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Abstract

Based on the recently introduced (see (Verma, 2012)) major higher order generalizations (G, B, ¢, h(:,), p,
0) - univexities, several second-order parametric duality models for a semiinfinite minimax fractional programming
problem are developed with appropriate duality results under various generalized second-order (G, S, ¢, h(-, ), p, 6)
- univexity assumptions. The obtained results encompass a large variety of investigations on generalized univexities
and their extensions in the literature.
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1. Introduction

In this paper, we intend to establish some results on second-order duality under various gener-
alized (G, B, ¢, h(-, -), p, 6)-univexity assumptions for the semiinfinite discrete minimax fractional
programming problem of the form:

(P) Minimize max @
1sisp gi(x)

subject to
Gj(x,t) <0 forallreT;, jeg={1,2,---q}

Hi(x,s) =0 forall se€ Sy, ker=1{1,2,---,r},

x € X,
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where p, ¢, and r are positive integers, X is a nonempty open convex subset of R" (n-dimensional
Euclidean space), for each j € ¢ = {1,2,...,q}and k € r = {1,2,...,r}, T; and S are compact
subsets of complete metric spaces, for each i € p, f; and g, are twice continuously differentiable
real-valued functions defined on X, for each j € q, z — Gj(z,1) is a twice continuously differ-
entiable real-valued function defined on X for all ¢ € T;, foreach k € r, z = Hi(z, s) is a twice
continuously differentiable real-valued function defined on X for all s € S, for each j € g and
ker, t— Gjx,t)and s — Hi(x, s) are continuous real-valued functions defined, respecﬁvely,
onT;and S for all x € X, and for each i € p, gi(x) > O for all x satisfying the constraints of (P).
The present communication is concerned with the major generalization (G, 3, ¢, h(-, ), p, 6)- uni-
vexity of the second order introduced by Verma (see (Verma, 2012)) that generalizes (¥, 8, ¢, p, 6)-
univexity introduced by Zalmai (see (Zalmai, 2012)) and the first order univexity studied by Zal-
mai and Zhang (see (Zalmai & Zhang, 2007)) with its applications to parametric duality models
in minimax fractional programming. The obtained results not only generalize the work of Zal-
mai on second order univexities, but also generalize other investigations on general invexities,
including the valued-contributions of Jeyakumar (see (Jeyakumar b, 1985)), Liu (see (Liu, 1999)),
Mangasarian (see (Mangasarian, 1975)), Mishra (see (Mishra, 1997), (Mishra, 2000)), Mishra and
Rueda (see (Mishra & Rueda, 2000), (Mishra & Rueda, 2006)), Mond (see (Mond, 1974)) and oth-
ers. Based on Mangasarian’s second-order dual problem, Mond (see (Mond, 1974)) established
some duality results under relatively simpler conditions involving a certain second-order gener-
alization of the concept of convexity, while observed some possible computational advantages of
second-order duality results, and also studied a pair of second-order symmetric dual problems.
Mond’s original notion of second-order convexity was followed by generalizations by other au-
thors in different ways and applied establishing several second-order duality results for several
classes of nonlinear programming problems. Although there exist various second-order duality
results in the related literature for several classes of mathematical programming problems with
a finite number of constraints, we feel our second-order duality results established in this paper
are new and general in nature to the context of semiinfinite programming. For more details on
second order duality results, we refer the reader (see (Aghezzaf, 2003) - (Zalmai & Zhang, 2007)),
but more importantly, (see (Aghezzaf, 2003) - (Jeyakumar b, 1985), (Mond & Weir, 1981-1983),
(Mond & Zhang, 1995) - (Zalmai & Zhang, 2007)).

Note that second-order duality for a conventional nonlinear programming problem is of the
form

(Poy) Minimize f(x) subjectto gi(x) <0, iem, xeR",

where f and g;, i € m, are twice differentiable real-valued functions defined on R", was ini-
tially considered and studied by Mangasarian (see (Mangasarian, 1975)). The idea underlying his
approach to constructing a second-order dual problem was based on taking linear and quadratic
approximations of the objective and constraint functions about an arbitrary but fixed point, leading
to the Wolfe dual of the approximated problem, and then allowing the fixed point to vary. Man-
gasarian (see (Mangasarian, 1975)), more specifically, formulated the following second-order dual
problem for (Py):

(Do) Maximize f()+ L, uigiy) — 3(z | V2FO) + Zity uiV28i0) |2)
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subject to
VAG) + ) Vg + [V + Y uVgi()] = 0,
i=1 i=1

yeR", ueR" u>0, zeR",

where VF(y) and V2F(y) denote, respectively, the gradient and Hessian of the function F : R” — R
evaluated at y and (a, b) denotes the inner product of the vectors @ and b. Then, by imposing
somewhat complicated conditions on f, g;, i € m, and z, he proved weak, strong, and converse
duality theorems for (Py) and (Dy).

We observe that all the duality results established in this paper can easily be modified and
restated for each one of the following classes of nonlinear programming problems, that are special
cases of (P):

(P1) Minimize f](x);
g1(x)

(P2) Minimize {nax fi(x);
<i<p

(P3) Minil%lize fi(x),
X€E

where [ (assumed to be nonempty) is the feasible set of (P), that is,

F={xeR":Gjx,t) <0forallteTj, J€q, Hix,5)=0 forall s € Sy, ker};
(P4) Minimize max @
isizp g,(0)

subject to
Gj(x) <0, jeg, H(x)=0, k er, xeR"

where f; and g;, i € p, are as defined in the description of (P), and G j» J € q,and H, ke r, are
real-valued functions defined on X; a

(PS)  Minimize 28

(P6) Miniglize max fi(x);
X€E!

1<i<p

P7) Miniglize fi(x),
X€!

where G is the feasible set of (P4), that is,

G:{XER”:Gj(x)SO,jEQ, Hy(x)=0, ker}.
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2. Preliminaries

In this section we recall, the recently introduced major generalization (G, S, ¢, h(:,-), p,60)—
univexiity by Verma (see (Verma, 2012)) to the notion of the Zalmai type (7, 3, ¢, p, 6)-univexity
of higher order (See (Zalmai, 2012)) to the context of parametric duality models in semiinfinite
discrete minimax fractional programming. The obtained notion, in fact, reduces to most of the
existing notions of invexities and univexities in the literature.

Recall that a function G : R"* — R is said to be sublinear(superlinear) if

Gx+y) <G+ GV x,yeRY,

and G(ax) = aG(x) for all x € R" and a € R, = [0, 0).
Let x* € X and let us assume that the function f : X — R is twice continuously differentiable
at x*.

