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Abstract
The main aim of this paper is to define the generalized difference double sequence spaces ,W/(M, |l., ..., .||, AnL D),
2W6(M, I, ..., .|, A , p) and TWLML., ..oyl Ay, p) defined over a n-normed space (X, |[., ..., .|[). Here we also study

their properties and establish some inclusion relations.

Keywords: Double sequence spaces, n-norm, Orlicz Function, difference sequence spaces, I convergence.
2010 MSC: 46E30, 46E40, 46B20.

1. Introduction

The notion of ideal convergence was introduced first by Kostyrko et-al- (Kostyrko ez al., 2000)
as an interesting generalization of statistical convergence (Khan & Tabassum, 2012) which was
further studied in topological spaces. A family I C 2¥ of subsets of a nonempty set Y is said to be
an ideal in Y if

1. 0 el
2. A,Belimply AUBE€ I,
3. Ael,BCAimply Be I,

while an admissible ideal I further satisfies {x} € I for each x € Y (Kostyrko et al., 2000, 2005;
Savas, 2010).

Given I c 2" be a nontrivial ideal in N. Let X be a normed space. The sequence (x;) in X is said
to be I — convergent to ¢ € X, if for each & > 0 the set A(e) = {j € N : ||x; — &|| > &} belongs to 1
(Khan & Tabassum, 2010).
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The concept of 2-normed spaces was initially introduced by Gahler (Gihler, 1963) in the mid
of 1960’s as an interesting nonlinear generalization of a normed linear space. Since then, many
researchers have studied this concept and obtained various results, see for instance (Gunawan &
Mashadi, 2001; Khan & Tabassum, 2010; Savas, 2010).

Recall (Khan & Tabassum, 2012) that an Orlicz Function is a function M : [0, c0) — [0, c0)
which is continuous, nondecreasing and convex with M(0) = 0, M(x) > O for x > 0 and M(x) —
oo, as x — oo. If convexity of M is replaced by M(x+y) < M(x)+ M(y), then it is called a Modulus
funtion (Maddox, 1986).

Let w be the space of all sequences. Lindenstrauss and Tzafriri (Lindenstrauss & Tzafiri, 1971)
used the idea of Orlicz sequence space. Let

Iy = {xew: E M(@)<oo, for some p>0}
Jol
k=1

is Banach space with respect to the norm

[ee)

xllyy := inf {p >0: ) M(@) < 1}.
k=1 P
Orlicz function has been studied by V. A. Khan (Khan, 2008a,b) and many others.
Let n € N and X be a real vector space of dimension d, where n < d. An n-norm on X is a

function [|., ..., .]| : X X X X ... X X = R which satisfies the following four conditions:

1. ||lx1, x2, ..., X,|| = 0 if and only if xy, x5, ..., x,, are linearly dependent,
2. ||x1, x2, ..., X,|| 1s invariant under permutation,

3. laxy, X2, .y X, = lll|x1, X2, ...y X,||, for any @ € R,

4. ||x+ X', X0, ey Xull S 1%, X0y ooy Xl + 11X, X2,y 2ens X

The pair (X, ||., ., ..., .]|) is called an n-normed space (Savas, 2011).

Example 1.1. (see (Savas, 2011)). As a standard example of a n-normed space we may take R"
being equipped with the n-norm ||x, x3, ..., X,||z = the volume of the n-dimensional parallelopiped
spaned by the vectors xi, x3, ..., X,—1, X, Which may be given explicitly by the formula

(X1, X2) e (X1, Xp)
121, X2, oo Xalle = |
Ky X1) e Xy X)
where (., .) denotes inner product.
Example 1.2. (see (Savas, 2011)). Let (X, ||, ., ..., .|[) be an n-normed space of dimensiond > n > 2
and {ay, ay, ...,a,} be a linearly independent set in X. Then the following function ||., ., ..., .||« de-

fined by

llx1, X2, ooy X1, Xalloo = max{llxy, xo, ..o Xpops @il 1 i =1,2, ..., n}
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defines an (n — 1)—norm on X with respect to {a;, a, ..., a,}.

Definition 1.1. (see (Savas, 2011)). A sequence (x;) in an n-normed space (X, ||., ., ..., .||) is said to
be converge to some L € X in the n-norm if

lim ||x; = L, x1, ..., Xx,—1]| = 0, for every xi, ..., x,-1 € X.
Jj—oo0
Example 1.3. (see (Khan & Tabassum, 2010)). A sequence (x;) in an n-normed space (X, ||., ., ..., .|)
is said to be Cauchy with respect to the n-norm if
_lkim lx; = x¢, X1, ..., Xpi1ll = O, for every xi, ..., x,-1 € X.
‘]’ —00

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect
to the n-norm. Any complete n-normed space is said to be n-Banach space.

