ j) ( j = 1, · · · , n), then the integral operator Ψp defined by (2.8) is in the class
ΣNp(σ).
Theorem 3. Let

α j = 0 and 0 5 β j < 1 ( j = 1, · · · , n)

and suppose that

δ := 1 −
n∑

j=1

(
1 − β j

1 + α j

)
.
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Also let the products Fp(z) and Gp(z) be defined by (2.1) and (2.7), respectively. Then each of the
following assertions holds true:
(i) If f j ∈ ΣS∗p(α j, β j) ( j = 1, · · · , n), then Fp(z) ∈ ΣS ∗p(δ).
(ii) If fi ∈ ΣCp(α j, β j) ( j = 1, · · · , n), then Gp(z) ∈ ΣS ∗p(δ).

Proof. By following the lines as in (Kumar et al., 2005), we first prove that

ΣS∗p(λ, µ) ⊂ ΣS ∗p
(
λ + µ

1 + λ

)
.

Indeed, if we let f ∈ ΣS∗p(λ, µ), then the quantity w defined by

w :=
1
p

(
z f ′(z)
f (z)

)
satisfies the following inequality:

−<(w) − µ = λ |w + 1| = λ< (w + 1) ,

which immediately yields

−<(w) =
λ + µ

1 + λ
.

We thus have
f ∈ ΣS∗p(λ, µ) =⇒ f ∈ ΣS ∗p

(
λ + µ

1 + λ

)
.

Next, since
f j ∈ ΣS∗p(α j, β j) ( j = 1, · · · , n),

we have

f j ∈ ΣS ∗p

(
α j + β j

1 + α j

)
( j = 1, · · · , n),

The assertion (i) of Theorem 3 now follows readily from an application of Theorem 1.
The proof of the assertion (ii) of Theorem 3 follows similarly by using Corollary 3.

Corollary 5. Let
α j = 0 and 0 5 β j < 1 ( j = 1, · · · , n)

and suppose that

δ := 1 −
n∑

j=1

(
1 − β j

1 + α j

)
.

Also let the functions Φp(z) and Ψp(z) be defined by (2.6) and (2.8), respectively. Then each of the
following assertions holds true:
(i) If f j ∈ ΣS∗p(α j, β j) ( j = 1, · · · , n), then Φp(z) ∈ ΣCp(δ).
(ii) If f j ∈ ΣCp(α j, β j) ( j = 1, · · · , n), then Ψp(z) ∈ ΣCp(δ).
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Proof. The results asserted by Corollary 5 would follow immediately from Theorem 3, since

Φp(z) ∈ ΣCp(δ)⇐⇒ −
zΦ′p(z)

p
=: Fp(z) ∈ ΣS ∗p(δ)

and
Ψp(z) ∈ ΣCp(δ)⇐⇒ −

zΨ′(z)
p

=: Gp(z) ∈ ΣS ∗p(δ).

Finally, if we make use of the same method and technique as in our proofs of Theorem 3 and
Corollary 5, we are led easily to Theorem 4 below.

Theorem 4. Let
−1 < α j 5 0 and β j > 1 ( j = 1, · · · , n)

and suppose that

ν := 1 +

n∑
j=1

(
β j − 1
1 + α j

)
.

Also let the products Fp(z) and Gp(z) be defined by (2.1) and (2.7), respectively, and the functions
Φp(z) and Ψp(z) be defined by (2.6) and (2.8), respectively. Then each of the following assertions
holds true:
(i) If f j ∈ ΣMp(α j, β j) ( j = 1, · · · , n), then Fp(z) ∈ ΣMp(ν).
(ii) If f j ∈ ΣNp(α j, β j) ( j = 1, · · · , n), then Gp(z) ∈ ΣMp(ν).
(iii) If f j ∈ ΣMp(α j, β j) ( j = 1, · · · , n), then Φp(z) ∈ ΣNp(ν).
(iv) If f j ∈ ΣNp(α j, β j) ( j = 1, · · · , n), then Ψp(z) ∈ ΣNp(ν).

3. Concluding remarks and observations

In our present investigation, we have considered several interesting subclasses of the familiar
class of meromorphically p-valent functions in the open unit disk U. Our main purpose has been to
successfully address the problems of finding the order of starlikeness and the order of convexity of
the products of functions belonging to each of the various classes of β-uniformly p-valent starlike
functions and β-uniformly p-valent convex functions in U, which we have introduced here. The
main results (stated as Theorems 1 to 4 and Corollaries 1 to 5) can indeed be specialized suitably in
order to deduce the solutions of the corresponding problems for relatively more familiar subclasses
of meromorphically p-valent functions in U.
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