Definition 2.1. The function f is said to be (strictly) (G, B, ¢, h(x*, 2), p, 8)-univex at x* of higher
order if there exist functions 8 : X X X — R, \{0} = (0,00), ¢ : R > R, p: XXX - R, 6:
X X X — R”", and a sublinear function G(x, x*;-) : R* — R such that for each x € X(x # x*) and
z€eR?,

P(f(x) = F(xX7) + (2, V. h(x", 2)) = h(x", 2))(>) = G(x, x"3 B(x, X[V A(x", 2)])
+ p(x, X)6Cx, X1,
where /1 : R" x R" — R” is differentiable with respect to the second component.

Definition 2.2. The function f is said to be (strictly) (G, B, ¢, h(x*, 2), p, 0)-pseudounivex at x* if
there exist functions 8: X X X > R, \{0}, ¢ . R-> R, p: XXX >R, 6: XXX > R" anda
sublinear function G(x, x*;-) : R” — R such that for each x € X(x # x*) and z € R",

Gx, x5 Bx, XV (X', 2)]) = —p(x, x)II6(x, x)IP
= ¢(f(x) = f(X) + (2, V:h(x", 2)) = h(x", 2))(>) = 0,

equivalently,

(f(x) = f(xX7) + (2, Vh(x", 2)) = h(x", 2))(£) < 0 =
Gx, X3 Bx, XV (X", 2)]) < =p(x, x)II6Cx, I,

where 1 : R" X R" — R” is differentiable with respect to the second component.

Definition 2.3. The function f is said to be prestrictly (G, B, ¢, h(x", 2), p, 0)-pseudounivex at x* if
there exist functions 8 : X X X > R\{0}, 9 . R-> R, p: XXX >R, 6: XXX —>R" anda
sublinear function G(x, x*;-) : R” — R such that for each x € X(x # x*) and z € R”,

G(x, X3 Bx, x)Vh(x', 2)]) > —p(x, )16, x)IP
= ¢(f(x) = f(x") +(z, V:h(x", 2)) = h(x",2)) > 0,
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equivalently,

d(f(x) = f(X) + (z, V.h(x",2)) — h(x",2)) < 0 =
G(x, x*; B(x, XV h(x*, 2)]) < —p(x, x)|0(x, x|,

where /1 : R" x R" — R” is differentiable with respect to the second component.

Definition 2.4. The function f is said to be (prestrictly (G, 5, ¢, h(x*, 2), p, 0)-quasiunivex at x* if
there exist functions 8 : X X X > R, \{0}, ¢ : R > R, p: XXX >R, 8: XXX —> R" and a
sublinear function G(x, x*;-) : R” — R such that for each x € X and 7 € R”,

P(f(x) = f(x) + (2, V:h(x", 2)) = h(x", 2))(<) <0
= G(x, x"; B(x, x)[Vh(x", 2)]) < —p(x, x)II6(x, x|,
equivalently,
G(x, X3 B(x, X)V:A(x", 2)]) > =p(x, x)I6(x, x| =
P(f(x) = f(x") + (2, V:h(x", 2)) = h(x", 2))(=) > 0,
where /1 : R" x R" — R” is differentiable with respect to the second component.

Definition 2.5. The function f is said to be strictly (G, B, ¢, h(x", 2), p, 0)-quasiunivex at x* if there
exist functions B : XXX - R, \{0}, ¢ : R > R, p: XXX - R, 6: XxX — R", and a sublinear
function G(x, x*;-) : R” — R such that for each x € X and z € R”,

P(f(x) = f(xX7) + (2, V:h(x7, 2)) = h(x",2)) < 0
= G(x, X" B0x, XV, 2)]) < =p(x, X)II6x, X1,
equivalently,
Gx, x5 Bx, XV (X", 2)]) 2 =plx, X916, x)IP =
¢(f(x) = f(x") + (2, VoA(x", 2)) — h(x", 2)) > 0,
where i : R" X R" — R” is differentiable with respect to the second component.

We note that the generalized (G, 8, ¢, h(-, ), p, 6)-univexities (see (Verma, 2012)) at x* of higher
order reduce to the Zalmai type (7, f3, ¢, p, 6)-univexities (see (Zalmai, 2012)) of higher-order if
we set

h(x",2) = (2, Vf(x)) + %(z, V2 f(x")2).

Then, we have
V.h(x',2) = V(X)) + V2 f(x")z
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and

(z, V. h(x",2)) — h(x",z) = %(Z, V2 £(x")z).

We observe some of the implications from the above definitions as follows: if fis (G, 5, ¢, h(-, ), p, 6)-
univex at x*, then it is both (G, 8, ¢, h(-, -), p, )-pseudounivex and (G, B, ¢, h(-, -), p, )-quasiunivex
at x*,if fis (G, B, ¢, h(-, ), p, 6)-quasiunivex at x*, then it is prestrictly (G, 5, ¢, h(-, -), p, 8)-quasiunivex
at x*, and if f is strictly (G,B, ¢, h(-,-), p, 0)-pseudounivex at x*, then it is (G, S, ¢, h(:,-), p, 0)-
quasiunivex at x*.

Note that during the proofs of the duality theorems, sometimes it may be more convenient to
use certain alternative but equivalent forms of the above definitions. We conclude this section by
recalling a set of parametric necessary optimality conditions for (P) based on the following result.

Theorem 2.1. (See (Verma, 2013)) Let x* € IF and " = max, <<, fi(x*)/gi(x"), for each i € p, let
fi and g; be twice continuously differentiable at x*, for each j € g, let the function 7 — G_(z, 1)
be twice continuously differentiable at x* for all t € T;, and for each k € r, let the function
z — Hi(z, s) be twice continuously differentiable at x* for all s € S;. If x* is an optimal solution
of (P), if the second order generalized Abadie constraint qualification holds at x*, and if for any
critical direction y, the set cone

(VG(x",0), (v, V2G(x", 1)) : 1 € Ty(x), j € g)
+ span{(VHk(x*, s), (v, V2 Hy(x", s)y)) cseSyker},

where T (x) ={teT;: Gjx*,t) = 0}, is closed, then there exist u* € U = {u € R? : u >
0, X%, u; = 1} and integers v, and v*, with 0 < vi < v* < n+ 1, such that there exist vj indices j,,
with 1 < j,, < g, together with v; points t" € Tm(x ), me€ E’ V" — v indices ky, with 1 < k,, <r,
together with v* —v; points s™ € Sy, for m € y*\v;, and v* real numbers v,,, with v, > 0 form € vg,
with the property that

* *

vV

P
D VAR - A (Veilx' )]+Z [VG, (", "+ > v VH(x', 8" =0, (2.1)

— m
i=1 m= v0+l

V*

)4
| D w IV A = AV )]+Z W26+ Y VP HGE, sy 2 0. (2.2)

"
i=1 m=vy+1

We shall call x a normal feasible solution of (P) if x satisfies all the constraints of (P), if the
generalized Abadie constraint qualification holds at x, and if the set cone{VG;(x,1) : t € f’j(x), jE€
q} + span{VH(x,s) : s € Sy, k € r}is closed.