Let w, [, c and ¢y denote the spaces of all, bounded, convergent and null sequences x = (x)
with complex terms, respectively, normed by

lIxIl = sup |xl.
k
Kizmaz (Kizmaz, 1981), defined the difference sequences /.,(A), c(A) and cy(A) as follows:

Z(A) = {x = (x) : (Axy) € Z},

for Z = I, ¢ and ¢(, where Ax = (Ax;) = (xy — x341), for all k € N,
The above spaces are Banach spaces, normed by

[Ixlla = 1] + sup |Ax].
k

The notion of difference sequence spaces was generalized by Et. and Colak (Et & Colak, 1995) as
follows:

Z(A") = {x = (%) : (A"xp) € Z},

for Z = I, c and ¢(, where n € N, (A"x;) = (A" 'x; — A" 'x;41) and so that

n - 1 n
A'xe= (=1 (V) Xier-
v=0

In 2005, Tripathy and Esi (Tripathy & Esi, 2006), introduced the following new type of difference
sequence spaces:

ZA) ={x=(p)ew:A,xeZ}, forZ =1,,c and ¢y

where A,,x = (A, xr) = (X — Xgem), for all k € N.
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Later on, Tripathy, Esi and Tripathy (B. C. Tripathy & Tripathy, 2005), generalized the above
notions and unified these as follows:
Let m, n be non negative integers, then for Z a given sequence space we have

ZA)) ={x=(x) ew: (AL xi) € Z}

where A x = (A} x;) = (AZ[lxk - AZ[lkarm) and A7 x; = x; for all k € N. The difference operator
is equivalent to the binomial representation

n C Vv n
Anx =Y (=1 (v) Koy
v=0

A paranorm is a function g : X — R which satisfies the following axioms:
For any x,y, xp € X, 4,4 € C:

(i) g0 =0;
(i) g(x) = g(-x);
(iii) g(x +y) < g(x) +g(»)
(iv) the scalar multiplication is continuous, that is 4 — Ay, x — xo imply Ax — Apxo.

Throughout, a double sequence x = (xj) is a double infinite array of elements x . for j, k € N.
Double sequences have been studied by V. A. Khan and S. Tabassum (Khan & Tabassum, 2012;
V. & Tabassum, 2011; Khan & Tabassum, 2011, 2010), Moricz and Rhoades (Moricz & Rhoades,
1952) and many others.

Definition 1.2. (see (Khan & Tabassum, 2010)). A double sequence space X is said to be Solid
(Normal), if (ajxjy) € X whenever (xj) € X and for all double sequence (aj) of scalars with
laj| < 1forall j k€ N.

2. Main Results

In 2010 E. Savas (Savas, 2010) introduced certain new sequence spaces using ideal conver-
gence in 2-normed spaces. Later on V. A. Khan and S. Tabassum (Khan & Tabassum, 2010)
introduced similar kind of double sequence spaces using difference operator in 2-normed spaces.
In this paper we generalized these sequence spaces in n-normed spaces.

Let p = (pjx) be any bounded sequence of positive numbers, m, n be non-negative integers and
let I be an admissible ideal of N. Let ,W(n — X) be the space of X-valued double sequence spaces

defined over a n-normed space (X, [|., ..., .|[). Then for an Orlicz function M we define the following
sequence spaces:
WM., .. I, AL, p) = {x = (xjx) € 2, W(n - X) : Ve > 0 the set {(j, kye NXN :
. Afnxjk —L Pjk
.lklm (M(' ———— 215225 > Tn—1 )) > s} el, forsomep >0,L € X, 21,20, ..., 201 € X}.
Jk—00 p

WM,y o [l AL, p) = {x = (x) € 2 W(n—X) : Y& > 0 the set{(j, K eNXN:
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A x;
. Jjk
lklin (M(H n;) 5Z15%25 +09 Zn—1
.]’ s

Pjk
)) > 8} € I, forsome p > 0,z1,22, ..., 201 € X}.

