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Abstract

The purpose of this paper is to investigate the problems of finding the order of starlikeness and the order of
convexity of the products of certain meromorphically p-valent functions belonging to some interesting classes of
B-uniformly p-valent starlike functions and S-uniformly p-valent convex functions in the open unit disk U. The
main results presented in the paper are capable of being specialized suitably in order to deduce the solutions of the
corresponding problems for relatively more familiar subclasses of meromorphically p-valent functions in U.
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1. Introduction and definitions

Let A denote the class of all functions f(z) which are analytic in the open unit disk
U={z:2z€eC and |7 <1}

and normalized by
f0)=0 and f0)=1.

A function f(z) € A is said to be uniformly convex (or uniformly starlike) in U if, for every circular
arc I' contained in U, with center at w, also in U, the arc f(I') is convex (or starlike) with respect
to the point f(wyp). The classes of all uniformly convex function in U and all uniformly starlike
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functions in U are denoted by UCV and US T, respectively. These analytic function classes UCV
and UST were introduced and studied by Goodman (Goodman, 1991a,h) who showed, among
other things, that

1 (@)
1@

erCV(=>‘R(1+(z—§) )30 (z, € )

and

-0 f' @
f@) - ()
Rgnning (Rgnning, 1993, 1994) and Ma and Minda (Ma & Minda, 1992) gave the following one-
variable characterization of the class UCYV of uniformly convex functions in U.

Theorem A. A function f(z) € A is said to be in the class UCV of uniformly convex functions in
U if it satisfies the following condition:

% (1 Zf"(Z))z
( * @)~

erST«—»%( )go (z,¢ € ).

zf"(2)
1@

(z € D).

Since the Alexander type result that
feUCV < zf'(z) e UST
does not hold true (Rgnning, 1994), the class S, defined by
S, ={f:2f(2) e UCV}

was introduced by Rgnning (Rgnning, 1993). On the other hand, Shams ef al. (Shams et al., 2004)
initiated a study of the class S D(«, 8) of B-uniformly starlike functions of order @ (0 < @ < 1) in
U consisting of functions f(z) € A which satisfy the following inequality:

2f'(@) 2f'(@)
9%( @ © 1'

The class KD(a, 8) of B-uniformly convex of order @ (0 < a < 1) in U is defined as follows:

B20,0Za<1; zel).

cx)>ﬁ

f € KD(a,B) < zf'(z) € SD(a,p).

Motivated by the above-defined function classes S D(a,B) and KD(a,f3), Nishiwaki and Owa
(Nishiwaki & Owa, 2007) introduced the class M D(«a,8) consisting of all functions f(z) € A
which satisfy the following inequality:

%(Z;;ii)_a)<,8'zﬁi§)_1‘ B0, a>1: ze ).

The function class ND(«a, ) may also be considered as a subclass of A consisting of all func-
tions f(z) such that zf'(z) € MD(a, B).
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The class of uniformly convex functions and various other related function classes have been
studied by several authors (see, for example, (Ali & Ravichandran, 2010; Frasin, 2011; Kanas &
Srivastava, 2000; Kanas & Wisniowska, 1999, 2000; Murugusundaramoorthy & Magesh, 2004;
Rgnning, 1991); see also (Srivastava & Owa (Editors), 1992)).

Let X, denote the class of functions of the form:

f@=7"+ Y a2 (peN:=(L23,-)), (LD)
=1
which are analytic and p-valent in the punctured unit disk
U'={z:zeC and O0<|z <1} =01\ {0}.

A function f € ), is said to be in the class XS («) of meromorphically p-valent starlike functions
of order « in U if and only if

%[l(zf'@)]<—a GeU:0<a<1) (12)
p\ f@)

Also a function f € X, is said to be in the class XC,(a) of meromorphically p-valent convex
functions of order e in U if and only if

%[l(uzf"@)] <—a (eU,0<a<l). (1.3)
p /@

It is easy to observe from (1.2) and (1.3) that

f(@) € ZCph(a) =

A ) (1.4)

4

We note that the meromorphically p-valent function classes XS ;(a) and XC,(a) were intro-
duced by Kumar and Shukla (Kumar & Shukla, 1982).

We next denote by XM ,(«) and XN, () the subclasses of the meromorphically p-valent func-
tion class X, which satisfy the following inequalities:

IMy(a) = {f :feX, and R [—% (ZJ{;S))] <a (z€eU; a> 1)}
and .
INy(a) = {f :feX, and R [—i (1 + Z]];(g))] <a (zeU; a> 1)},

respectively. The meromorphically p-valent function classes XM, («) and XN,(a) are analogous,
respectively, to the subclasses M(a) and N(a) of the analytic function class A which were intro-
duced by Owa and Nishiwaki (Owa & Nishiwaki, 2002).
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Recently, Kumar ef al. (Kumar et al., 2005) introduced the following subclass ZS}‘;(a/, B) of
meromorphically p-valent starlike functions f € X, in U, which is similar to the class S D(a, B),
by means of the following inequality:

1@ (2@
%[ p(f(z) )]”‘p(ﬂz))”

(zeU;az20;0=8<1).