"~ The above theorem on the necessary optimality conditions provides us with clear guidelines for
formulating numerous Wolfe-type duality models for (P). From now on, the functions f;, g;, i €
p, 2 — Gj(z, 1), and z = Hi(z, s) are twice continuously differentiable on X forallt € T}, j € ¢,
andall s€ Sy, ker. B
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3. Duality Models

In this section, we consider two duality models with special constraint structures that allow for
a greater variety of generalized (G, 5, ¢, h(x, 2), p, 6)-univexity conditions under which duality can
be established based on the following set:

H= {(y,z,u,v,/l,v,vO,JVO,KV\VO,t',5) tyeX;zeRNuelU; 0y <v<n+l;
vER v >0,1<i<vy; AeR; Jyy =iy Jose-sdw)s 1 < Ji < q; Koy, =
Kygpyr sk ) 1< ki< T=(" 2, ...,0), FeT;; §=(s7",...,8), s' € Sk,.}.
Consider the following two problems:

(DI) sup A
02,1V, 4,90, dv) Koy 1. 5)EH
subject to

p Yo
DIV i3, D) = AV k60 D1+ Y vl Vo p, (0,77, 2)

i=1 m=1
v

£ vl Ve, 057,91 =0, (3.1)

m=vy+1

p
FO) = A0 + Y uilhi(y, 2) = (3, 2) = (& Vo i, 2) = AVo ki, DD 2 0, i€p, (32)

i=1

Gjm(y’ tm) + /’ij(y’ Zm’ Z) - <Za Vzﬂjm(y9 tm’ Z)) 2 0’ m e m’ (33)
Yk, (0, 8™) + Vb, 0, 8™, 2) = {2, Vi Vo Ui, (v, 8™, 2)) 2 0, m € v\vy; (3.4)
(DI) sup A

02,1V, 4,50,y Koy £ 5)EH

subject to (3.2)-(3.4) and

P P ]
Glx.y: D wlVehi(y, 91 = D AV ki, D1 + D vl Ve, (32, 1)]
i=1 i=1 m=1
+ D vulVeu, (0,281 2 0 forall x € F, 3.5)
m=vo+1

where G(x, y; ) is a sublinear function from R” to R.

Note that if we Compare (D/) and (DI), we see that (DI) is relatively more general than (DI)
in the sense that any feasible solution of (DI) is also feasible for (DI), but the converse may not
be necessarily true.
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Lemma 3.1. (See (Zalmai, 2012)) For each x € X,
fi(x) i ui fi(x)
@(x) =max —— =max —,— .
1<izp gi(x)  weU M, u;igi(x)
The next theorem shows that (DI) is a dual problem for primal (P).

Theorem 3.1. (Weak Duality) Let x and w = (y,z,u, v, A, v, v, Jy,, Koy, 1, §) be arbitrary feasible
solutions of (P) and (DI), respectively, and let us assume that any one of the following five sets of
hypotheses is satisfied:

(a) (i) foreachie p, fiis(G.p, &, hi(-,*), pi, 0)-univex and —g; is (G, B, ¢, ki(-, *), pi, 0)-univex
aty, ¢ is superlinear, and ¢(a) > 0 = a > 0;

(ii) the function & — G;, (&,t") is (G, B, s i (-, 2, Pms O)-quasiunivex at y, ¢,, is increas-
ing, and ¢,,(0) = 0 for each m € Yo

(iii) the function & — v, H, (&,5™) is (G, P, Gons Wi+, ), P> O)- quasiunivex at y, ¢y, is in-
creasing, and ¢,,(0) = 0 for each m € v\vo;

(V) p*(5,¥) + X0 VPm(X,Y) + 2oy 1 Pm(X,¥) = 0 where
P (x,y) = X wilpi(x, y) + Api(x, Y)1;
(b) (i) foreachice p, fiis(G.p, &, hi(-, ), pi, 0)-univex and —g; is (G, B, ¢, ki(-, ), pi, 0)-univex

aty, ¢ is superlinear, and ¢(a) > 0 = a > 0;

(ii) the function fA—> 2o VG, (€,1) is (G, B, b, (), P, O)-quasiunivex at y, ¢ is in-
creasing, and ¢(0) = 0;

(iii) the function & — v, Hy (&, s") is (G, B, Gins Wi (-, ), Py 0)-quasiunivex at y, ¢,, is in-
creasing, and $,,(0) = 0 for each m € v\vo;

(iv) p*(xX,¥) + P(x,y) + X cys1 Pm(X,¥) 2 0;

(C) (l) for eachi € £$ ﬁ LS (gaﬁa (Z, hi(', ')$ [)i’ 6)'univex and —&i is (g,ﬁa &,ﬁi’ Ki(" .)9 6)'univex
aty, ¢ is superlinear, and ¢(a) > 0 = a > 0;

(ii) the function & — G;,(£,1") is (G, Bs Bms (> ), Pum» 0)-quasiunivex at y, @, is increas-
ing, and ¢,,(0) = 0 for each m € Yo

(iii) the function & — %) _ . VuH, (€, s™) is (G, B, b, Wn(-, ), p, 0)-quasiunivex at y, ¢ is
increasing, and ¢(0) = 0;

(iv) (X, ) + X VP, y) + px,y) > 0;

(d) (i) foreachice p, fiis(G.p, &, hi(-, ), pi, 0)-univex and —g; is (G, B, ¢, ki(-, ), pi, 0)-univex
aty, ¢ is superlinear, and ¢(a) > 0 = a > 0;
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(ii) the function §A—> o vmG (€17 is (G, s b, tn (-, ), P, 0)-quasiunivex at y, ¢ is in-
creasing, and ¢(0) =

(iii) the function & — Y _. . ViuHy, (&, 5™) is (G, B: ¢, (-, ), B, 0)-quasiunivex at y, ¢ is
increasing, and ¢(0) = 0;

(iv) p*(x,y) + p(x,y) + p(x,y) = 0;

(e) (i) foreachi€ p, fiis(G.p, &, hi(-, ), pi, 0)-univex and —g; is (G, B, ¢, ki(-, -), pi, 0)-univex
aty, ¢ is superlinear, and ¢(a) > 0 = a > 0;

(ii) thefunctzon &— Z vajm(cf t’”)+zx1=VOJrl Vi Hy, (€, s™) is (G, B, <2>, T, P, 0)-quasiunivex
aty, ¢ is increasing, and $(0) =

(iii) p*(x,y) + p(x,y) = 0.
Then ¢o(x) > A.