WM, ||y ..oy I AL p) = {x = (x3) € ,W(n—X): 3K > 0 sit. {(j, k)€ NN :

Z&n.X'k D jk
sup (M(‘ ";OJ 220205 ees Tnol )) > K} € 1, for some p > 0,21,22, ..., Zn-1 € X}
k=1
where
-1 -1 -1 -1
(Anxj) = (A Xje = N Xjsrke — A Xjgwr + A Xji1 k1)
and

(A2 x;) = xy forall jkeN,
which is equivalent to the following binomial representation:

n

Anmxjk = Z an(_l)uw (Z) (:) X jtmufe+my -

u=0 v=0

and AXj; = Xjx — Xjr1x — Xjke1 + Xjrl kel

The following inequality will be used throughout the paper. Let p;; be a double sequence of

positive real numbers with 0 < py < suppy = H, and let D = max{1,27"'}. Then for the
ik

factorable sequences (a ;) and (bj) in the éomplex plane, we have
laj + bul™ < D(lap|™ + |bjl|**)
Theorem 2.1. If {A}, xj, 21, 22, ..., Zn—1} is a linearly independent set in (X.||., ..., .||) for all but finite

J, k where x = (xj) € ;W(n — X) and ir_1kfpjk > 0, then
Js

P jk
)] =0, for every p > 0,

Jk—o0

. . Al Xk
(i) lim [M(”’T/,ZuZz,-.-,Zn—l

Aﬁx]'k—L

Gi) lim [M(

Jk—o0

Djk
32> 22 eees Tn1 )] < oo, for every p > 0.

Proof. (i). Assume that {A} x i, 21, 22, ..., Z,-1} 1S a linearly independent set in (X.||., ..., .||) for all but
finite j, k. Then we have ||A} x i, 21, 22, ..., 21|l = 0 as j,k — oo.
Since M is continuous and 0 < pjx < sup pjx < oo, for each j, k, we have

n
AL X ji

lim [M( » 215225 voes Ln—1

Jk—o0

P jk
)] =0, for every p > 0.
(ii). Proof of this part is similar to part (i). O

Theorem 2.2. ;W (M, ||., ..., |l AL, p), 2W (M, I, ..., I, AL, p) and s WL (M, ||, ..., .|I, AL, p) are lin-
ear spaces.
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Proof. We prove the assertion for zWé(M, II., ..., .|l, A%, p) the others can be proved similarly. As-
sume that x = (xy) and y = (y) € 2W/(M, |l., ..., .|I, A%, p) and @, B € R, s0

m>

A x; Pk
{(j, k) e NXN : _lkim (M( a jk,zl,ZZ, vees Zne1 )) > 8} € I, for some p; > 0, 2.1
Jk—00 pl
. ) ALY Pk
{(], KENXN: lim (M(| 21 2 s T )) > s} €1, forsomep, >0, (2.2
Jk—00 p2

Since ||., ..., .|| is a n-norm, and M is an Orlicz function the following inequality holds:

n p‘]k
. Am ((yxjk +ﬁyjk)
J,lklinoo (M( W9 L1525 405 Zn—1 ))
Pijk
. lalor Anxji
< DJ’lklinoo [Ialp1+|ﬁ|pz M( o1 0 1525 +e09 n—1 )]
+D Tim [ ez gy i " 2.3)
koo | 1001 +1B2 pr %12 %2s e Tnml '
. Pk
S DF lklin [M( Ar:)“lvjk’ L1532 +++5 An—1 H)]
j’ oo
n,,. pjk
+DF _lkim [M(‘ Ar;zjk’zl’Z%---’Zn—l )]
‘], —00
where
F = max [1 ( il )H ( &l )H] 2.4)
\ap + Blo2/ "\ap; + 1Blp2

From the above inequality, we get

{(j,k)eNxN: lim (M(

Jik—00

Pjk
A axj+An By jk
W,ZDZ% ooy Zn1 ZE

n ... P jk
C {(j, kye Nx N : DF Alkim (M( A’;;’l"",zl,zZ, ces Tnl )) > §} (2.5)
‘/, —00
n.,. Djk
Gk € NxN 2 DF Tim (M(| 42, 21,25,z )] 2 5
Jok—00 P2
The sets on the right hand side belong to 7 and this completes the proof. ]

Theorem 2.3. For any fixed (j,k) € N x N, ;WL(M,||., ..., |l, A%, p) is paranomed space with
respect to the paranorm defined by:

n
AL X ji

Je

Pik\
)) ) s1,vZ1,z2,...,zn_1eX}. (2.6)

Pk
g(x) = mkf {p/f : (sup (M(‘ 5 %1522, ---,Zn—l‘
Js

Jk>1

Proof. (i) x = 6 implies that then ||0, z, 25..., Z,-1]| = 0 since the set containing O is linearly depen-
dent. Also M(0) = 0 implies that g(6) = 0.
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(i) g(x) = g(=x)

(iif) Letx = (xp),y = jp) € 2WL(M, Il.s oo, [l A, )

m?