+5 (1.5)

Analogously, we define here the subclass XC,(a, 8) of meromorphically p-valent convex functions
in U, which is similar to the class KD(a, ), consisting of all functions f € X, which satisfy the
following inequality:

9%[_l(przf”(z))] >a‘l(1+zf”(z))+1 B (1.6)

p /(@) p /(@)
(zeU;az20;0=8<1).

Similarly, for -1 < @ < 0 and 8 > 1, we let ZM,,(a, 8) be the subclass consisting of all functions
f € X, which satisfy the following inequality:

e 1 (2@

R|[——=—= - 1 1.7

[ p(f(z) )]<“‘p(f<z))+ |+ﬂ (-0
(zeU;, -1<a<0; B> 1).

We also let N, (, B) be the subclass consisting of all functions f € X, which satisfy the following
inequality:
1 4 1 4
%[——(1 + 24 (Z))] < a‘—(l + 2 (Z)) +1
p '@ p '@

(zeU;, -1<a<0; B> 1).

+8 (1.8)

The main purpose of this paper is to investigate the problems of finding the order of starlike-
ness and the order of convexity of certain products of meromorphically p-valent functions be-
longing to some of the above-defined classes of S-uniformly p-valent starlike functions in U and
B-uniformaly p-valent convex functions in U. Our main results in Section 2 (stated as Theorems 1
to 4 and Corollaries 1 to 5) can indeed be specialized suitably in order to deduce the solutions of
the corresponding problems for relatively more familiar subclasses of meromorphically p-valent
functions in U.

2. The main results and their consequences

Our first main result is asserted by Theorem 1 below.

Theorem 1. Let f; € ZS}‘;(yj) (j=1,---,n), where

yii=1-a;20 and @; =20 (G=1,---,n).
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Also let i
k:=1- Zaj = 0.
=1

Then the product F,(z) defined by

n

Fp(z):=27" l_[ {z”fj(z)} (2.1)

=1
is in the class XS () of meromorphically p-valent starlike functions of order k in U.

Proof. Clearly, F,(z) € Z,. By differentiating (2.1) logarithmically with respect to z, we obtain

1 (2F,(2) [ (Zf’(z)) ]
— =-1 1 22
(7)1 Z 7@ *2
which readily yields
1 zF;(z)) (Zf’(Z)) ]
_ =_1 1 - 2.3
: ( - +(1-7) Zl e 2.3)
We thus find that

RS 0. S

Since, by hypothesis, f; € ZS;(yj) (j=1,---,n), we have

1 (2F,(2) -
%L—)( ;,, )]<—(1—Zaj]::/<, (2.5)

J=1

which evidently completes the proof of Theorem 1. ]

Upon setting

fil=f@, yj=y and «a;=a (G=1,---,n)

in Theorem 1, we have the following corollary.

Corollary 1. Let f € 2S;(y) (y:=1-a = 0), where a = 0. Also let 1 — na = 0. Then the
product ©,(z) defined by

0, =" [Zf@]"

is in the class XS (1 — ne) of meromorphically p-valent starlike functions of order 1 — na in U.
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Corollary 2. Let f; € ES,(yvp) (j=1,---,n), where
yi=1l-;20 and ;20 (j=1--.n)

Also let

Then the function ®,(z) defined by

o= [ ]lesiofes
j=1

is in the class XC,(k) of meromorphically p-valent convex functions of order k in U.
Proof. The result asserted by Corollary 2 follows immediately from Theorem 1, since

D,(2) € ZC,(K) = —Zq)l;(Z) = F\(2) € £87(00).

Corollary 3. Let f; € ZC,(y;) (j=1,---,n), where
yii=1l-a;20 and ;20 (G=1,---,n).

Also let

Then the product G ,(z) defined by

n p+1 ’
o i 22)

J=1

is in the class XS (k) of meromorphically p-valent starlike functions of order k in U.

Proof. From the fact that

4

zf1(2) ,
fi(2) € 2Cy(y) = — ; €XSyyy) (=1 ,n),

by replacing f;(z) by —@ in Theorem 1, we are led easily to Corollary 3.

(2.6)

2.7)
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Corollary 4. Let f; € XC,(y;) (j=1,---,n), where
yii=1l-a; 20 and @; 20 (j=1,---,n).