Proof. (a): Applying (1), we have the following inequality:

P P P
(> wlhi) = FON + (2 ) wVohiy, ) = . wihi(y, 2)
i=1 i=1 i=1
p P P
A wl-gix) + g1 = (2, ) V. ki3, ) + Y uiki(y,2)])
i=1 i=1 i=1

p

> G(x 3 B(x,) Z U V- hi(y, 2) = AV iy, 2)}) + Z wlpi(x,y) + ABi(x INOCE M. (3.6)
i=1

From the primal feasibility of x, dual feasibility of w, and (3.3), we find that
G]m('x’ tm) S 0 S Gjm(y’ tm) + /’l]m(.y’ tm’ Z) - <Z7 VZ l’ljm(y’ tm’ Z))’ m e E’
and hence using the properties of the functions ¢,,, we have

&m(Gjm(-xa lm) - [Gj,,,(y’ tm) + ,Uj,,,(y’ rm? Z) - <Z’ VZ #]m(y’ tm’ Z)>]) < O,

which from (ii) implies that G(x, y; B(x, y)[V. u in, ", 2)]) < —=Pm(x, YIO(x, y)||2. As v, > 0 for
each m € vy, the above inequality yield

)

G 3805 3) D vul@ Vet (0 7, 201) < = D vinb (e WIOCE, VIP- (3.7)
m=1

m=1
Similarly, from the primal feasibility of x, dual feasibility of w, (3.4), and (iii) we deduce (since
v,, > 0 foreachm € Z\E) that

G5 3806y D vVt D) < = > Bl MIOCE VP (3.8)

m=vy+1 m=vy+1
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Now, based on the positivity of B(x, y), sublinearity of G(x,y;-), and (3.1), we conclude that
P Vo
G(xy:B063) D iV hi(y,2) = AV. ki3, D)) + G(%, ¥ B 3) D vl Vept, 057", 2)])
i=1 m=1

+ GxyBEY) D valVey, (", 2)]) 2 0. (3.9)

m=vp+1
Next, applying (3.9) to (3.6), and then combining with (3.7) and (3.8) and using (iv), we have

p

(Zu[f(x) ﬁ(y)]+ ,Zp:u,V h(yz) Zp:u,h(yz)

i=1 i=1
p

14 P
+ uil=gi(x) + &1 - (2 Z V- ki(y, 2)) + Z uiki(y, 2)1)

i=1 i=1 i=

p
G(x.y:B06) D V- hi(y,2) = AV k(3. 9}

i=1

ui[ﬁi(-x’y) + /lﬁi(x’ )’)]”9(% )’)”2 > _[g(x’ )’2/3(35, y) Z Vm[Vz/ij(y’ tm’ Z)])

m=1

v

M-

1l
—_

i
Yo

G 3By D valVetrj, " D) = D vubmCe MIOCEVIP + > il IO WIP
m=vy+1 m=1 m=vy+1
p Yo

Z wi[pi(x,y) + ApiCx, MO, VI = Z VP, MIOCx DI

i=1 m=1

—+

—+

Z P WNOCE MIE + o G, IO, P 2 0.

m=vy+1

But ¢(a) > 0 = a > 0 and hence because of (3.2) the above inequality reduces to

p
Dl fix) = Agi(0] = 0.

i=1

Finally, this inequality using Lemma 3.1 leads to the weak duality inequality as follows:

fi(x) iy Ui fi(X) -

= = max >
PO e S weo
(b) - (e) : The proofs are similar to that of part (a). L]

The following theorem is based on the (G, B, h;(-, -), p;, )-univexities and quasiunivexities.

Theorem 3.2. (Weak Duality) Let x and w = (y, 2, u, v, A, v, v, Jy,, Ko\vy» T, §) be arbitrary feasible
solutions of (P) and (DI), respectively, and let us assume that any one of the following five sets of
hypotheses is satisfied:
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(a) (i) foreachic€ p, f;is(G,pB,hi(,"),p:,0)-univex and —g; is (G, B, (-, *), pi, 0)-univex at y,
(ii) the function & — G, (&,1") is (G, B, tim(-, *), P, 0)-quasiunivex at y, for each m € vo;

(iii) the function & — v, Hy (€, 5™) is (G, B, Ym(-, ), Pm, 0)-quasi univex at y, for each m €
v\vo;

(iv) " (X, ¥) + X0 ViPm(X,Y) + X1 Pm(X,¥) 2 0 where
p*(xa y) = f:] ui[l_)i(x’ Y) + /lﬁi(x9 y)]’

(b) (l) for each i € B’ ﬁ is (gaﬁa hi(" .)9pi’ 0)'univex and —&i is (g’ﬁa Ki(.’ ')’ﬁi’ 9)-I/lniV€X at
y, ¢ is superlinear, and ¢(a) > 0 = a > 0.

(ii) the function &€ = 3°_ v,,G; (£,1") is (G, B, um(:, -), P, 0)-quasiunivex at y.
(iii) the function & — v, H;, (€, s™) is (G, P, ém, U, ), Pm» 0)-quasiunivex at y.
(iv) p"(x, ) + P(x,y) + X)myor1 Pm(X,y) 2 0;
(c) (i) foreachic p, f;is(G,B,hi(:,"),pi,0)-univex and —g; is (G, B, pi, Ki(:, -), 0)-univex at y.
(ii) the function & — G, (&,1") is (G, B, Um(:, *), Pm» 0)-quasiunivex at y.
(iii) the function & — an:mﬂ Vi Hy, (&, 5™) is (G, B, Yn(-, ), P, 0)-quasiunivex at y.
(iv) " (X, ¥) + X0y VP (X, y) + p(x, y) 2 0;
(d) (i) foreachie Ps fi is (G, B, hi(-, ), pi, O)-univex and —g; is (G, B, ki(-, *), Pi, 8)-univex at y.
(ii) the function & — Z:f:l VG, (&, 1) is (G, B, b, (-, ), P, 0)-quasiunivex at y.
(iii) the function & — %) _ .\ vuHy, (&, 5™) is (G, B, &, (-, ), p, 0)-quasiunivex at y.
(iv) p*(x,y) + p(x, y) + p(x, y) 2 0;
(e) (i) foreachic p, f;is(G,B,h(,"),pi,0)-univex and —g; is (G, B, ki(, ), pi, 0)-univex at y.

(ii) the functioné — Z;O:l VG, (€, t’")+Z,Vn:V0Jrl Vi Hy, (€, ™) is (G, B, Tm, P, 0)-quasiunivex
aty.