" Pk
Then there exists p;, p> > 0 such that: sup (M(HA’;T’k, 21,22, ...,zn_l‘ )) <1 and
k=1
Ay Pjk
s]l(’lp (M(’ ijk’Z19Z2’ ey Zn—l )) S 1 (2.7)
=1
for each 71,22, ..., 2,-1 € X.
Let p = p; + p2. Then by convexity of Orlicz function we have:
sup M M’ 215225 o9 Zn—1 < plll-)i-lpz SupM Ail)fjk7Z17Z29“'7Zn—l
jk>1 jk=1 (2.8)
=22 ) sup M(|| 222 71 20,z .
oitpn j’kZPl 0 215825 e Zn—1 | |-
Apxji+Any ;i Pik
Thus sup M( o o 22 eees Zn] ) < 1 and hence
IS p1+p2
. Pjk AT X i Djk
glx+y) < 1]11kf{p1” : sup (M( ’;l’ 3 215225 wees Tn—1 )) < 1}
g k=1
o (xrys pi (2.9)
+1Jr:1kf{,o2 ]S]l(lzpl (M( oy 2215225 e Tn1 )) < 1}.
The arbitrary p; and p, implies that g(x +y) < g(x) + g(y).
(iviLeta > 0and g(x" —x) > 0 (n — o)
) Jo # A ax i Pjk
gax) = 1nf{(m) . sup (M( 21 Zas s T )) < 1}. (2.10)
k=1
O

Theorem 2.4. Let M, M, M,, be Orlicz functions. Then we have

(i) ZWé(Mla ”a (LX) ||, Anm’ p) - ZWé(M © Mla ”’ seey ||’ Azﬂ p)
provided (p ) is such that Hy = inf p . > 0.
(ii) ZWé(Mla ”a ceey ”’ Azp p) N ZWé(M29 ”9 ceey ”a AZp P) - ZWé(Ml + MZ’ ”9 ceesy ”9 A:;, P)

Proof. (i). For given &£ > 0, first choose &y > 0 such that max{sg’ ,8310} < &. Now using the

continuity of M choose 0 < 6 < 1 such that 0 < ¢ < ¢, implies that M(z) < &, Let (x3) €
WMy, |, .II, A, p). Now by definition:

. A} X ji Pjk -
A® ={GR e Nx N Tim (M| =2 2z )) 207} er @)
J, —00
Thus if (j, k) ¢ A(9) then
A%xjk P H .
(Ml( 321522 eves n—1 )) <7, V],kEN. (2.12)
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[l

Hence from above using continuity of M we must have

That is .
A

P jk
5Z15%25 +oe5 An—1 )) < 6a V]ak S N (213)

X jk Pk
M(Ml( 2215225 ooes Tn—1 )) < &, VjkeN (2.14)
Which consequently implies that
Al x; Pk
lim [M(Ml( 220 e Tt ))] < max{ell, ) < . (2.15)
], —00

This shows that

n
Amx]'k

{(j, k) e NXN : _kim [M(Ml( 3215225 w5 Tn-1

‘]’ —00

))]pjk > s} C A) (2.16)

and so belongs to 1. This completes the result.
(ii)' Let -xjk € ZWé(Ml’ ”’ ceey ”, Anma p) N ZWé(MZ’ ”a cees ||a A:lna p)
Then the fact that

" 1273 n Dk
) Alx; . AlLx;
lim [(Ml +M2)( e 21322y wees Zne m <D lim [Ml(H_mxjk,ZlaZZ,--‘,Zn—l )]
koo , il oo g (2.17)
. Al x; / '
+D lklm |:M2(‘ njoxjk’Zl’ZZV“’Zn—l )] .
‘/’ —00

This gives the result. O

Theorem 2.5. The sequence space ;Wi(M, |l., ..., Il AL, p), s WL(M, |I., ..., II, A}, p) are Solid.

m?

Proof. We give the proof for zWé(M, II., ..., .|I, A}, p) only.
Let (x) € ZWé(M, Il., ..., .Il, A}, p) and let (@) be a double sequence of scalars such that
laj| < 1 forall j,k € N. Then we have

A (@ jix jx)

{(j,k)eNxN: lim [M( 215 225 oor T

Jik—00

Pt
I o

s efer

Where E = m%x{l, | jle }. Hence (ajkxji) € zWé(M, II., .Il, A%, p) for all double sequence of scalars
J>

(ajx) with |aj| < 1 for all j,k € N whenever (xj) € zWé(M, II., ... .|, AL, P)- O

A ji
P

c {(j,k)eNxN:E lim [M( 21, 225 s Zne]

Jk—00
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