Also let

Then the function ¥ ,(z) defined by

Z o n tp+1f{(t)
\P,,(z):—pfo ! ];[{—( p’ )}dt (2.8)

is in the class XC,(k) of meromorphically p-valent convex functions of order k.

Proof. The result asserted by Corollary 4 follows immediately from Corollary 3, since

\Pl
¥,(2) € 2C,(k) &= )

=: G)(2) € £S (1)

]

By applying the same method and technique as in our proofs of Theorem 1 as well as of Corol-
laries 2, 3 and 4, we can establish Theorem 2 below.

Theorem 2. Let f; € X, (j=1,---,n). Suppose that
yii=1l+a;20 and @; =20 (j=1,---,n).

Also let

Then each of the following assertions holds true:
WIffjeEM,(y;)) (j=1,---,n), then the product F ,(z) defined by (2.1) is in the class ZM (o).
) If f; € EMy(y;) (j = 1,---,n), then the integral operator @, defined by (2.6) is in the class
XN, (o).
() If f; € EN,(y;) (j=1,---,n), then the product G ,(z) defined by (2.7) is in the class ZM (o).
av) If f; € ZNy(y;) (j = 1,---,n), then the integral operator ¥, defined by (2.8) is in the class
XN, (o).
Theorem 3. Let

;=20 and 0=pB<1 (G=1,---,n)

(LB
§:=1 Z(H%).

J=1

and suppose that
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Also let the products F,(z) and G,(z) be defined by (2.1) and (2.7), respectively. Then each of the
following assertions holds true:

() If f; € 283, ) (=1, ,n), then F,(z) € £S5(6).
(i) If f: € SCp(@, B)) (j=1,-++ ,n), then G ,(2) € TS (6).

Proof. By following the lines as in (Kumar et al., 2005), we first prove that

. L (A+H
£S;(4p) € 255 (T4)

1+a)
Indeed, if we let f € £S5, (4, w), then the quantity w defined by

1 (Zf’(z))
f@)

Tp

satisfies the following inequality:
“Rw)—puZAw+1|ZARw+1),

which immediately yields

A+ u
—R > —.
W) =T
We thus have 1
)y hy —.
FeXSi () = fe Sp(lm
Next, since
[i€XS(a;,B) (j=1,---,n),
we have P
) ES* J J .:1,“” ,

The assertion (i) of Theorem 3 now follows readily from an application of Theorem 1.
The proof of the assertion (i1) of Theorem 3 follows similarly by using Corollary 3. [l

Corollary 5. Let
;=20 and 0=B<1 (G=1,---,n)

0:=1- .
j=1

Also let the functions @ ,(z) and ¥ ,(z) be defined by (2.6) and (2.8), respectively. Then each of the

following assertions holds true:

D If fj € ES(a;,B;) (j=1,-++,n), then ®y(z) € ZCp(9).

() If fj € ZCp(aj,B)) (j=1,---,n),then ¥,(z) € ZC,(9).

and suppose that
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Proof. The results asserted by Corollary 5 would follow immediately from Theorem 3, since

2@),(2)
p

D,(2) € 2C,(0) = - =: Fy(2) € S ,(0)

and
¥,(2) € 3C,(6) = —ZWP(Z) = G,(2) € I5°(6).

[]

Finally, if we make use of the same method and technique as in our proofs of Theorem 3 and
Corollary 5, we are led easily to Theorem 4 below.

Theorem 4. Let
-1<a; 20 and Bi>1 (j=1,---,n)

and suppose that

Also let the products F,(2) and G ,(z) be defined by (2.1) and (2.7), respectively, and the functions
®,(z) and ¥ ,(z) be defined by (2.6) and (2.8), respectively. Then each of the following assertions
holds true:

Q) If f; € EMy(a;, ;) (G =1,---,n), then Fp(z) € EM,(v).
i) If f; € ENy(@;u ;) (j=1,--- ,n), then G ,(2) € EM,,(v).
(i) If f; € EMp(@jB) (= 1,--- ,n), then ®,(z) € EN,(v).
(V) If f; € EN(@j,B;)  (j=1,---,n), then ¥ ,(2) € EN,(¥).

3. Concluding remarks and observations

In our present investigation, we have considered several interesting subclasses of the familiar
class of meromorphically p-valent functions in the open unit disk U. Our main purpose has been to
successfully address the problems of finding the order of starlikeness and the order of convexity of
the products of functions belonging to each of the various classes of S-uniformly p-valent starlike
functions and S-uniformly p-valent convex functions in U, which we have introduced here. The
main results (stated as Theorems 1 to 4 and Corollaries 1 to 5) can indeed be specialized suitably in
order to deduce the solutions of the corresponding problems for relatively more familiar subclasses
of meromorphically p-valent functions in U.
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