(iii) p*(x,y) + p(x,y) = 0.
Then ¢(x) > A.
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Proof. (a): Applying (1), we have the following inequality:

P P P
D) = O+ (2 ) uVehi(,2) = > uihi(y,2)

i=1 i=1 i=1

p p p
/1[2 ui[—gi(x) + g(y)] - <Z, Z u; V. ki(y, Z)> + Z uiki(y, )]
i=1

i=1 i=1

V4 P
> G386, y) ) udVahi(3,2) = AV ki3, 2)}) + D il 3) + A5 IO VP (3.10)
i=1 i=1

From the primal feasibility of x, dual feasibility of w, and (3.3), we find that

G, (x, ") <0 <G, (0, ") + pj, 0, 1", 2) =<2, Vo, (0, 1", 2)), m € p.

Then we have G, (x, ") — [G;,(y, ") + pj, (v, 1", 2) = {2,V u;, (v, 1", 2))] < 0, which from (i)
implies that G(x, y; B(x, V[V, (1, 1", 2)1) < =pm(x, MIOCx, YIP. As v, > 0 for each m € vy, the
above inequalities yield

Yo

Gy B ) D vz, Ve sty (3 " ) < = ) v VIO, 9)IP (3.11)

m=1 m=1

Similarly, from the primal feasibility of x, dual feasibility of w, (3.4), and (iii) we deduce that

Glryi By D valVauy, 0. 1) < = D ol VIO VIP, (3.12)

m=vy+1 m=vy+1

Now, based on the positivity of B(x, y), sublinearity of G(x,y;-), and applying (3.1), we conclude
that

g(x y; B(x, Y)Zul V h(y 7) — /lV ki (y, Z)}) +g(x v; B(x, y)va[VZ/ljm(y " 2] )

m=1

+ G(xy: ) Z vl Vo, (2", 2)1) 2 0. (3.13)

m=vo+1

Next, applying (3.13) to (3.10), and then combining with (3.11) and (3.12) and using (iv), we have

p p P
(D ulh® = £+ (2 ) wV-h(y,2) = > wihi(y,2)
i=1 i=1
P P
=) + g0 = (2 Y uVoki(3, ) + D wii(y, 2)1)
i=1

i=1

i=

+ A

M“_

I
—_

i

> (p'Cry) + Z V(X Y) + Z Pl )IOCE P > 0.

m=vy+1
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Hence because of (3.2) the above inequality reduces to

u; fi(x) — Agi(x)] = 0.

p
—

1

Finally, this inequality using Lemma 3.1 leads to the weak duality inequality as follows:

_ filx) _ Yy uifi(x)
o(x) = max o) | max 57w > A

(b) - (e) : The proofs are similar to that of part (a). O

Theorem 3.3. (Strict Converse Duality) Let x* be a normal optimal solution of (P), let w =
(X,2,01, 9, A, 7, V, J50s Korvgs 1 §) be an optimal solution of (DI), and assume that any one of the
following five sets of conditions is satisfied:

(a)

(b)

(c)

The assumptions specified in part (a) of Theorem 3.2 are satisfied for the feasible solution
w of (DI). Moreover, ¢(a) > 0 = a > 0, f; is strictly (G, B, ¢, h(-, "), p;, 0)-univex at X for
at least one i € p with the corresponding component ii; of it positive, or —g; is strictly
(G.B, b, k(-, ), pi, O)-univex at X for at least one i € p with the corresponding component ii;
of it positive (and 1 > 0), or & — G, (& 1) is strictly (G, B, By 1 *), Py O)-pseudounivex at
% for at least one m € ¥y, or &€ — ¥,,H,, (&, 5") is strictly (G, B, > W(:, *), Pm» 0)-pseudounivex
at X for at least one m e V\Vo, or

) v
PO+ D Bl D+ D Tl 5 > 0,
m=1

m:\70+1
where p*(x*, %) = X2 wlpi(x’, %) + Api(x", D).

The assumptions specified in part (b) of Theorem 3.2 are satisfied for the feasible solution
W of (DI). Moreover, ¢(a) > 0 = a > 0, f; is strictly (G, B, &, h(-,-), p;, 0)-univex at X for
at least one i € p with the corresponding component ii; of it positive, or —g; is strictly
(G.B, b, k(-, ), pi, O)-univex at X for at least one i € p with the corresponding component ii; of
it positive (and A > 0), or & — szzl G, (€, 1) is strictly (G, B, &, u(-, ), p, 0)-pseudounivex
at X, or & — V,Hy (€,5") is strictly (G, B, (Z)m, (-, ), Pm, 0)-pseudounivex at X for at least
onem € 2\@, or p*(x*, X) + p(x*, X) + Z;:%H VPm(x*, X) > 0.

The assumptions specified in part (c) of Theorem 3.2 are satisfied for the feasible solution
W of (DI). Moreover, ¢(a) > 0 = a > 0, f; is strictly (G, B, ®, h(-,-), p;, 6)-univex at X for
at least one i € p with the corresponding component ii; of i positive, or —g; is strictly
(G.B, b, k(. ), pi, 0_)—um'vex at X for at least one i € p with the corresponding component ii;
of it positive (and A > 0), or & — G, (&,1") is stric?ly (G, Bs D (-5 *), P> O)-pseudounivex
at X for at least one m € %, or & — 3, _; . VnH,; (£,5") is strictly (G, B, &, u(-, ), p,0)-
pseudounivex at X, or p*(x*, X) + 22:1 VP (X*, X) + V,0(x*, X) > 0.
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(d) The assumptions specified in part (d) of Theorem 3.2 are satisfied for the feasible solution
W of (DI). Moreover, ¢(a) > 0 = a > 0, f; is strictly (G, B, ®, h(-,-), p;, 6)-univex at X for
at least one i € p with the corresponding component ii; of it positive, or —g; is strictly
(G.B, ¢, k(. ), pi, 0)-univex at % for at least one i € p with the corresponding component ii; of
it positive (and A > 0), or & — Zf::l UG, (&, T") is strictly (G, B, b, u(-, ), p, 0)-pseudounivex
at X, or & — 3, ;01 VnHy, (€,37) is strictly (G, B, b, ¥(-, ), P, 0)-pseudounivex at X, or
(X", X) + p(x*, X) + p(x*, X) > 0.

(e) The assumptions specified in part (e) of Theorem 3.2 are satisfied for the feasible solution
w of (DI). Moreover, ¢(a) > 0 = a > 0, f; is strictly (G, B, &, h(-, "), p;, 0)-univex at X for
at least one i € p with the corresponding component ii; of it positive, or —g; is strictly
(G.B, ¢, k(. ), pi, 0)-univex at % for at least one i € p with the corresponding component
it; of ftApositive (and 1 > 0), or & — Zfr?:l G, (E,T") + Z;z%ﬂ VmHy, (€, 5™) is strictly
(G, B, 9, 71(-, ), p, 0)-pseudounivex at X, or p*(x*, X) + p(x*, X) > 0.

Then ¥ = x* and o(x*) = A.

Proof. The proof is similar to that of Theorem 3.2. L

4. Specialization I

In this section, we consider two duality models with special constraint structures that allow
the generalized (G, 3, ¢, h(-, -), p, 8)-univexity reduce to second order generalized (¥ ,p, ¢, p, 6)-
univexity introduced and studied by Zalmai (see (Zalmai, 2012)) under which duality can be es-
tablished.

Consider the following two problems:

(DII) sup A

0uz,u.v, 4,90,y Koy 1,5 EH
subject to

v

)4 Yo
DIV = AV + ) vaVG, (0 ™+ D v VH, (v, 5™
m=1

i=1 m=vgy+1
p ) v
+{ D ulVFG) = AV + > v VG, 000" + D vaVPHy, (8N} =0, (4.1)
i=1 m=1 m=vo+1
1
fi0) = A8 = 5@ [V /() = AV’g0]2) 2 0, i€ p, (4.2)
Gj, (v, ") - %<z, V’G;, (0, "2) 2 0, m € v, (4.3)

1
Vi, (0, 8™) = 5@ vV Hy, (v, 8)2) 2 0, m € y\vo; (4.4)



Ram U Verma / Theory and Applications of Mathematics & Computer Science 3 (1) (2013) 65—84 79

(DII) sup A subject to (3.3) and (4.2) - (4.4).

(y,Z,u,V,/l,V,V(),JyO 7Kv\v0 7[_7§)€H

The next theorem shows that (DI1) is a dual problem for (P).

Theorem 4.1. (Weak Duality) Let x and w = (y,z,u, v, A, v, v, Jy,, Ko\, 1, §) be arbitrary feasible
solutions of (P) and (DII), respectively, and assume that any one of the following five sets of
hypotheses is satisfied:

(a) (i) foreachie€ p, fis (F,B, b, pi, 0)-sounivex and —g; is (¥, B, §, pi, 0)-sounivex at y, ¢
is superlinear, and ¢(a) > 0 = a > 0;

(i) the function & — G; (£,1") is (F ., G, Pm» 0)-quasisounivex at y, @, is increasing,
and $,,(0) = 0 for each m € Yo,

(iii) the function & — v, H,;, (&, 5™) is (F, B, Gm» Pm» 0)-quasisounivex at y, ,, is increasing,

m

and ¢,,(0) = 0 for each m € Z\E"

(v) P (X, Y) + 200 VP (X, Y) + 2oy o1 VinPm(X, ) = 0, where
p(x,y) = le ui[pi(x, y) + Api(x, y);

(b) (i) foreachi € p, f;is (F.p, &, pi, 0)-sounivex and —g; is (¥, B, §, pi, 0)-sounivex at y, ¢
is superlinear, and ¢(a) > 0 = a > 0;

(ii) the functiAon & — Z;;’zl VG, (&, 1) is (F, P, (2), D, 0)-quasisounivex at y, & is increas-
ing, and ¢(0) = 0;

(iii) the function ¢ — v, Hy (&, ™) is (F,p, quSm, Pm, 0)-quasisounivex at y, ém is increasing,
and $,,(0) = 0 for each m € v\vo;

(iv) p"(%,3) +P(X, Y) + Xpmyye1 Pm(X,y) 2 0;

(c) (i) foreachie p, f;is(F.B, @, pi, 0)-sounivex and —g; is (¥, B, ¢, p;, 0)-sounivex at y, ¢
is superlinear, and ¢(a) > 0 = a > 0;

(ii) the function & — G, (&,1") is (F, B, G P> 0)-quasisounivex at y, ¢, is increasing,
and $,,(0) = 0 for each m € Yo,

(iii) the function & — 3 _ . viH,, (€, 5™) is (F.p, b, p, 0)-quasisounivex at y, § is in-
creasing, and (}5(0) =0;

(iv) P (X, ¥) + 20 VinPm(x, ) + p(x,y) > 0;

(d) (i) foreachi € p, f;is(F,pB, &, pi, 0)-sounivex and —g; is (F, B, ¢, pi, 0)-sounivex at y, ¢
is superlinear, and ¢(a) > 0 = a > 0;

(ii) the functiAon E— 20 vuGj (&, 1) is (F,PB, b, p, 0)-quasisounivex at y, ¢ is increas-
ing, and $(0) = 0;
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(iii) the function & — 3 _, | vuH, (&, ™) is (F,p, b, p, 0)-quasisounivex at y, ¢ is in-
creasing, and $(0) = 0;

(iv) p*(x,y) +p(x,y) + p(x,y) = 0;

(e) (i) foreachi e P, fi is (F,B, b, pi, 0)-sounivex and —g; is (¥, B, ¢, p;, 0)-sounivex at y, ¢
is superlinear, and ¢(a) > 0 = a > 0;

(ii) the functioné — 3"\ vuG (€, 0"+ 20— 1 VieHi, (€, 5™) is (F, B, b, p, 0)-quasisounivex
aty, ¢ is increasing, and $(0) = 0;

(iii) p*(x,y) + p(x,y) = 0.
Then ¢(x) > A.

Proof. The poof is similar to that of Theorem 3.2. Ol

5. Specializations II

In this section, we consider certain specializations of the (G, 8, ¢, h(-, ), p, 6)-univexity to first
order univexity under which first order duality (see (Zalmai & Zhang, 2007)) can be established.
These duality models have the following forms:

(DIII) sup A
OV, 4,0,y s Koy o1, 5)EH
subject to
p Vo %
ulVO) = 9801+ ) vaVG,, 00"+ Y vaVH, (8" =0, (5.1)
i=1 m=1 m=vo+1
uil fi(y) — 481 20, i€p, (5.2)
Gjm(y’ tm) Z 0’ m € m5 (5.3)
VinHy, (v, s") 2 0, m € y\vy; (5.4)
(DIII) sup Pl

Oy, 4,0,y s Koy o1, 5)EHL
subject to (3.3) and (5.2) - (5.4).
Theorem 5.1. (see (Zalmai & Zhang, 2007)) (Weak Duality) Let x and (y, u, v, 4, v, vo, Jy,, Ky,

t, 5) be arbitrary feasible solutions of (P) and (DIII), respectively, and assume that any one of the
following five sets of hypotheses is satisfied:

(a) (i) foreachi € p, f;is (F.pB, b, pi, 0)-univex and —g; is (F,B, ¢, pi, 0)-univex at y, ¢ is
superlinear, and ¢(a) > 0 = a > 0;
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(ii) the function z — G, (z,t") is (¥, 3, B> P> 0)-quasiunivex at y, ¢,, is increasing, and
&m(O) = 0 for each m € Yo

(iii) the function 7 — vy,Hy (2, ™) is (F, B, Gum» Pm» 0)-quasiunivex at y, @, is increasing,
and ¢,,(0) = 0 for each m € Z\E"

(iv) p* + Z:le VinPm + Z;pvoﬂ VimPm 2 0, where p* = le ui(p; + Ap;);
(b) (i) for eachi € P, fiis (F,B, ¢, pi, 0)-univex and —g; is (F,B, ¢, p;, 0)-univex at y, ¢ is
superlinear, and ¢(a) > 0 = a > 0;

(ii) the fLAtnction 2= 20 G, (2, ") is (F, B, b, p, 0)-quasiunivex at y, ¢ is increasing,
and ¢(0) = 0;

(iii) the function 7 — v, Hy, (2, ™) is (F,B, Gm» Pm» 0)-quasiunivex at y, $,, is increasing,
and (fbm(O) = 0 for eachm € Z\E"

(lV) p* +p + Z;:V0+lﬁm Z O’.

(c) (i) for each i € p, f;is (F,B,,p:,0)-univex and —g; is (F,, ¢, pi, 0)-univex at y, ¢ is
superlinear, and ¢(a) > 0 = a > 0;
(ii) the function z — G, (z,t") is (F,p, B> Pm» 0)-quasiunivex at y, ¢, is increasing, and
bm(0) = O for each m € Yo;

(iii) the function z — Y,
ing, and (ZS(O) =0;

\ VmHy (2, 5™) is (F, B, ¢, P, 0)-quasiunivex at y, ¢ is increas-

v
m=vy+

(iv) ,0* + ZVO_ Vmﬁm + p > 0;
m=1

(d) (i) foreachi € p, f;is (F,p, &, pi, 0)-univex and —g; is (¥, B, d, pi, 0)-univex at y, ¢ is
superlinear, and ¢(a) > 0 = a > 0;

Yo
m=1

(ii) the function z — 3., v,G,, (2, t") is (F, [, b, p, 0)-quasiunivex at y, ¢ is increasing,

and (]Ab(O) =0;

(iii) the function 7 — Y, VuHy, (2, s™) is (F, B, . p, 0)-quasiunivex at y,  is increas-

ing, and (E(O) =0;

%
m=vy+1

(iv) p+p+p >0;
(e) (i) foreachi € p, fiis (F.B, ¢, pi, 0)-univex and —g; is (F,B, ¢, p;, 0)-univex at y, ¢ is
superlinear, and ¢(a) > 0 = a > 0;

(ii) the function z — 30 viuG,, (@ ") + X5y i1 Vi, (2, 8™) is (F . B, . p, 0)-quasiunivex
aty, ¢ is increasing, and $(0) = 0;

(iii) p*+p = 0.
Then ¢(x) > A.
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6. Concluding Remarks

The duality results established in this communication encompass a fairly large number of
second-order dual problems and duality theorems that were investigated previously for several
classes of nonlinear programming problems. Furthermore, the methods utilized in this paper could
lead to extend and generalize results to other classes of mathematical programming problems
based on general univexity assumptions.

Acknowledgment

The author is greatly indebted to the reviewer for all highly constructive comments and valuable
suggestions leading to the revised version.

References

Aghezzaf, B. (2003). Second order mixed type duality in multiobjective programming problems, J. Math. Anal. Appl.
285, 97-106.

Ahmad, I. and Z. Husain (2005). Nondifferentiable second-order symmetric duality, Asia-Pacific J. Oper. Res. 22,
19-31.

Ahmad, 1., Z. Husain and S. Sharma (2007). Higher-order duality in nondifferentiable multiobjective programming,
Numer. Func. Anal. Optim. 28, 989—-1002.

Ahmad, I. and S. Sharma (2007). Second-order duality for nondifferentiable multiobjective programming problems,
Numer. Func. Anal. Optim. 28, 975-988.

Bector, C. R. and B. K. Bector (1986). Generalized bonvex functions and second-order duality for a nonlinear pro-
gramming problem, Congressus Numer. 22, 37-52.

Bector, C. R. and B. K. Bector (1986). On various duality theorems for second-order duality in nonlinear program-
ming, Cahiers du Centre d’Etudes de Rechereche Opér. 28, 283-292.

Bector, C. R. and S. Chandra (1986). Second-order duality for generalized fractional programming, Methods Oper:
Res. 56, 11-28.

Bector, C. R. and S. Chandra (1986). Second order symmetric and self dual programs, Opsearch 23, 89-95.

Bector, C. R. and S. Chandra (1986). First and second order duality for a class of nondifferentiable fractional pro-
gramming problems, J. Inform. Optim. Sci. 7, 335-348.

Bector, C. R. and S. Chandra (1987). Generalized bonvexity and higher order duality for fractional programming,
Opsearch 24, 143-154.

Bector, C. R., S. Chandra and I. Husain (1991). Second-order duality for a minimax programming problem, Opsearch
28, 249-263.

Chen, X. (2008). Sufficient conditions and duality for a class of multiobjective fractional programming problems with
higher-order (F, a, p, d)-convexity, J. Appl. Math. Comput. 28, 107-121.

Egudo, R. R. and M. A. Hanson (1993). Second order duality in multiobjective programming, Opsearch 30, 223-230.

Gulati, T. R. and D. Agarwal (2007). Second-order duality in multiobjective programming involving (F, @, p, d)-V-type
I functions, Numer. Funct. Anal. Optim. 28, 1263-1277.

Gulati, T. R. and D. Agarwal (2007). On Huard type second-order converse duality in nonlinear programming, Appl.
Math. Lett. 20, 1057-1063.

Gulati, T. R. and D. Agarwal (2008). Optimality and duality in nondifferentiable multiobjective mathematical pro-
gramming involving higher order (F, a, p, d)-type I functions, J. Appl. Comput. 27, 345-364.



Ram U Verma / Theory and Applications of Mathematics & Computer Science 3 (1) (2013) 65—84 83

Gulati, T. R. and I. Ahmad (1997). Second order symmetric duality for nonlinear minimax mixed integer programming
problems, European J. Oper. Res. 101, 122-129.

Gulati, T.R., I. Ahmad and I. Husain (2001). Second order symmetric duality with generalized convexity, Opsearch
38, 210-222.

Gulati, T. R. and Geeta (2010). Mond-Weir type second-order symmetric duality in multiobjective programming over
cones, Appl. Math. Lett. 23, 466-471.

Gulati, T. R. and S. K. Gupta (2007). Second-order symmetric duality for minimax integer programs over cones,
Internat. J. Oper. Res. 4, 181-188.

Gulati, T. R. and S. K. Gupta (2007). Higher-order nondifferentiable symmetric duality with generalized F-convexity,
J. Math. Anal. Appl. 329, 229-237.

Gulati, T. R. and S. K. Gupta (2007). A note on Mond-Weir type second-order symmetric duality, Asia-Pac. J. Oper.
Res. 24, 737-740.

Gulati, T. R. and S. K. Gupta (2009). Higher-order symmetric duality with cone constraints, Appl. Math. Lett. 22,
776-781.

Gulati, T. R., S. K. Gupta and I. Ahmad (2008). Second-order symmetric duality with cone constraints, J. Comput.
Appl. Math. 220, 347-354.

Gulati, T. R. and G. Mehndiratta (2010). Nondifferentiable multiobjective Mond-Weir type second-order symmetric
duality over cones, Optim. Lett. 4, 293-309.

Gulati, T. R., H. Saini and S. K. Gupta (2010). Second-order multiobjective symmetric duality with cone constraints,
European J. Oper. Res. 205, 247-252.

Gupta, S. K. and N. Kailey (2010). A note on multiobjective second-order symmetric duality, European J. Oper. Res.
201, 649-651.

Hachimi, M. and B. Aghezzaf (2004). Second order duality in multiobjective programming involving generalized
type-I functions, Numer. Funct. Anal. Optim. 25, 725-736.

Hanson, M. A. (1993). Second order invexity and duality in mathematical programming, Opsearch 30, 313-320.

Hou, S. H. and X. M. Yang (2002). On second-order symmetric duality in nondifferentiable programming, J. Math.
Anal. Appl. 255, 491-498.

Husain, Z., I. Ahmad and S. Sharma (2009). Second order duality for minmax fractional programming, Optim. Lett.
3, 277-286.

Husain, I., A. Goyel and M. Masoodi (2007). Second order symmetric and maxmin symmetric duality with cone
constraints, Internat. J. Oper Res. 4, 199-205.

Husain, I. and Z. Jabeen (2004). Second order duality for fractional programming with support functions, Opsearch
41, 121-134.

Jeyakumar, V. (1985). p-Convexity and second order duality, Utilitas Math. 29, 71-85.
Jeyakumar, V. (1985). First and second order fractional programming duality, Opsearch 22, 24-41.
Liu, J. C. (1999). Second order duality for minimax programming, Utilitas Math. 56, 53-63

Mangasarian, O. L. (1975). Second- and higher-order duality theorems in nonlinear programming, J. Math. Anal.
Appl. 51, 607-620.

Mishra, S. K. (1997). Second order generalized invexity and duality in mathematical programming, Optimization 42,
51-69.

Mishra, S. K. (2000). Second order symmetric duality in mathematical programming with F-convexity, European J.
Oper. Res. 127, 507-518.

Mishra, S. K. and N. G. Rueda (2000). Higher-order generalized invexity and duality in mathematical programming,
J. Math. Anal. Appl. 247, 173-182.

Mishra, S. K. and N. G. Rueda (2006). Second-order duality for nondifferentiale minimax programming involving
generalized type I functions, J. Optim. Theory Appl. 130, 477-486.



84 Ram U Verma / Theory and Applications of Mathematics & Computer Science 3 (1) (2013) 65-84

Mond, B. (1974). Second order duality for nonlinear programs, Opsearch 11, 90-99.
Mond, B. and T. Weir (1981-1983). Generalized convexity and higher-order duality, J. Math. Sci. 16-18, 74-94.

Mond, B. and T. Weir (1981). Generalized concavity and duality, in Generalized Concavity in Optimization and
Economics (S. Schaible and W. T. Ziemba, eds.), Academic Press, New York, 1981, pp. 263-279.

Mond, B. and J. Zhang (1995). Duality for multiobjective programming involving second-order V-invex functions,
in Proceedings of the Optimization Miniconference II (B. M. Glover and V. Jeyakumar, eds.), University of New
South Wales, Sydney, Australia, 1995, pp. 89—100.

Mond, B. and J. Zhang (1998). Higher order invexity and duality in mathemaical programming, in Generalized Con-
vexity, Generalized Monotonicity : Recent Results (J. P. Crouzeix, et al., eds.), Kluwer Academic Publishers,
printed in the Netherlands, 1998, pp. 357-372.

Patel, R. B. (1997). Second order duality in multiobjective fractional programming, Indian J. Math. 38, 39-46.

Srivastava, M. K. and M. Bhatia (2006). Symmetric duality for multiobjective programming using second order (F, p)-
convexity, Opsearch 43, 274-295.

Srivastava, S. K. and M. G. Govil (2000). Second order duality for multiobjective programming involving (F, p, 0)-
type I functions, Opsearch 37, 316-326.

Suneja, C. S. K., S. Lalitha and S. Khurana (2003). Second order symmetric duality in multiobjective programming,
European J. Oper. Res. 144, 492-500.

Suneja, S. K., M. K. Srivastava and M. Bhatia (2008). Higher order duality in multiobjective fractional programming
with support functions, J. Math. Anal. Appl. 347, 8—17.

Verma, R. U. (2012). A generalization to Zalmai type univexities and applications to parametric Duality models in
discrete minimax fractional programming, Advances in Nonlinear Variational Inequalities 15(2), 113-123.
Verma, R. U. (2013). Generalized (G, b, 8, ¢, h, p, )-univexities with applications to parametric duality models for

discrete minimax fractional programming, Transactions on Mathematical Programming and Applications 1(1),
1-14.

Zalmai, G. J. (2012).Generalized second-order (¥, 83, ¢, p, 6)—univex functions and parametric duality models in semi-
infinite discrete minmax fractional programming, Advances in Nonlinear Variational Inequalities 15(2), 63-91.
Zalmai, G. J. (1999). Optimality conditions and duality for constrained measurable subset selection problems with

minmax objective functions, Optimization 2, 377-395.

Zalmai, G. J. and Q. Zhang (2007). Generalized (7, S, ¢, p, §)-univex functions and parametric duality models in
semiinfinite discrete minmax fractional programming, Advances in Nonlinear Variational Inequalities 10, 21-42.



	1 Introduction
	2 Preliminaries
	3 Duality Models
	4 Specialization I
	5 Specializations II
	6 Concluding Remarks

